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F  IJL  S  T     V^^  L  U  M  E^ , 

i    JM/l.     y/7^'~-    O  F    T  H  E  y/'>  /^^y 

INSTRUCTIONS 

GIVEN     IN     THE 

•DRA^VING  SCHOOL 

BSTABLI8HE.P  BY  THC 

DVBLIN^SOCIErr, 

Purfuant  to  tficir  Resolution  jof  the  Fourth 

t>f  Febru ART,    1768; • 

J  .     ■  "  -  ■■•_'-      '  •  •, 

To  enable  Youth  to  become  Proficients  in  the  di^eflit 
;  Branches  of  that  Art,  and  to  purfue  ttrith  Succeis,  g^ocra* 

:.  PHICAL,     NAtJTICAL^     MBCHAKICAL,     COMMERCIAL,     and 

-  Miun^Ai^Y  Studib$. 

i  Under  the Direftion  of  JOSEPH  JENN,  heretofore, ProWTof  of 

J    J  Philosophy  in  the  Unlverfity  of  Nahts* 

D     U     BJL/     In  N:       \ 

PrinMd>by^A^i^*i  M^Cotuow^tocAniyMfliwisfiNMMtC^LXIX. 
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PLAN  ^  tit^  Instructions  given  h  the  Dkawingt-School 
epablijbed  by  the  DUBLIN  SOCIETJT,  to  enable  Ycvuth  4o  become 
Proficient  I  in  the  different  Branehes,  </^\tbai  Jrtk  ^nd  ii  purfue  nuitb 

'  Succeff  geographical^  T^uticali.^mfiafiicah  eommfurciaL^r:  midtarj  In^ 
quirie/,.  .  .;•.!,/.   ,  ..  i  . .  .ic; -'.i 'i  •    ;    t  •..-;... u  •:;  •»;.      --r 

UOiJivete  IS  /'  Ignorance  font  les  deux  Sources  empoi^neefidelo^ihrEfe*' 
fordreff  ii  les  plus  grands  Fliaux  de  la  Societe, 

THE  Education  of  Youth  is  confidered  in  all  Countries  as  the  Ob-  WiTeRett- 
jeS  which  interefts  mod  imn^ediately  the  Happinefs  of  Families,  |i"J*tothe 
as  well  as  that  of  the  Statue.    Totals  En4>  tl^e,  dkHA^U^xsd^M^kni^^-  Educttion 
ed  in  forming  Plans  of  .J[n{tr\lction,,[il)^. belt  jqalcu^atfsd.  Sot^tJre  Various  eLSSJ*'** 
frofeffions  of  Life,   ari^  So<;ie<le5  are^  fQwed,  .compqfcd  oC  Ma»*diftin*  sc^ad' 
guifhed,    as  well  by  their  Birth  and  Kank,  as  by  their  £xp^}encc  and  »°<1  other 
Knowledge,  under  whofe  Infpe3ion>  and  by  whofe  Care  they  are  carried  ^^^*^'*" 
into  l^xecu^ion,  by  Perfons  ef  ackno.wledged  Abilities  :iin.theif  jdifferent 
Departments:    And  thus  the  Education  o{    Yout^  is,condQ£^^49-Ifrom 
rheir  earliefl  Years,  In  a  IVfanner  the  befl  fuited  to  engage  their  Miaods 
in  the  Love  of  ufeftil  Knowledge,  ito  improve  their  Underftandings,  to 
.form  their  Talle  and  ripen- their  Judgments,  to  iiix  in  them  an  .Hab(t  of 
Thinking  ^with   Steadinefs   and   Attention,    to  promote   their  Addreft 
and  Penetration,  and  to  raife  their  Ambition  to  excel  in  their  refpeSive 
Provinces. 

However  ncceflary  fuch  Regulations  may  appear  to  every  reiifonable  ^*^**^^<>»^c 
Perfon,  however  wifhed  for  by  every  Parent  who  feels  theLofsof  a  prcK  ?ddng^^^^ 
per  Education  in  his  own  PraSice  ;  never thelefs  they  had  not  been  even  the  ^^slf^ 
thought  of  in  this  Country,  where  that  Extent  of  Knowledge,  requifite  ^^*^*^J*^ 


IV  CO  UH  SE    OF 

to  prepare  Youth  to  appear  whh  Dignity  in  the  ▼arioos  fjtofiojnyfuHiff 
Litef  or  to  enable  th^m  to  imdf  to.Perf^£bon  the  dtffqfem  At^.fipr  Mflia^ 
they  «re  defigned^  being  not  attended  t^;    Educatton  was  reg^ed  ^  «'- 
puerile  OhjtcU  and  of  Courfe  a^ndpi^  to  iUiterate  PeriD9^t  wh^  froip^f 
their  iUiberat  and  mechanic  Methods  of  teaching  gave  Youth  ^t^  or 
no  Information. .       ' 

To  remove  fo  general  and  well  grounded  a  Complaint,  it  was  pro]]«>(!^ 
that  the  Youth  of  this  Kingdom  flioold  receive  tn  the  t^cawing^^hpo^ 
eftabiiflied  by  the  Dubliw  Society,  &e  Inftru^o^s  ne^^foy  %q  ena- 
ble them  to  become  Proficieaia  in  the  different  Branches  of  that  hfi^  %^« 


fSSon  •£  ^^^* '  7^4»  *^^^  ***^  before  the  Society ;  and  to  preveat  an  Undertaking  pf 
the  Dublin-  National  Utility,  to  be  defeated  thxt>ugh  the  Suggeftionsof  Defigivorig- 
Society  pat  norancc,  the  Plans  were  priitted ;  which  being  received  by  the  Public 
FootSg!^  with  general  Approbation,  theDpBXtN-SociETY,  purfuant  to  thi^  Report 
Tuppljed  this  of  their  Committee  Eppotnted  to  examine  into  the  Merit  of  the  Plans, 
^^*        and  the  Charader  of  the  Propofer,  refolved,  the  4th  of  February,  1 768, 

that  they  fliould  be  carried  into  Execution  by  the  Author,   under  their 

ioimediate  Infpe£tion. 

Tbe  fh  AH  S  areas  fillwj. 

I  ■     '•'      . 

PLAN  of  a  Cou¥fe  of  p.u^c  K fa thema ticks,  abfplutely  necefljiry  for 
the  Hj^t  underftanding  any  Branches  of  pradical  Mathematicks  in 
.  thdr  Application  to  geo^aphical,  ns^utical^  mechanical,  commercial,^  and 
military  Enquiries. 

PL  AN  of  the  phyfical  and  moral  &jrftcm  of  the  y/orli^^  including 
the  Inftnidions  relative  to  youpg  Nobrenr^jp  and  (Ji^n^^fpf,  9^  For- 
tune. '''',>■ 

PLAN  of  the  mtlitaiy  Art,  md^diog  th^  lj?ftn;i4aigjjf^  reUtivc  t^ 
Engineers,  Gentlemen  of  the  Artillery,  s^nd^  in  geiij^ra)^  t;9  ^U  Lfif4- 
Officers. 

IV. 
PLAN  of  the  merchantile  Arts,  or  the  InftruQ;ioas  relative  to  thpfe 
who  are  intended  for  Trade. 

PLAN 


MATHEMATCKS.  V 

V.    ' 

PLAN  of  the  naval  Art,  indudtng  the  InftrudioiM  reUtivt  to 
ShifKBiftdcrs,  Sca-Officersj  and  to  all  ihoTe  concerned  in  the  Bufineft 
of  the  Sea. 

VI, 

PL  AN  of  a  School  of  Mechanic  Arts,  where  all  Artifts,  fuch  as 
Archifeds,  Painters,  Sculptors,  EngraTers,  Oock-makers,  f^c.  receive  The  Youth 
the  Inftraftions  in  Geometry,  Pcrfpeftive,  Staficks,  Djnamtcks,  Phy-  ofihiiKjng 
ficks,  bfc.  which  fuit  their  refpeSive  ProfeiTions,  and  may  contribute  to  ^^  of^the 
improve  their  Tafte  and  their  Talents.  moft  impor- 

Thofe  Plans  have  convinced  the  NoHemen  and  Gentlemen  of  For-  '•Pi  a!^. 
tune  of  this  Kingdom,,  that  riieir  Children,  and  in  general,  the  Yonth  ^ 
of  this  Omntrj,  were  deftitnte  of  the  moft  important  Means  of  In- 
ftrudion,  and  would  ever  be  deftitute  of  them,  until  they  had  refohred 
that  Men  of  Genius  and  Education  fhouM  be  encouraged  to  appear  as 
Teachers. 

PLAN  tf  a  Omrfe  nf  pure  Matbemafhks^  ^ohttiy  neceffary  for  the 
right  underfianding  any  BrmKbes  of  frafticat  Matbematicks  in  their  Ap^ 
pKcation  to  geographical  %  nauticmU  meehanicaly  commercial t  and  military 
Inquiries. 

Vix  quicquam  in  nnirferfa  Matheji  it  a  iifieile  ant  ardmum  9cenrrere  poJfe% 
quo  non  inoffenjo  Fede  per  hane  Methodvm  penetrare  liceat. 

r. 

PUKE  Matbematicks  comprehend  Arithmetick,  and  Geometry. 
Prafiical  Matbematicks,  their  Application  to  particular  Objeds, 
as  the  Laws  of  Equilibrium,  and  Morion  of  folid  and  fluid  Bodies,  the 
Motion  of  the  heavenly  Bodies,  fSc.  they  extend  to  all  Branches  of  M.d2ma' 
liuman  Knowledge,  and  ftrengthening  our  intelle£hial  Powers,  by  form-  tklts 
ing  in  the  Mind  an  Habit  of  Thinking  clofely,  and  Reafening  accurate- 
ly, ferve  to  bring  to  PerfeSion,  with  an  entire  Ccrtitudfe,  all  Arts 
which  Man  can  acquire  by  his  Reafon  alone.  It  is  therefore  of  the 
highefl  Importance,  that  the  Youth  ♦  of  this  Country  (hould  be  me- 
thodically brought  acquainted  with  a  Courfe  of  pure  Matbematicks,  to 
ferve  as  an  Intfodufkion  to  fuch  Branches  of  Knowledge  as  are  requifite 
to  qualify  them  for  their  future  Statiohs  in  Life.  The  Noblemen  and 
Gentlemen  of  Fortune,  therefore,  have  unanimoufly  refblved,  that  fuch 
a  Courfe  fhould  be  given  on  the  moft  approved  Plan,  in  the  Drawing 
SctiooL  eftablifhed  under  their  Infpedion,  by  a  Perfon,  who,  on  ac- 
count of  the  Readinefa  and  Knowledge  he  has  acquired  in  thefe  Matters, 
during  the  many  Years  that  he  has  made  them  his  principal  Occupation, 
is  qualified  for  making  the  Entry  to  thofe  abftrufe  Sciences,  acceuable  to 
the  meaneft  Capacity. 

*  The  proper  Age  to  coaunencf  diif  OowTc  ii  14* 
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"• 

mhM^^        As  lo  the  Method  of  teaching  Mathenuiticks,  the  fynthecic  MitM 

tih«vh«ii«  M«  j^^i^j,  nec^lUrY  to  ditcov«r  the  principal  Properties  of  geometrical  Figure, 

* '**     whuh  vannot  be  nghily  deduced  but  from  their  Formation,  and  Win 

IWji»nnm»  who>  linic  accuAomed  to  what  demands  a  ferious  Aticiitioi, 

tUiKi  \n  Need  ot  hA\mc  thetr  Imagination  helped  by  fenfible  Objeft, 

KKh  a$  Kt^urr*,  and  bv  a  certain  Detail  in  the  DanonftraiioDs,  is  W* 

k^^e\l  111  the  Fkment^vA).     But  as  Ihb  Method,  when  applied  to  iif 

\xS<r  Re»<Arvh*  attains  its  K^ni,  but  after  mnoy  Windinp  and  per- 

iv^\*»jl  Oivti^t^  trra.  br  muhipiwng  Fig^res»  by  defehbii^  a  viftaBBf 
i  ^^e«  atvi  Arvhei^  wbote  I^(^tmoa  and  Angles  arc  carefully  to  be  dn 
kt\W%  a^si  b^  virftwio^  tVora  thefc  Opcratioos  a  great  Number  of  ifr 
ih4  \K>v!l  vwVttt*l  IVfV4\;KHw  wh,ch  are  to  ntanr  Accdbrica  to  the  Sub/cS;  i« 
k  -^M^  *  «  ^T« V  iTW  ba^;-<  Courace  enonch^  or  even  are  capable  of  fo  ^•"*'" 
J^'*li^i^  ^^'^^^  ^*^  ^  **  **  **  aevx^rc  to  tollow  i^e  Thread  of  foch  awpfciW 
»  iHH.  Tar  IVttK--biitx^*^  .  ar^erw:ir\3  a  Mtthod  nooce  ealy  and  kfc  fatipiia|» 
•^^**rx  i*^  \x  v-^^.c*!  ,*  pvc^ttcdL      T\$  Method  b  the  asalitic  Art,  ihciip" 

^►nhx  K'.  !s.>e  sy  rvcuci:]^  rrcCMtani  to  the  noft  fianple  aad  dfid 
V\v\.<-\sft>  T^t;  ;><  ^<iVca  frvf«MBd  citt  admit  of;  it  b  ibei*' 
^v  t  K^*^  sv  VI 4.  ^vtra;  v.a?»  «c  K»  ofcaed  the  Door  to  a  great  Nua- 
K<  nV  tV  v<t>^  x^  »  ^.^^vt  .t  vvva;  be  ever  ftstv  vithoat  ioHdp;^ 
>.N  \Km  t^  \  1  ^^  ^.*«.<$  CVt.us^  aaa  G«as»  aaded  by  Art  fe  vkm 
^*v  '^.iv*  Nrvvx  \^  '►jiC  c  x»vH*.c  se^»er  ha^e  obraif  d  hy  its  o^^^^ 
%v***s  V    s    vx  v^     r  ,v^^  ^'st  ^"N^^rr  cf  oine  L:acs  haW  beeniaW* 

fv    N^^'^>^  %->v>  *^   -t  *♦  V-«  M~  M      * 

^^x    -^    ^  -•v    t  t  N 1  ^  <^c  v'^uiiit^t  reac  >i  rSwe  mrxJi  Icrve  ia  tkc  *•• 

»  V  K*-\      **'      "****  ^**    *    :"*vvA-tr    .•»\w*n!vv  eicnsr   rt    >fi   laMaiwii,  Ali<**f' 

«\  \*vv>„  \Ns  vv>4.  v'       \  N  V  ^-sv-i  Va!^  ormaufaeic  tie  oeat  SirlfmKi^ 

.  V  V     ,    ^,     v^  %vs.vv  •^i   ;^.vv*^*-«  He   3^  3m»w  aaa  esaafaM  the  Men « 


\\«t^  ,A^  >•  vv  >,*•<  xVtft^  ».xi-  t.inw  ^^ 


■\v» 
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MATHEMATICKS.  VH 

Ing  the  Art  of  finding  Magnitudes  infinitely  fmalli  which  are  the  Ele- 
km  ments  of  finite  Magnitudes;  the  fecond  the  Art  of  finding  again^  by 
dT^  the  Means  of  Magnitudes  infinitely  fmallj  the  finite  Quantities  to  which 
^floatf  they  belong  ;  the  firft  as  it  were  refolves  a  Quantity,  the  laft  reftores 
a  lb  it  to  its  firft  State;  but  what  one  refolves,  the  other  does  not  always 
md  reinftate,  and  it  is  only  by  analitic  Artifices  that  it  has  been  brought 
1^2  to  any  Degree  of  Perfedion,  and  perhaps,  in  Time,  will  be  rendered 
fasd  univerfal,  and  at  the  fame  Time  more  iimple.  What  cannot  we  ex- 
rl'xz  ped,  in  this  Refped,  from  the  united  and  conftant  Application  of  the 
firft  Mathematicians  in  Europe,  who,  not  content  to  make  ufe  of  this 
fublime  Art,  in  all  their  Difcoveries,  have  perfeded  the  Art  itfelf,  and 
^y^g  continue  fo  to  do. 
j^5X  »Thia> Method  has  alfo  the  Advantage  of  Clearnefs  and  Evidence,  and  HatthcAd- 
J^2i.  tKe  Brevity  that  accompanies  it  every  where  does  not  require  too  ftrong  vanugeof 
J  ^,  an  Attention.  A  few  Years  moderate  Study  fuflSces  to  raife  a  Perfon,  IJ^'S^^a 
^g:  of  fome  Talents,  above  thefe  Geniufes  who  were  the  Admiration  of  aodurevky, 
.^t;  Antiquity  ;  and  we  have  feen  a  young  Man  of  Sixteen,  pub1i(h  a  Work, 
.  ^,  (^TraiU*  d€S  Courbes  d  double  Courbure  par  Clairaut)  that  Archimedet 
would  have  wiihed  to  have  compofed  at  the  End  of  his  Days.  The 
Teacher  of  Mathcmaticksj  therefore,  (hould  be  acquainted  with  the 
different  Pieces  upon  the  analitic  Art,  difperfed  in  the  Works  of  the 
moft  eminent  Mathematicians,  make  a  judicious  Choice  of  the  mod  ge- 
neral and  eflential  Methods,  and  lead  his  Pupils,  as  it  were,  by  the 
^  Hand,  in  the  intricate  Roads  of  the  Labyrinth  of  Calculation ;  that  by 
^  this  Means  Beginners,  exempted  from  that  clofe  Attention  of  Mind, 
which  would  give  them  a  Dlftafte  for  a  Science  they  are  defii*ous  to  at- 
tain, and  methodically  brought  acquainted  with  all  its  preliminary  Prin- 
ciples, might  be  enabled  in  a  (hort  Time,  not  only  to  underftand  the 
Writings  of  the  moft  eminent  Mathematicians,  but,  refleSing  on  their 
Method  of  Proceeding,  to  make  Difcoveries  honourable  to  themfelves 
and.  ufeful  to  the  Public. 

III. 
Arithmetick  comprehends  the  Art  of  Numbering  and  Algebra,  confe-  „      ... 
quently  is  diftinguifhed  into  partiMar  and  univerfal  Arithmetick,  becaufe  medck  nu- 
the  Demonftrattons  which  are  made  by  Algebra  are  general,  and  nothing  ^^^  ^^^ 
can  be  proved  by  Numbers  but  by  InduSion.     The  Nature  and  Forma-  f^iud''* 
tion  of  Numbers  are  clearly  ftated,  from  whence  the  Manner  of  per- 
forming the  principal  Operations,  as  Addition,  Subtradion,   Muitipli- 
t^       cation  andDivifion  are  deduced.     The  Explication  of  the  Signs  and 
^       Symbols  ufed  in  Algebra  follow,  and  the  Method  of  reducing,  add- 
^      ingf  fubtradtng,  multiplying,  dividing,    algebraic  Quantities   fimple 
■\  ,   and  compound.    This  prepares  the  Way  for  the  Theory  of  vulgar, 
[1^     'algebraical^  and  decimal  Fradionsy  where,  the  Nature^    vakiet  Man^ 


'  ft 
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Maiiftet  of  cemipariftg  titiem,  and  their  OpcratioiH,  «rc  carefully  tm- 
folded.  The  GoinpofiTioTi  and  Refolaticn  of  Qgamities  comes  after, 
includrrrg  the  Method  of  TaHing  Quantities  to  any  Power,  extrafting  of 
Rtjots,  the  Manner  of  performing  upon  the  Roots  of  imper fed  Powers, 
radical  or  incommrenfiiraWe  Qgantities,  the  various  Operations  of  which 
they  are  fofceptible.  The  Compofi'tion  and  Refolution  of  Quantities 
being  finifted,  the  Dodrine  of  Equations  prefcnts  itfelf  next,  where 
SvingEqt*  ^^^  Gencfis,  the  Nature  and  Number  of  their  Roots,  the  different 
tioni.  ReduSions  and  Transformations  that  are  in  Ufe,  the  Manner  of  fofving 

them,  and  the  Rules  imagined  for  this  Purpofe,  fuch  as  Tranfpofition, 
Multiplication,  Divifion,  Subftitutront  and  the  Extradion  of  their  Roots^ 
arc  accurately  treated.  After  having  confidered  Quantities  in  themfelves, 
it  remains  to  examme  their  Relations ;  this  Doftrine  comprehends  arith- 
ttietical  and  geometrical  Ratios,  Proportions  and  Progretfions :  The 
Theory  of  Series  follow,  where  their  Formation,  Methods  for  difcover- 
ing  their  Cotrvergency,  or  Divetjency,  the  Operatidns  of  which  they 
are  fufceptible,  their  Keverfion,  Sumitiation,  their  Ufe  in  the  Invdfti-* 
The  Nature  S^^^^^  ^^  ^^^  Roots  of  Equationis,  Conftrudioft  of  Logarithms,  fisTc.  am 
and  Lawf  of  taught.  In  fine,  die  Art  of  Combinations,  and  its  Application  for  de- 
chance,  termining  the  Degrees  of  Probability  in  civil,  moral  and  political  Enqui- 
ries are  difclofed.  Jrs  cujus  Ufus  tt  NeceJptMs  ita  univerfale  ejl,  uijine 
tllni  net  Sapient  tit  Pbilofopbh  nee  Hjfiorid  EJka^i^Jo^  nee  Mediei  Dex^ 
teritaty  aut  Polities  Prudentia^  eonjsjtere  queat.  Omnis  enim  borum  Labor 
in  eonje^ando,  et  omnis  Conje^ura  in  Trutinandis  Caufarum  Complsxiotu* 
bus  aut  Combinatianibus  verfatur. 

IV. 

Divifionof  GEOMETRY  is  divided  into  Elementary,  Trans wkdental 

Geometry  and  Su^LIME. 

S^,  Tran°  'T'o  open  to  Youth  an  accurate  and  eafy  Method  for  acquiring  a 
fcendentel  Knowledge  of  the  Elements  of  Geometry,  all  the  Propdfitions  in  'Euclid 
Wm^""       (^)  '"  *^^  Order  they  are  found  in  the  beft  Editions,  are  retained  with 

(a)  ^  tof^CQity  in  Ale  Method  aisd  Form  ofRea/bninv,  b  the  ptfcdbr  tMunAeriftlc  !ef 
**  Euclid's  fitftMiiti,  fidt  m  intei^oiited  by  CAnptaoi  mt  Clwto,  AUiCtimiAd^y  Jiadj^e  moA, 
*'  Barrow,  or  dcj^nved  ^y  Tact^uct  and  OtlHiates,  ^ut  of  ihe  Oricidit,  ^btfidod  down  M>  iia  1^ 
*  Antiquity.  Kis  Demonftrations  being  conducted  with  die  molt  expfefi  Defign  <Jf  reducii^ 
*^  the  Piinciplei  sflbmed  to  the  fi^weft  l^mtiber,  and  moft  etident  (hat  ml^'^,  tnd  hi  mlkle- 
**  thod  the  moft  MMnl,  as  it  is  the  Hidft  ^ondocive'towardt « itift  ftnd-oviqrietvCon 


**  df  the  Snbje£t,  by  hegioniiw  with  fuch  Paitieukrs  as  are  moft  cafilv  coBceiMd,  and  flow  moft 
**  readily  from  the  Prhici^teslaid  ^wmi  fhafte  by  gradually  toroceedflig  Tt>  toch  as  are  more  6b- 
**  ftHre^  Mid  i^tiire  a  toiie«r  Chrta  df  ArgMnenc  «Ad  lia/re  «iMtloie4>eai  rmriedlto'all'JlMi, 
'*  as^tie  moft  pcrfea  ia  their  Kind.^*  Such  h  the  Judgment  «f  the  HOYAL^OCIKTY,  iSho 
liate  exprefi*d  at  the  &ine  Time  cheh*  Diflike  to  the  newmodeHed  SJMBenti  that  at.pre(ent  eveiy 
%h«re  fiboiMd ;  atifl  to  the  ill?beral  and  tnvdumic'Methods  of  teaching  thoftim^:pcffe<t  Atta ; 
whadh  is  tote  hoped,  witttoeter  lie  c«UKI!MnQ«l  la  ihe  i>iddic.$cih«oU  fe£i^liaul4B*l«Mt' 
laody  3cc. 
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ftU  poflible  Attention^  as  alfo  the  Form,  Connexion  and  Accuracy  of 
his  Uemonftrations.     The  eflfential  Parts  of  his  Propoiitions  being  fet  Methodical 
forth  with  all  the  Clearnefs  imaginable,  the  Senfc  of  his  Reafoning  are  ^j^*J  {^^ 
explainedund  placed  in  fo  advantageous  a  Light,  that  the  Eye  the  leaft  Eiemcou^f 
attentive  may  perceive  them.     To  render  thefe  Elements  ftill  more  eafy,  Euclid  are 
the  different  Operations  and  Arguments  eflential  to  a  good  Demonftra-  ^'8«^^^ 
tion,  are  diiliAguiflied  in  feveral  feparate  Articles ;  and  as  Beginners,  in 
order  to  make  a  Progrefs  in  the  Study  of  Mathematicks,  (hould  apply 
themfeWes  chiefly  to  difcover  the  Connexion  and  Relation  of  the  differ- 
ent Proportions,  to  form  a  juft  Idea  of  the  Number  and  Qualities  of 
the  Arguments,  which  ferve  to  eftabliih  a  new  Truth ;  in  fine,  to  dif- 
cover all  the  intrinfical  Parts of'a  Demonftration,  which  it  being  impoflible 
for  them  to  do  without  knowing  what  enters  into  the  Compofition  of  a 
Theorem  and  Problem,     Firft,  The  Preparation  and  Demonftration  are 
diftinguiflied  from  each  other.      Secondly,  The  Propofition  being  fet 
down,  what  is  fuppofed  in  this  Propofition  is  made  known  under  the 
Title  of  Hypothefis,  and  what  is  affimsed,  under  that  of  Thefis.     Third- 
ly, All  the  Operations  neceflary  to  make  known  Truths,  ferve  as  a  Proof 
to  an  unknown  one,  are  ranged  in  feparate  Articles.     Fourthly,  The 
Foundation  of  each  Propofition  relative  to  the  Figure,  which  forms  the 
Minor  of  the  Argument,  are  made  known  by  Citations,  and  a  marginal 
Citation  recalls  the  Truths  already  demonftrated,  which  is  the  Major : 
In  one  Word,  nothing  is  omitted  which  may  fix  the  Attention  of  Be- 
ginners, make  them  perceive  the  Chain,  and  teach  them  to  follow  the 
Thread  of  geometrical  Reafoning. 

V. 
Tranfcendental  Geometry  prefuppofes  the  algebraic  Calulation;  it  com-  Tranften* 
mences  by  the  Solution  of  the  Problems  of  the  fecond  Degree  by  Means  of  „  °try,^*^' 
the  Right-line  and  Circle :  This  Theory  produces  important  and  curious 
Remarks  upon  the  pofitive  and  negative  Roots,  upon  the  Pofition  of 
the  Lin.es  which  exprefs  them,  upon  the  different  Solutions  that  a  Pro- 
blem is  fufceptible  of ;  from  thence  they  pafs  to  the  general  Principles  in  what  k 
of  the  Application  of  Algebra  to  curve  Lbies,    which  confift,   Firft,  ^^^^^^ 
In  explaining  how  the  Relation  between  the  Ordinates  and  Abcifles  of 
a  Curve  is  reprefented  by  an  Equation.     Secondly,  How  by  folving  this 
Equation  we  difcover  the  Courfe  of  the  Curve,  its  different  Branches, 
and  its  Afymptots.     Thirdly,  The  Manner  of  finding  by  the  dired  Me- 
thod of  Fluxions,  the  Tangents,  the  Points  of  Maxima,  and  Minima. 
Fourthly,    How  the  Areas  of  Curves  are  found  by  the  inverfe  Method 
of  Fluxions. 

The  Conic  Sedions  follow;  the  bcft  Method  of  treating  them  is  to  Beft Method 
confider  them  as  Lines  of  the  fecond  Order,    to   divide   them  into  conic*Se?- 
their  Species.     When  the   moft  fimple  Equations  of  the  Parabola,  tions. 
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Ellipfcf  and  Hyperbola  arc  founds   then  it  is  eafily  fhewn  that  thefe 
Curves  are  generated  in  the  Cone.     The  Conic  Sedions  are  terminated 
by  the  Solution  of  the  Problems  of  the  third  and  fourth  Degree,  by  the 
Means  of  thefe  Curves. 

The  Conic  Sedions  being  finifhed,  they  pafs  to  Curves  of  a  Aipenor 
The  differ-  Order,  beginning  by  the  Theory  of  multiple  Points,  of  Points  of  Inflec- 
of  c^«!  ^»on»  P^^"^s  of  contrary  Infledion,  of  Serpcntment,  Wa  Thefe  Theo- 
ries are  founded  partly  upon  the  fimple  algebraic  Calculation,  and  partly 
on  the  dired  Method  of  Fluxions.  Then  they  are  brought  acquaintedl 
with  the  Theory  of  the  Evolute  and  Cauftiques  by  Refledion  and  Re- 
fradion.  They  afterwards  enter  into  a  Detail  of  the  Curves  of  diflfiereiit* 
Orders,  affigning  their  Clafles,  Species,  and  principal  Properties,  treat-^ 
ing  more  amply  of  the  beft  known,  as  the  Folium,  the  Conchoid^,  the 
Ciflbid,  e^r. 

The  mechanic  Curves  follow  the  geometrical  ones,  beginniiig  by  the- 
exponential  Curves,  which  are  a  mean  Species  between  the  geometrical* 
Curves  and  the  mechanical  ones  ;  afterwards  having  laid  down  the  ge- 
neral Principles  of  the  Conftrudion  of  mechanic  Curves,  by  the  Meaas* 
of  their  fluxional  Equations,  and  the  Quadrature  of  Curves,  they  enter 
into  the  Detail  of  the  beft  known,  as  the  Spiral,  the  Qgadratrice,  the 
Cycloid,  the  Trochoid,  Wr. 

VI. 

Sublime  Sublime  Geometry  comprehends  the  inverfe  Method  of  Fluxions,  and 

Gcometiy,    j^^  Application  to  the  Quadrature,   and  Redification  of  Curves,  the 
cubing  of  Solids,  fcfr. 

Fluxional  Quantities,   involve  one  or  more  variable  Quantities;  the 
natural  Divifion  therefore  of  the  inverfe  Method  of  Fluxions  is  into  the 
Its  DivifioD.  Method  of  finding  the  Fluents  of  fluxionary  Quantities,  contatniag  one 
variable  Quantity,  or  involving  two  or  more  variable  Quantities ;   the 
Rule  for  finding  the  Fluents  of  fluxional  Quantities  of  the  moft  fimple 
Form,  is  laid  down,  then  applied  to  different  Cafes,  which  are  more 
compofed,  and  the  Difficulties  which  fome  Times  occur,  and  which  em- 
barrafs  Beginners,  are  folved. 
What  the        Thefe  Refearches  prepare  the  Way  for  finding  the  Fluents  of  floxtonal 
a>mv^      Binomials,  and  Trinomials,  rational  Fradions,  and  fuch  fluxional  Quni- 
henL.         tities  as  can  be  reduced  to  the  Form  of  rational  Fradions ;  from  thence 
they  pafs  to  the  Method  of  finding  the  Fluents  of  fuch  fluxional  Qyao- 
tities  which  fuppofe  the  Re&ification  of  the  Ellipfe  and  Hyperbohy  aa 
well  as  the  fluxional  Quantities,  whofe  Fluents  depend  on  the  Quadra*. 
tureof  the  Curves  of  the  third  Order;  in  fine,  the  Refearches  which 
Mr.  Newton  has  given  in  his  Quadrature  of  Curves,  relative  to  the  Qua- 
drature of  Curves  whofe  Equations  are  compofed  of  three  or  four  Terns  ; 
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Atid  this  firft  Part  is  terminated  by  the  Methods  ofJinding  the  Fluents 
of  fluxionalf  logarithmetical>  and  exponential  Qsanttties^  and  thofe 
which  are  affe&ed  with  many  Signs  of  Integration^  and  the  various  Me- 
thods of  Approximation*  for  the  Solution  of  Problems,  which  can  be 
reduced  to  the  Quadrature  of  Curves. 

The  fecond  Part  of  the  inverfe  Method  of  Fluxions*  which  treats  of 
fluxional  Quantities*  including  two  or  more  variable  Quantities*  com- 
mences by  (hewing  how  to  find  the  Fluents  of  fuch  fluxional  Quantities 
as  require  no  previous  Preparation ;  the  Methods  for  knowing  and 
diftinguifhing  thefe  Quantities  or  Equations ;  afterwards  they  pafs  to 
the  Methods  of  finding  the  Fluents  of  fluxional  Quantities*  which  have  |^o^*g„ 
need  of  being  prepared  by  ibme  particular  Operation*  and  as  this  Oper-  comj^re- 
ation  confifts  moft  commonly  in  Separating  the  indeterminate  Qjiantities*  *' 
after  being  taught  how  to  conftrud  differential  Equations*  in  which  the 
indeterminate  Quantities  are  feparated*  they  enter  into  the  Detail  of  the 
•  di£Ferent  Methods  for  feparating  the  variable  Quantities  in  a  propofed 
Equation*  either  by  Multiplicationi  Dtvifion*  or  Transformations*  be* 
ing  Ihewed  their  Application*  firft  to  homogeneous  Equations^  and  after 
being  taught  how  to  conftniS:  thefe  Equations  in  all  Cafes*  the  Manner 
of  reducing  Equations  to  their  Form  is  then  explained.  How  the  Me^ 
thod  of  indeterminate  Co-efficients  can  be  employed  for  finding  the 
Fluents  of  fluxional  Ex}uations*  including  a  certain  Number  of  variable 
Quantities*,  and  how  by  this  Method*  the  Fluent  can  be  determined  by 
•certain  Conditions  given  of  a  fluxional  Equation.  Fluxional  Quantities 
oiF  different  Orders  follow;  it  is.fhewn*  firft*  that  fluxional  Equations 
of  the  third  Order*  have  three  Fluents  of  the  fecond  Order*  but  the  laft 
Fluent  of  a  fluxionary  Equation  of  any  Order  is  fimple ;  then  the  vari- 
^OBs  Methods  imagined  by  the  moft  eminent  Mathematicians  for  finding 
thefe  Fluents*  fuppofing  the  Fluxion  of  any  one  variable  Quantity  con- 
flant*  are  explained*  and  the  Whole*  in  fine*  terminated  by  the  Applioa* 
tion  of  this  Dodrine  to  the  Qjiadrature  and  Redification  of  Curves* 
•Cubing  of  Solids*  (^c, 

VII, 

Soch  is  the  Plan  of  a  Courfe  of  pure  Mathematicks  traced  by  New^  Condufion* 
•ton,  improved  by  Cotes., Bernoulfyj,  Euler,  Clairaut,  D^Alembert, M^Laurin, 
Simfforif  Fontaitif  *  &c.  which  ferves  as  a  Bdfis  to  the  Inftrudions  re- 
qrdfite  to  qualify  Youth  to  appear  with  Dignity  in  the  different  Employ- 
ments of  Life*  or  to  enable  them  in  Time*  to  bring  to  Perfedion  the 
various  Arts  for  which  they  are  intended. 

^  *  Quadratnn  air^anniy  bsimonia  menAnnun,  Ac. 
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PLAN  of  the  Syjiem  of  the  Pbyftcal  and  Moral  World,  including   tbt 
Inftru^ions  relative  to  young  Noblemen  and  Gentlemen  of  Fortune, 

?h  AH  of  the  Syjiem  of  the  Pbyftcal  World. 


Nubem  pellente  matbefi. 


Clauflra  patent  cali%  rerumque  immobilit  ordo: 
Jam  fuperum  penetrare  domos,  atque  ardua  eceli 
Scandere,  fublimis  genii  concejpt  acumen. 
I. 
Utility  of     O  T  U  D  Y  in  general  Is  ncccflaiy  to  Mankind^  and  eflentially  contri* 
^^^e^Sy-    id  hxiXt^  to  thc  Happincfs  of  thofe  who  have  experienced  that  a£tiTe 
ftem  of  the  Curiofity  which  induceth  them  to  penetrate  the  Wonders  of  Nature. 
World.       It  is^  befidcs,   a  Prefcrvativc  againft  the  Diforders  of  the  Faffions  ;  a 
J  ^  p^^      kind  of  Study  therefore  which  elevates  the  Mind»   which  applies  it 
rcmtiTc*      clofelyy  confequently^  which  furniflies   the  moft  aflured,  arms  againft 
apioft  the    the  Dangers  we  fpeak  of,    merits  particular  Diftin€tion.     «  It  is  not 
"^"•'       "  fufficicnt,  fays  Seneca,  to  know  what  w«  owe  to  our  Country,  to  our 
«  Family,  to  our  Friends,  and  to  ourfelves,  if  we  have  not  Strength  of 
«  Mind  to  perform  thofe  Duties,  it  is  not  fuiEcient  to  eftabliih  Precepts* 
<'  we  muft  remove  Impediments,  ut  ad  preecepta  qua  damus  pofjit  animus 
"  ire'y  folvendus  ejl,  (Epift.  95.)     Nothing  anfwers  better  this  Purpofe 
than  the  Application  to  the  Study  of  the  Syftem  of  the  World ;  the 
Wonders  which  are  difcovered  captivate  the  Mind,  and  occupy  it  in  a 
noble  Manner ;  they  elevate  the  Imagination,  improve  the  tJnderftand- 
ing,  akid  fatiate  the  Heart :     The  greateft  Philofophers  of  Antiquity 
have  been  of  this  Opinion.    Pytbagoras  was  accuftomed  to  fay,  that 
vl^!^      Men  fliould  have  but  two  Studies,  that  of  Nature,  to  enlighten  their 
Underftandings,  and  of  Virtue  to  regulate  their  Hearts ;  in  e£Fed  to  be- 
come virtuous,  not  through  Weaknefs  but  b]r  Principle,  we  muft  be 
able  to  refled  and  think  clofely ;  we  muft  by  Dint  of  Study  be  delivered 
from  Prejudices  which  makes  us  err  in  our  Judgments,  and  which  are 
fo  many  Impediments  to  the  Progrefs  of  our  Reafon,  and  the  Improve- 
ment of  our  Mind.    Plato  held  the  Study  of  Nature  in  the  higheft 
Efteem  ;  he  even  goes  fo  far  as  to  fay,  that  Eyes  were  given  to  Man  to 
contemplate  the  Heavens :     To  which  alludes  the  following  Faflage  of 
Ovid.  I 

Finxit  in  effigiem  moderantum  cunHa  deorum, 

Pronaque  cum  fpeBant  ammalia  cetera  terram. 

Of  bomini  fublime  dedit,  eeelumque  tueri 

Jujft,  et  ereflos  ad  Jidera  toHere  vultut.  . 
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IT. 

The  Pocti  who  have  illuftratcd  Greece  and  //jfy,  and  whofc  Works  ^^*^^*^•*• 
arc  now  furc  of  Immortalityy  were  pcrfcSly  acquainted  with  the  Hca-  Pocu. 
Tens,  and  this  Knowledge  has  been  the  Source  of  many  Beauties  in  their 
Works :  Homer,  Hejiod,  Aratus,  among  the  Greeks :  Horace,  Firgi/, 
Ovidf  Lucretius,  Maniiius,  Lucan,  Claudian,  among  the  Latins ;  make 
ufe  of  it  in  feveral  Places^  and  have  exprefled  a  finguiar  Admiration 
for  this  Science. 

Ovid  after  having  anounced  in  his  Fafti,  that  he  propofes  celebrating 
the  Principles  on  which  the  Divifion  of  the  Roman  Year  is  founded, 
enters  on  his  Subjed  by  the  following  pompous  Elogium  of  the  (ir(l 
Difcoverers  of  the  Syftem  of  the  World. 

Felices  anitMSf  quibus  bae  cogtufeere  primis^ 

Inque  damos  Juperas  fcandere  curafuit, 
CrediMe  efi  ilhs  pariter  vitiijque  locifque, 

Altiuf  bumanis  exeruiffe  caput. 
N^n  venus  aut  vinum  fublimia  pefforafregit,. 

Officiumvefori  miliihseque  labor 9 
'Nee  levis  ambitio  perfufaque  gloria  fuco, 

Magnarumve  fames  follicitavit  opum,  ^ 

Jdmovere  eculis  diftantia  Jydera  nojfirisy 

jEtberaque  ingenio  fuppojuere  fia* 
Sic  petitur  caJum. 

Claudian  in  the  following  Verfes^  celebrates  Arcbimedes  on  his  Inven- 
tion of  a  Sphere  admirably  contrived  to  reprefent  the  celeftial  Motions. 

Jupiter  inparvo  cum  cerneret  atbera  vitro, 

Rijitf  et  ad/uperos  talia  di^a  dedit : 
Huccine  mortalis  progreffa  potentia  cur  a  I 

Jam  meus  infragili  luditur  or  be  labor. 
Jura  poli,  rerumque  fidem  lege] que  deorum 

Ecce  Syracujius  tranftulit  Arte/enex ; 
Inelufus  Variis  famuhtur  fpiriius  aftris, 

Et  vroum  certi^  motibus  urget  opus  ; 
Percurrit  proprium  mentitus  Jign&er,  annumr 

Eifrnulata  novo  Cyntbia  menji  redit ; 
Jamquejuum  vohens  audax  indnftria  mundum 

Gaudet,  it  bumanafdera  mcnte  regit. 
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Virgil  fcems  defirpus  of  renouncing  all  otlier  Study,  to  contemplate 
the  Wonders  of  Nature, 

Me  vero  primum  dukes  ante  omnia  mufg, 
^uarum  Jacra  fero  ingenti  percujfus  amorep 
Jccipiantf  cceUque  vias  etjydera  monjlrent 
Defe^us  folis  varios,  lunaque  Jabore/f 
Unde  tremor  terris,  qua  vi  maria  alta  tumefcant 
Objicibus  ruptis,  rurfufque  injeipfa  rejidantf 
^id  tantum  oeeano  properent  fe  tingerefoles 
Hybernif  vel  qua  iardis  mora  no^ibus  objlet  •  .  •  .  • 
Felix  qui  potuit  rerum  congnojcere  eaufas. 

Geor.  n.  475* 

La  Fontaine  imitates  the  Regrets  of  Virgil  in  a  mailerly  Manneiv 
where  he  fays, 

§uand  pourront  les  neuf  faurs  loin  dei  eours  et  det  villei, 
M^occuper  tout  entier,  et  nC  apprendre  des  cieux 
Les  divers  mouvements  ineonnusd  nosyeux^ 
Les  noms  et  les  vertues  de  ces  elartes  errantes. 

Songe  dun  habitant  du  Mogol. 

Voltaire,  the  firft  Poet  of  our  Age»  has  teftified  in  many  Parts  of  hii 
Works»  his  Tafte  for  Mronomy,  and  his  Efteem  for  Aftronomers,  whom 
he  has  celebrated  in  the  fineft  Poetry.  What  he  fays  of  Newton  ia 
worthy  of  Attention. 

Confidens  du  Tres  Haut^  Subjiances  etemelleSf 
§^i  parez  de  vos  feux,  qui  couvrez  des  ^os  aileSf 
Le  trone  ou  votre  maitre  efi  affis  parmis  vous  : 
Paries  t  du  grand  Newtok  n^etiez  vous  point  jaleux. 

To  which  we  can  only  oppofe  what  Pope  has  faid  on  the  fame  Sub« 
jea: 

Nature  and  Nature's  Laws  lay  hid  in  Night ; 
God  faid.  Let  Newton  be,  and  all  was  Lights 

The  great  Gentufes  of  every  Species  have  been  ^prized  at  the  In* 
difference  which  Men  Ihew  for  the  Spedacle  of  Nature.  Tajfo  puts 
Reflexions  in  the  MoUtfa  of  Rinaldo,  which  merit  to  be  fecited  for  the 
Inftrudion  of  thofe  to  whom  the  iame  Reproach  may  be  applied ;  it  is 
at  the  Time  when  marching  before  Day  towards  Mount  Olivet^  he  con- 
templates the  Beauty  of  the  Firmament. 
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Con  gli  occbi  alzati  contemplando  intorno^ 
^inci  nottume  e  quindi  matutine 
Bellezzef  incorruptibili  e  divine  ; 
Frafejteffo  penfa^a^  o  quanta  belle 
Lucif  il  tempio  celefte  in  Je  raguna! 
Ha  iljuo  gran  carrtf  il  dt^  V auraia  Jlelle 
Spiega  la  nottff  e  Pargentota  Luna\ 
Ma  nen  i  cbi  tfagbeggi  o  quefia^  o  quelle ; 
E  miriam  not  torbida  luce  e  bruna, 
CVuH  girar  d^occbit  un  balenar  di  njo 
Scopre-.  in  brtve  confin  difragil  vifo^ 

Jerus.  Cant,  xviii.  St.  12,  13. 

III. 
The  Knowledge  of  the  Syftem  of  the  World  has  delivefed  us  from  £flc^b 
the  Apprehenfions  which  Ignorance  occaiions ;   can  we  rccal  without  J^oJ^n^e 
Compaffion,  the  Stupidity  o(  thofe  People,  who  believed  that  by  making  oTthe  Syf- 
a.great  Noife  when  the  Moopwas  eclipfed^  thisGoddefs  received  R^'i^f^^^^^* 
from  her  Suffbrances^  or  that  Eclipfes  were  produced  by  Inchantments  (a)  ?  produced. 

Cumfrujira  refonanP  Mra  auxiliaria  Luna.       Met  iv.  333. 
Cantus  et  e  Curru  Lunam  deducere  tentant, 
Etfactretft  non  Mra  repulfa  fontnU         Tib.  El.  8. 

The  Knowledge  of  the  Syftem  of  the  World  has  diflipated  the  Errors  of  The  Know- 
Aftcology>by  whofe  foolifliPrediaions  Mankind  had  been  folong  abufed.  sylf^of 
The  Adventure  of  1 186>  ihould  have  covered  with  Shame  the  Aftrologers  the  Worid 
of  ^rop9 ;    they  were  all,  Chriftians,  Jews  and  Arabians,,  united  to  '^^^  ?®^ 
anounce>  feven  Years  before>  by  Letters  publiihed  throughout  Europe^  rort  of 
a.  Conjundion  of  all  the  Planets^  which  would  be  attended  with  fuch  Aftrology.  • 
terrible  Ra/vs^e6»  that  a  general  Diflblution  of  Nature  was  much  to  be 
dreaded^  fo  that,  nothing  lefs  than  the  End  of  the  World  was  expeded : 
this  Year  notwithftanding  pa0ed  as  others.     Bui  a  hundred  Lies,  each 
as  well  atteded^  wpuld  not  be  fufficient  to  wain  ignorant  and  credulous 
Men  from  the  Prejudices  of  their  Infancy.    It  was  necefiary  that  a  Spi* 
rit  of  Philofophy^  ai^d  Refearch,  ihould  fpread  itfelf  aoftong  Mankind^ 
open  their  UnderAandings^  unveil  the  Limits  of  Nature^  and  accuftom 
them  not  to  be  terrified  without  lE^xamioation,  and  without  Proof. 

IV. 

The  QmiiitSf  as  it  is  well  known»  were  one  of  the  great  ObjeSs  of 
Terror  wi^ifi^^th^  Knowledge  of  the  Syftem  of  the  World  has,  in  iine> 

(a)  ScacMy  Hipolit.  7S7,    T«cic«  Aim«  Ftatarch  ia  Pcrkk)  ct  <1«  dcfeOtt  Oracvloram. 
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removed.  It  is  not  without  Concern  we  find  fuch  ftrangc  Prejudices  in 
the  fineft  Poem  of  the  laft  Age,  whereby  they  are  traafnittted  to  the 
lateft  Pofterity. 

§tfal  colli  cbiome  fanguinoje  horend^f 

SpUnder  cometa  fuol  per  Varia  adufia^ 

Che  s  regni  muta,  eiders  morti  adduce f 

At  purperei  tiranni  infaufla  luce.      Jerus.  Lib.  7.  St.  52. 

The  Charms  of  Poetry  are  adualiy  employed  in  a  Maaoer  more  phi- 
lofophical  and  ufefuU  vitnefs  the  following*  fine  Paflage. 

Cometes  que  Pon  craint  a  legal  du  tormirtei 
Cejfez  d^epouvanter  les  peuples  de  la  t^re^ 
Dans  une  ^lipfe  immenje  acbevez  voire  courts 
Remonttz,  de/cendez  pres  de  Pqftre  det  jours  i 
Lancez  vos/euxy  volez,  et  revenant  fans  cejfe^ 
Des  monies  epuifet  ranitnez  la  viellejfe. 

Thus  the  profound  Study  of  the  Syftem  of  the  World  has  diflipated 
abfurd  Prejudices^  and  re-eftablt(hed  human  Reafon  in  its  inalienable 
Rights. 

V. 

To  the  Knowledge  of  the  Syftem  of  the  World,  are  owing  the  Im- 
provements in  Cofmography,  Geography,  and  Navigation ;  the  Obfer- 
vation  of  the  Height  of  the  Pole,  taught  Men  that  the  Earth  was  round, 
the  Eclipfes  of  the  Moon  taught  how  to  determine  the  Longitudes  of 
the  different  Countries  6f  the  World,  or  their  Mutual  Diftances  from 
Eaft  to  Weft.  The  Difcovery  of  the  Satellites  of  Jupiter^  has  contri^ 
buted  more  effedually  to  improve  geographical  or  marine  Charts,  than 
ten  thoufand  Years  Navigation ;  and  wheii  their  Theory  wiU  be  better 
known,  the  Method  of  Longitudes  will  be  ftill  more  etad  and  more 
eafy.  The  Extent  of  the  Mediterranean  was  almoft  unknown  in  1600* 
and  To-Dayi  i^  as  exadly  determined  as  that  of  England  or  Ireland, 
By  it  the  new  World  was  difcovered.  Cbtifiopbet  Colimbus  had  a  more 
intimate  Knowledge  of  the  Sphere,  than  any  Man  of  his  Time,  fince  it 
gave  him  that  Certainty,  and  infpired  him  with  that  Confidence  with 
which  he  direded  his  Courfe  towards  the  Weft)  certain  to  rejoin  by  the 
Eaft  the  Continent  of  AJta^  or  to  find  a  new  one.  And  nothing  feems 
to  be  wiflied  for,  to  retider  Navigation  more  perfeS  and  fecure,  but  a 
Method  for  finding  With  Eafe,  the  Longitude  at  Sea,  whieh  is  iiow  ob« 
tained  by  the  Means  of  the  Moon :  And  if  the  Navigators  of  this 
Kingdom  were  initiated  in  Aftronomy,  by  able  Teachers^  as  is  praftifed 
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in  other  Parts  of  Europi,  their  Eftimation  would  approach  within  twenty 
Miles  of  the  'J  Vuth^  whilft  in  ordinary  Voyages^  the  Uncertainty 
amounts  to  more  than  three  hundred  Leagues,  by  which  the  Lives  and 
Fortunes  of  Thoufands  are  endangered.  The  Utility  therefore  of  the 
Marine  to  thofe  Kingdoms,  where  Empire,  Power,  Commerce,  even 
Peace  and  War»  are  decided  at  Sea,  proves  that  of  the  Knowledge  of 
the  Syftem  of  the  World. 

VI. 

The  adual  State  of  the  Laws,  and  of  the  ecclefiaftical  Adminiftra-  The  Refer 
tion,  is  efientially  conneded  with  the  Syftem  of  the  World  ;   St.  Ju-  ^v^^^ 
gufiine  recommended  the  Study  of  it  particularly  for  this  Reafon;  St.  dardepCTul- 
HyppoUte  applied  himfelf  to  it,  as  alfo  many  Fathers  of  the  Church,  cdonic. 
notwithftanding  our  Kalendar  was  in  fuch  a  State  of  Imperfedion,  that 
the  Jews  and  Turks  were  aftonifhed  at  our  Ignorance.      Nicholas  V, 
Leon  X,  Cffr.  had  formed  a  Defign  of  re-eftabliihing  Order  in  the  Ka- 
lendar, but  there  were  at  that  Time  no  Philofophers,  whofe  Reputa- 
tion merited  fufficient  Confidence.     Gregory  the  XUIth,  governed  at  a 
Time  when  the  Sciences  began  to  be  cultivated,  and  he  alone  had  the 
Honour  of  this  Reformation* 

vn. 

Agriculture  borrowed  formerly  from  the  Motions  of  the  celeftial  isar^foltrt 
Bodies,  its  Rules  and  its  Indications ;  Job,  Hejiod,  Farro,  Eudoxus,  Agriculture 
AratuSf  (hid,  Pliny 9  Cclumellaf  Manilius,  nirnifh  a  thoufand  Proofs  of  it. 
The  PleyadeSf  Ar£iurusy  Orion,  Syrius,  gave  to  Greece  and  Egypt  the 
Signal  of  the  different  Works  ;  the  rifing  of  SyrtM^  anounced  to  the 
Greeks  the  Harveft ;  to  the  Egyptians  the  overflowing  of  the  Nile.  The 
Kalendar  anfwers  this  Purpofe  adualy. 

VIII. 

Ancient  Chronology  deduces  from  the  Knowledge  and  Calculation  of  is  the  Foua 
Eclipfes,  the  moft  fixed  Points  which  can  be  found,  and  in  remote  Times  ^a^»o°  °^ 
we  find  but  Obfcurity.    The  Cbinefe  Chronology  is  entirely  founded  up-  ^'^'^"^'^Ky 
on  Eclipfes,  and  we  would  have  no  Uncertainty  in  the  ancient  Hiftory 
of  Nations  as  to  the  Dates,  if  there  were  always  Philofophers.     (See 
the  Art  of  verifying  Dates.) 

ix. 

It  is  from  the  Syftem  of  the  World  we  borrow  the  Divifion  of  Time,  Furnlflies 
and  the  Art  of  regulating  Clocks  and  Watches ;   and  it  may  be  faid,  Af  Meant 
that  the  Order  and  Multitude  of  our  AiFairs,  our  Duties,  our  Amufe-  \^^\^l: 
ments,  our  Tafte,  for  Exadnefs  and  Preciiion,  our  Habitudes  have  ren- 
dered this  Mcafure  of  Time  almoft  indifpenfable,  and  has  placed  it  in 
the  Number  of  the  Neceffaries  of  Life;    if  inftcad  of   Clocks  and 
Watches,  Meridians  and  folar  Dials  are  traced,  it  is  an  Advantage  that 
the  Knowledge  of  the  Syftem  of   the  World  has  procured  us.  Dial' 
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ling  being  the  Application  of  fpherical  Trigonometry ;  a  Projedioir 
of  the  Sphere  upon  a  Plane>  or  a  Sedion  of  a  Cone,  according  to  th« 
Forms  given  to  a  Dial 

X. 

The  Knowledge  of  the  Changes  of  the  Air,  Winds,  Rain,  dry  Wea- 
ther, Motions  of  the  Thermometer,  Barometer,  have  certainly  an  eflfen^o 
tial  and  immediate  Relation  with  the  Health  of  the  human  body ;  the 
Knowledge  of  the  Syftem  of  the  World  will  be  of  fenfible  Utility,  when, 
by  repeated  Obfervations,  the  phyfical  Influences  of  the  Sun  and  Moon. 
upon  the  Atmofphere,  and  the  Revolutions  which  refult  will  be  dir* 
covered.  Galen  advifes  the  Sick  not  to  call  to  their  Afliftance  Phyfici- 
ans,  who  are  not  acquainted  with  the  Motions  of  the  celeftial  Bodies, 
becaufe  Remedies  given  at  unfeafonable  Times  are  ufelefs  or  hurtfuH 
and  the  ableft  Phyficians  of  our  Days  are  convinced^  that  the  Attradbns 
which  elevate  the  Waters  of  the  Ocean  twice  a  Day,  influence  the  State 
of  the  Atmofphere,  and  that  the  Crifls  and  Paroxilms  of  Diforders  cor* 
refpond  with  the  Situation  of  the  Moon  in  refped  of  the  Equator^  Sy- 
figies,  and  Apfides.     See  Metid%  Hofmanf  &a 

XI. 

Thofe  Advantages  which  refult  from  the  Knowledge  of  the  Syftem  of 
the  World,  has  caufed  it  to  be  cultivated  and  held  in  fingular  Efteem  by 
all  the  civilized  People  of  the  Earth.  The  ancient  Kings  of  Perfiay 
tions  of  the  and  the  Priefts  of  Egypt ^  were  always  chofen  amongft  the  mod  expert 
^^''^'  in  this  Science.  The  Kings  of  Lacedemon  had  always  Philofophers  in 
their  Council.  Alexander  was  always  accompanied  by  them  in  his  mili* 
tary  Expedtttons»  and  Ariflotle  gave  him  ftrid  Charge  to  do  nothing 
without  their  Advice.  It  is  well  known  how  much  Ptolemeus  the  fecond 
King  of  Egypt,  encouraged  this  Science ;  in  his  Time  flourilhed  Hypm-- 
cbut,  Calimacbuf^  Apolhnius,  Aratu/t  Bion,  TbeocriteSf  Conon,  Julius 
Cafar  was  very  curious  in  making  Experiments  and  Obfervations,  as  it 
appears  by  the  Difcourfe  which  Lucan  makes  him  hold  with  Aehw^' 
Prieft  of  Egypt,  at  the  Fcaft  of  Cleopatreu 
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Stellarum  ccelique  plagit^  fuperifgue  vacavi. 
Nee  mens  Eudoxi  vincetur  fy/Hius  annus. 


PhAR: 


The  E.'nperor  Tiberius  applied  himfelf  to  the  Study  of  the  Syftem  of 
the  World,  as  Suetenius  relates ;  the  Emperor  Claudius  forcfaw  there 
would'  be  an  Eclipfe  the  Day  of  his  Anniverfary,  and  fearing  it  might 
occafibn  Commotions  at  Rome,  he  ordered  an  Advertifement  to  be  pub- 
liihed,  in  which  he  explains  the  Circumftances,  and  the  Caufes  of  this 
Phenonienon.    It  was  cuhivated  particularly  by  the  Emperors  Adriaw.. 
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mid  Severuf^  by  CbsrUmagne,  by  Lecn  V»  Emperor  of  Cvnflanth^phf  by 
Jlpbon/o  X,  King  of  Cafiih,  by  Frederick  II,  Emperor  of  the  •  fVe/, 
i>y  Cf///«r  Almamon^  the  Prince  Ulubeigb^  and  many  other  Monarchs  of 

Among  the  Heroes  who  alfo  cultivated  it,  are  reckoned  Mahomet  II, 
Conqueror  of  the  Greek  Empire;  the  Emperor  Cfrar/^/  V,  and  Lewis  XIV. 
In  fine,  the  Eftablilhments  of  different  Philofophical  Societies  in  Eng-- 
iandf  Scotland,  France,  Italy,  Germany,  Poland,  Sweden,  Ruffsa,  Arc.  have 
given  the  Monarchs,  Nobility,  and  Gentry  of  thofc  Countries,  a  Tafte 
for  the  more  refined  Pleafures  attending  the  Study  of  the  Sciences,  and 
particularly  of  the  Syftem  of  the  World,  an  Example  worthy  to  be  imi- 
tated by  thofe  of  this  Kingdom. 

xn.  PabUck 

B^fides  thofe  renowned  Societies  which  liave  all  contributed  to  the  ?£?2&«! 
Trogrefs  of  every  Branch  of  human  Knowledge,  and  particularly  of  the  in  the  dif- 
Syftem  of  the  World,  there  has  been  eftabliihed  in  the  different  Parts  of  feremPata 
Europe  public  Schools,  conduced  by  Men  of  fuperior  Talents  and  Abi-  for^^ 
'lities,  who  make  it  their  Bufinefs  to  guide  and  inftrud  the  young  No-  ing  young 
bility  and  Gentry  in  this  noble  Science,  and  fumiih  thofe  who  difcovcr  Noblcnwn 
(ingular  Difpofitions  with  evciy  Means  of  Improvement.  ra«  ofFw 

An  illuftrious  EngUJbman,  Henry  Saville,  founded  in  the  Univcrfity  of  tunc  in  what 
Oxford  two  Schools,  which  have  been  of  vaft  Utility  to  England;    the  sS^^'llf^ 
Mailers  have  been  Men  all  eminent  in  this  Science,  John  Bainbridge  in  tZcWorid, 
l6ig,  John  Greaves  in    1643,    Seib  Ward,   Cbrijlopber  tVren,  Edward  Yo\xj^AaXMm 
Bernard  in  1673,  David  Gregory  in  1691,  Briggs,  Wallis,  and  J.  Caf-  of  Henry 
w^//in  1708,  KeillxTx  1712,  Homjby,  &c.  ^*^'^* 

The  Schools  eftabliihed  at  Cambridge,    among  whofe  Mafters  were  Founda- 
Barrow,  Newton,  Cotes,  Wijion,  Smytb,  and  Long,  all  celebrated  Aftro-  ***^"«  ^ 
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The  School  of  Grejbam  at  Bijbops-Gate  in  London,  which  has  effen-  College  cf 
tially  contributed  to  the  Progrefc  of  Aftronomy ;  among  the  Mafters  of  GtcQum. 
ibis  School  were  Doftor  Hook,  and  other  eminent  Men. 

The  Royal  mathematical  School  at  Cbrifi's-Ho/pital,  where  Hodgfon,  Mathema  i 
Robert/on,  &c.  have  bred  up  a  great  Number  of  expert  Navigators  and  of  aJllS?! 
Aftronomers.  tioifitai. 

The  Schools  of  Edinburgh,  Glafgow,  and  Aberdeen,  are  known  all  Mathcmati 
over  Europe;  the  Nobility,  and  Gentlemen  of  Fortune  of  Scotland,  h-  calS^hooU 
perintending  them,  and  taking  every  Method  of  encouraging  both  Maf-  '■  ^<hIm<*« 
ters  and  Students  to  Afliduity  and  Attention,  to  go  through  their  refpec- 
tive  Taflcs  with  Alacrity  ana  Spirit;  the  Names  of  Gregory,  M*Laurin, 
Stuart,  Simp/on,  Arc.  the  famous  Mafters^  will  never  be  forgotten. 

*  He  ordered  die  Works  of  Ptokmey  to  be  traoflated  into  Latin,  and  pubilckly  to  be  targht 
at'Haplca. 
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The  Royal  School  of  France j  founded  by  Francis  I,  has  eflentially  con- 
tributed to  the  Progrefs  of  the  Knowledge  of  the  Syftem  of  the  World. 
Orancff  Fine\  Stadiusy  Morin,  Gajfendi,  de  la  Hire,  de  Lijlcf  who  were 
fucceflively  Mailers  of  it,  have  been  celebrated  Aftronomers,  Wr, 

XIII. 

Experiments  and  Obfervations  are  the  Foundation  of  all  real  Know- 
ledge, thofe  which  ferve  as  a  Bafis  to  the  Difcoveries  relative  to  the 
Syftem  of  the  World,  are  made  and  learned  in  Experimental  Schoc^ 
and  Obfervatorics :  The  iirft  Obfervatory  of  any  Celebrity,  was  built 
by  William  V,  Landgrave  of  Heffe^  where  he  colleded  all  the  Inftru- 
ments,  Machines,  Models,  i^c  which  were  known  in  his  Time,  and 
put  it  under  the  Diredion  of  Rotbman  and  Byrgius,  the  firft  an  Aftrono- 
mer,  the  fecond  an  expert  Inftrument-Maker  :  The  Duke  of  Broglic^ 
General  of  the  French  Army,  having  rendered  himfelf  Matter  of  Cajfti 
in  1 760,  took  a  Copy  of  the  Obfervations  and  Experiments  made  in 
this  Obfervatory,  and  depoiited  it  in  the  Library  of  the  Academy. 

Frederick  I.  King  of  Denmark,  being  informed  of  the  fingufar  Merit 
of  Ticbo  Brabe,  granted  him  the  liland  of  Fenufia,  oppoflte  Copenhagen, 
and  built  for  him  the  Cafile  of  Uranibourgb,  furniihed  il  with  the  larg- 
ely and  the  mofl  perfed  Inftruments,  and  gave  Penfions  to  a  Number 
of  Obfervers,  Calculators,  and  Experiment-Makers,  to  affift  him,  which 
enabled  him  in  the  Space  of  16  Years,  to  lay  the  Foundation  of  the  Syf- 
tem of  the  World,  in  a  Manner  more  (table,  than  was  ever  before  ef- 
feded.  The  moft  eminent  Men  took  Pleafure  in  vifiting  this  incom- 
parable Philofopher  :  The  King  of  Scotland  going  to  efpoufe  the  Prin- 
cefs  Anne,  Siller  of  the  King  of  Denmark,  pafled  into  the  Ifland  of  Venujia 
with  all  his  Court,  and  was  fo  charmed  at  the  Operations  and  Succefs 
of  Tycho,  that  he  compofed  his  Elogium  in  Latin  Poetry :  So  much 
Merit  raifed  him  Enemies,  and  the  Death  of  King  Frederick  II,  (umifli- 
ed  them  the  Means  of  fucceeding  in  their  Machinations.  A  Minifter  called 
Walcbendorp,  (whofe  Name  (hould  be  devoted  to  the  Execration  of  the 
Learned  of  all  Ages)  deprived  him  of  his  liland  of  Venufta,  and  forbad 
him  to  continue  at  Copenhagen  his  Experiments  and  Obfervations. 

XIV. 

.  The  firft  Obfervatory  of  the  laft  Age,  was  that  of  Hevelius,  eftab- 
liihed  at  Dantzick ;  it  is  defcribed  in  his  great  Work,  intitled,  Machina 
Celeftif. 

The  Aftronomical  Tower  of  Copenhagen  was  finiihed  in  1656,  built 
by  Cbrijlian  IV,  at  the  Solicitation  of  Longomontanus, 

There  has  been  an  Experimental  School  •  and  Obfervatory  at  Pekin 
thefe  400  Years,  built  on  the  Walls  of  the  City :  Father  Verbiejl  be- 
ing made  Prefident  of  the  Tribunal  of  Mathematicks  in  1669,  obtained 
of  the  Emperor  Cam-by,  that  all  the  European  Inftruments,  Machines, 
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Modrlsy  iie.  fhould  be  added  to  thofe  with  which  it  was  already  furnish- 
ed. (See  the  Defcription  of  China  by  Dubald.)  There  has  been  made 
there  a  vafl  Colle^ion  of  ufeful  Experiments  and  Obfervations^  a  Copy 
of  which  is  depofited  in  the  French  Academy. 

XV. 

The  Royal  Obfervatory  of  England  was  built  by  CharleslL  under  the  The  Royal 
Dlreaion  of  Sir  J.  Moore,  four  Miles  from  London,  to  the  Eaftward  OMendjory 
upon  a  high  Hill :     It  will  be  for  ever  famous  by  the  immortal  Labours  "emil*^    * 
of  Flamjlead,  Halley,  and  Bradley  ;  Flamfiead  was  put  in  Poffeffion  of  this  Sihrol  at 
Obfervatory  in  1676,  where,  during  the  Space  of  33  Years,  he  made  ^n"°^j  ** 
a  prodigious  Number  of  Obfervations  contained  in  his  HiAory  of  the  famoui  by 


('IT'. 


Heavens :  Halley  fuccecded  him,  and  was,  without  Doubt,  the  greateft  '^Jf  Y' 
Aftronomer  England  produced  j    at  the  Age  of  Twenty  he  went  to  the  Hallcy^nd* 
Ifland  of  SU  Helen,  to  form  a  Catalogue  of  the  Southern  Stars,  which  Bradley. 
he  publiihed  in  1679 ;  then  he  went  to  Dantzick  to  confer  with  Heveliusy 
he  travelled  alfo  through  Italy  and  France  for  his  Improvement ;  in  1683 
he  publiihed  his  Theory  of  the  Variation  of  the  Magnetic  Needle  ;  in 
1686  he  fuperintended  the  Impreflion  of  the  Principia  Mathematica  Phi- 
hfopia  Naturalis,  which  its  immortal  Author  could  not  refolve  with  him- 
felf  to  publi(h.     The  fame  Year  he  publiihed  his  Hiftory  of  the  IVade 
Winds;  in  1698  he  received  the  Command  of  a  Vcflel  to  traverfe  the 
Atalantic  Ocean,  and  vifit  the  EngUJb  Settlements,  in  order  to  difcover 
whether  the  Variation  of  the  Magnetic  Needle,  found  by  Experiment, 
agreed  with  his  Theory,  and  to  attempt  new  Difcoveries  ;  he  advanced 
as  far  as  5a  Degrees  South  Latitude,  where  the  Ice  impeded  his  further 
Progrefs;    he  vifited  the  Coaft  of  Braftl,  tht  Canaries ,  the  Iflands  o(' 
Cape  Verde%  Barhadoes,  &c.  and  found  every  where  the  Variation  of  tl^e 
Compafs  comformable  to  his  Theory ;  in  170 1  he  was  commiHIoned  to 
traverfe  the  EngUJb  Channel,  to  obferve  the  Tides,  and  to  take  a  Survey 
of  the  Coafts ;  in  1 708  he  vifited  'fhe  Ports  of  Triejfe  and  Boccari  in  the 
Gulph  of  Venice,  and  repaired  the  firil,  accompanied  by  the  chief  In- 
gincer  of  the  Emperor;  he  publiflied  in  1705  the  Return  of  the  Comets 
of  which  he  was  the  firft  Difcoverer;   and  we  have  feen  in   1759  the 
Accompliihment  of  his  PrediSion  ;    in  1713   he  was  made  Secretary  of 
the  Royal  Society ;  he  examined  the  different  Methods  for  finding  the 
Longitude  at  Sea,  and  proved  that  thofe  which  depend  on  the  Obferva- 
tions of  the  Moon  were  the  only  pra3icable  ones,  and  as  thofe  Me- 
thods required  accurate  Tables  of  this  Planet,  which  did  not  differ  from 
Obfervation  more  than  two  Minutes,  he  fet  about  reSifying  them,  hav- 
ing difcovered  that  to  obtain  this  Point  it  was  fufficient  to  determine, 
every  Day  during  18  Years,  the  Place  of  the  Moon  by  Obfervation,  and 
to  know  how  much  the  Tables  differed  from  it,  the  Errors  every  Period 
afterwards  being  the  fame,  and  returning  in  the  fame  Order :    It  was 
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in  1 722  that  this  courageous  Aftronomer>  in  the  65th  Year  of  his  Age* 
undertook  this  immenfe  Work^  and  after  having  completed  ity  and  pub- 
lifhed  the  Succefs  of  his  Labours  for  foretelling  accurately  the  Moon's 
Place,  and  deducing  the  Longitude  at  Sea ;  we  loft  this  great  Man  the 
25  th  of  January  1 742.  Bradley  fucceeded  him,  who  inriched  Aftronomj 
with  his  Difcoveries  and  accurate  Obfervatiom.  He  departed  this  Life 
the  I3ih  of  July  1762,  in  the  70th  Year  of  his  Age.  M,  Majktline^  his 
Succeflfor,  continues  his  Obfervations  with  the  moft  a^ve  Zeal  and 
happy  Difpofitions. 

The  Royal  Obfervatory  not  being  fuflficient  for  all  thofe  who  parfue 
the  Study  of  natural  Philofophy,  there  has  been  formed  feveral  Obfcrva- 
tories  in  Londtn  and  the  different  Parts  of  England^  for  Example,  the 
Obfervatory  of  Sberburn  near  Oxford,  where  the  Lord  Maclesfield^  late 
Prefident  of  the  Royal  Society,  M.  Hornjbyt  &c.  have  made  Experiments 
and  Obfervations  for  many  Years. 

The^Experimental  School  and  Obfervatory  of  Edinburgh,  built  by  the 
Subfcription  of  the  Nobility  and  Gentry  of  that  Kingdom,  has  been 
rendered  famous  by  M*Laurin,  The  Royal  Academy  of  Sciences  d^ 
puted  in  1747  the  King's  Aftronomer,  LeMonifr,  to  obferve  there  an 
annulary  Eclipfe  of  the  Sun. 

XVI, 

The  Royal  Obfervatory  of  PartJ,  the  moft  fumptuous  Monument  that 
ever  was  confecrated  to  Aftronomy,  was  built  under  the  Diredion  of 
the  great  Colbert,  immortal  Protedor  of  the  Arts  and  Sciences.  It  is 
near  200  Feet  in  Front,  140  from  North  to  South,  and  100  in  Height, 
the  Vaults  are  near  eighty  Feet  deep ;  there  are  alfo  feveral  others  in 
Parts,  and  in  other  Parts  of  France,  as  that  of  JIf.  Lemonier  at  the  d- 
pucbims  of  St.  Honore,  that  of  M.  Delijle  at  the  Hotel  de  Cluny,  that  of 
M.  La  Caille  at  the  College  of  Mafarin,  that  of  the  Palace  of  Luxem- 
burgh,  that  of  M  de  Pouchy  in  Rue  des  Pofies,  and  that  of  M.  Pingre  at 
St,  Genevieve ;  the  Obfervatory  of  Marfeilles  which  F.  Pezenas  has  ren- 
dered famous,  that  of  Lyons  where  F.  Beraud  made  Experiments  and 
Obfervations  for  a  long  Time,  that  of  Rowen  and  Touloufe  from  which 
M.  Bowin  and  M.  Dulange,  Af,  d*  Auguier  fend  annually  to  the  Academy 
a  great  Number  of  ufeful  and  curious  Experiments  and  Obfervations ; 
that  of  Strajburgh  where  M.  Brakenaffer  has  made  fome. 

XVII. 

The  Senate  of  the  Republic  of  Nuremberg,  creSed  an  Obfervatory 
in  1678,  and  put  it  under  the  Diredion  of  Geo.  Chriftopher  Eimmart. 
Phil,  Wurzelban  built  another  in  1692,  defcribed  in  his  Book  Uranies 
Norica  Bafts.  The  Adminiftrators  of  the  Univerfity  of  Leyden,  eftab* 
liflied  in  1690,  an  Experimental  School  and  (Obfervatory.  Frederick  L 
King  of  Prufpa,  having  founded  in  1 700,  an  Academy  of  Sciences  at 
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Berlin,  built  an  Experimental  School,  with  an  Obfervalory.     The  pre-  9^  ^'^"* 
fent  King  of  PruJ/fa,  added  a  fuperb  Edifice,  whtre  the  Academy  aSu-  "*  ^^^' 
ally  holds  its  Affcmblies,     The  Inftitution  of  Bologn,  a  famous  Academy,  P^^^y 
eftabiiflied  in.  1 709,  by  the  Count  of  MarJigU,  with  the  Permiflion  o^  i^j  g^Jj, 
Clement  XI.  has  a  fine  Experimental  School  and  Obfervatory,  which 
Manfredi  and  Zamtti  have  rendered  famous.     There  arc  four  Experi- 
mental Schools,,  with  Obfervatories,  at  Rome\    that  of  Blancbint,  ihat 
of  the  Convent  of  Ara  Caliy  that  of  the  Convent  oi  Minerva,  and  that 
of  Trinite  du  Mont,     There  is  alfo  one  at  Genoa,  founded  by  the  Mar- 
quis of  Saivagi;  one  at  jF/or^w^,  which  Ximenes  has  rendered  famous; 
one  2Lt  Milan^  ereSed  in  the  College  of  Brera,  in   1713.     The  Supe- 
rLors  of  the  Univerfity  of  Altorf,  in  the  Territory  of  Nuremberg,  ereS-  of  Altorf 
ed  an  Experimental  School,  and  an  Obfervatory,  and  furnifhed  it  with  ">  <7i4* 
all  the  neceffary  Implements.  In  1 714,  the  Landgrave  of  Hejfe,  Charles  L 
Heir  of  the  States  and  Talents  of  the  celebrated  Landgrave  we  have  al- 
ready fpoke  of,  built  a  new  Experimental  School  and  Obfervatory,  and 
put  it  under  the  DireSion  of  Zumback.    In  1 722,  the  King  of  Portugal,  Of  Lifton 
^obn  V,  erefted  an  Experimental  School  and  Obfervatory,  in  his  Palace  *°  ■7*«. 
at  LiJbon:\  there  is  alfo  one  in  the  College  of  St.  Antony.     The  Expe- 
rimental School  and  Obfervatory  at  Peterjbourg,  is  one  of  the  moft  mag-  uj^*^^ 
nificent  in  Eur9pe,  it  is  fituated  in  the  Middle  of  the  fuperb  Edifice  of  ,74?/** 
the  Imperial  Academy  of  Peterjbourg,  it  is  compofed  of  Aree  Flights  of  of  Ucrccht 
Halls,  adapted  for  making  Experiments  and  Obfcrvations,  and  is  150  '"  «7*^- 
Feet  high.     Ip  1726,  the  Magiftrates  of  the  Republic  of  Utrecht,  built 
an  Experimental  School,  and  an  Obfervatory,   in  which  the  famous. 
Mujcbembroek  made  his  Experiments  and  Oblervations.     In   1 739,  the 
King  of  Sweden  ereSed  one  at  Upfal,  and  put  it  under  the  DireQion  of  Up&l 
of  Wargentin,    In  1740,  the  Prince  of  HeJfe  Darmjlad,  ereSed  ano-  *"  »739» 
ther  at  Gieffen,  near  Marborougb.     There  are  two  Experimental  Schools 
and  Obfervatories,  at  Vienna,  where  F.  Hell^  and  F,  Liganig,  diftinguifh  of  Vienna* 
themfelves  aSually.     There  is  one  at  Tyrnaw  in  Hungary  ;  one  in  Po- 
land,  at  IVilna,  &c.  &c.  Of  WUmu. 

Such  are  the  renowned  Eftabliftiments  to  which  we  are  indebted  for 
our  Knowledge  of  the  Syftem  of  the  World,  and  the  Improvements  it. 
receives  every  Day ;  but  there  are  a  great  many  Branches^  which  require 
fuch  long  Operations,  and  fo  great  a  Space  of  Time,  that  Poflerity 
will  always  have  new  Obfervations  and  Difcoveries  to  make.  Multum 
egerunf  qui  ante  nos  fuerunty  fed  non  peregerunt,  multum  adhuc  rejiat.  Qpe^ 
ris  multumque  reftabit ;  nee  ulli  nato  poji  mille  Sacula  pracludetur  Occafto 
Mliquid  adhuc  adjiciendi.     (Senec.  Epif.  64.) 

XVIII. 

Thofe  great  Examples  of  all  the  civilized  Nations  of  the  Woric', 
iavc  at  length  brought  the  Noblemen  and  Gentlemen  of  this  Country^ 
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to  a  true  Senfe  of  the  Importance  of  procuring  to  their  Chtldreni  thofe 
Means  of  Inftruftion,  which  may  prevent  their  regretting  in  a  more 
advanced  Age,  the  mif-fpent  Time  of  their  Youth ;  which  is  the  only 
Period  of  Life  in  which  they  can  apply  themfelves  with  Succe(s>  to  the 
Study  of  Nature :  In  this  happy  Age,  when  the  Mind  begins  to  think, 
and  the  Heart  has  no  Paflions  voilent  enough  to  trouble  it  Shortly, 
the  Faffions  and  Pleafures  of  their  Age  will  engrofs  their  Time,  and 
when  the  Fire  of  Youth  is  abated,  and  they  have  paid  to  the  Tumult 
of  the  World  the  Tribute  of  their  Age  and  Jlank,  Ambition  will  gain 
the  Afcendant.  And  though  in  a  more  advanced  Age,  which  will  not 
however  be  more  ripe,  they  fhould  apply  themfelves  to  the  Study  of  the 
Sciences,  their  Minds  having  loft  that  Flexibility  which  they  had  in  their 
youthful  Days,  it  is  only  by  the  Dint  of  Study,  they  can  attain  what 
they  might  acquire  before  with  the  greateft  Eafe. 
Publjck  To  improve  therefore  the  Dawn  of  their  Reafon,  to  fecure  them  from 

^**brfti'am  Ignorance,  fo  common  among  People  of  Condition,  which  expoles  them 
the* city  of  daily  to  be  fcandaloufly  impofed  upon,  to  accuftom  them  early  to  the 
Dublin  for   Habit  of  thinking  and  ading  on  rational  Principles,  a  School  has  been 
YouSfin^    eftabliflied  on  the  moft  approved  Plan,  where,  after  having  fpent  fome 
cfryBmnch  Time  in  learning  Elementary  Mathematicks,  they  are  initiated 
^^'^^M^c  ^"  ^^^  Mifterjfsof  Sublime  Geometry,  and  of  the  Infnitesimal 
raSciupur  Calculation  ;  from  thofe  abftraft  Truths,  they  are  led  to  the  Dif- 
fuant  to  the  covery  of  the  Phenomena  of  Nature,  they  arc  taught  how  to  difcem 
of  ^the^N^  their  Caufes,   and  mcafure  their  EfFeas ;    from  thence  they  are  cori- 
biemen  and  duded  as  far  as  the  Heavens,  thofe^  immenfe  Globes  which  roll  over  our 
GentJemcn   Heads  with  fo  much  Majefty,  Variety  and  Harmony,  letting  themfelves 
of tbe^^ng-  ^^  approached ;  they  are  taught  how  to  obferve  their  Motions,  and  in- 
doRiofire-  veftigate  the  Laws  according  to  which  this  material  World,  and  all 
of  Feb*  ^**  Things  in  it,  are  fo  wifely  framed,  maintained  and  preferred, 
j/tfs!  ""'^      To  relax  their  Minds  after  thofe  Speculations,  they  are  brought  back 
to   Earth,    where,    free    from  all  Spirit  of  Syftem  and  Refearch  of 
Caufes,  they  are  taught  how  to  contemplate  the  Wonders  of  Nature 
in  detail.     But  as  it  prefents  an  immenfe  Field,  whofe  whole  Extent  the 
greateft  Genius  cannot  compafs,  and  the  Inquiries  the  moft  valuable, 
and  the  only  worthy  of  a  tnie  Citizen  arc  thofe  by  which  the  Good  of 
Society  is  promoted,  they  are  confined  particularly  to  the  Study  of  what 
may  contribute  to  the  PerfeSion  of  ufeful  Arts,  fuch  as  Agriculture 
and  Commerce,  that  thus  initiated  in  the  true  Principles  of  the  dif- 
ferent Branches  of  Knowledge  fuitable  to  their  Rank,  having  completed 
their  Studies  in  this  School,  far  from  being  obliged  to  forget  what  they 
have  learned,  as  hitherto  has  been  the  Cafe,   thev  may  be  enabled   to 
purfue  with  Succefs,  fuch  Inquiries  as  are  beft  adapted  to  their  Genius. 
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Progrefs  of  the  Difcweriet  nlathe  to  tbe  Syflem  of  tbe  IVorld. 

L 

TPirft   views 
H  E  firft  Views  which  Philofophers  had  of  the  Syftcm  of  the  World,  of  Phiiofo- 
were  no  better  than  thofe  of   the  Vulgar,  being  the  immediate  Suggeftions  ^•g*  -  •' 
of  Senfe;but  they  correfted   them;    thus  the  firft  Syftem  fuppofed   thcofiheWodd 
Earth  to  be  an  extended  Plane,  and  the  Center  round  which  the  Heaven* 
ly  Bodies  revolved. 

The  Babylonians  from  examining  the  Appearances  of  Scnce  were  the  of  ihe  Bt'^. 
lirft  who  discovered  the  Elarth  to  be  round,  and  the  Sun  to  be  the  Cen-  loniftot,  tod 
tcr  of  the  Univcrfe  (a)  in  thefe  Points  they  were  followed  by  Pytbagoras  and  «|^Py'»»*K»- 
his  School* 

III. 
•    The  true  Syftem  of  the  World  being  difcovercd,  it   may  appear  fur- 
prizing  that  the  Notion  of  the  Earth's  being  the  Center  of  the  Celeftral 
Motions  (hould  generally  prevail :  for  tho*  on  a  fuperficial  Survey  it  feems 
to  be  recommended  by  its  Simplicity,  and  to  fquare  exadly  with  the  Ap- £fortt  thtt 
pearances  of  ^encc,  yet  on  Examination  it  is  found  entirely  infuffictent  tohavebcea, 
explain  the  Phenomena,  and  to  account  for  the  Heavenly  Motions  :  This  "*■?**  *P 
conftrained  Ptolemy  and  his  followers  to  incumber  and  embarrafs  the  Hea-  [he  Etith 
vens  with  a  Number  of  Circles  and  Epicycles  equally  arduous  to  be  con-tobc  ttrefl* 
ceived  and  empldyed,  for  nothing  fo  difficult  as  to  fubftitute  Error  in  the^y**""®^ 
room  of  Truth.  tooroj. 

Probably  the  Influence  of  AriJlot]e*%  Authority,  whofe  Writings  in  Ptoh^ 
my^s  Time  wefe  held  in  the  higheft  Efteem,  and  confidcred  as  the  Standard 
of  Truth,  lead  this  Philofopher  into  Error  :  But  why  did  not  Arijlotle  dc- 
clare  in  favour  of  the  true  Syftem,  which  he  knew,  fmcc  he  en- 
deavoured to  overthrow  it:  this  Reflection  is  fufliciently  mortifying  to  the 
Pride  of  the  Human  Underftanding,  whatever  was  the  Caufe,  thus  much  is 
certain,  that  the  Ptolomaic  Syftem  generally  prevailed  to  the  lime  oi  Co* 
fernicut*  » 

IV. 
This  great  Man  revived  the  ancient  Syftem  of  the  Babylonians ^^nA  ofcopernicui] 
Pythagoras   which    he  confirmed  by  fo  many  Arguments  and  Difcoveries  revivct  the 
that  Error  could  no  longer  maintain  its  Ground  againft  the      vidence  of  "^^'^^  p'^l^ 
Denionftration ;  thus  the  Sun  was  reinftated  by  Copernicus  ill  the  Center  of  ihtgorw.* 
the  World,  or  to  fpeak  more  exaftly,   in   the  Center  of  our  Planetary 
Syftem, 

(a)  NiwTov  in  his  Book  de  Ststematk  Mohdi  attribates  this  Opioion  to  Kumft 
Pompilios,  tad  lays,  (Pige  i .)  it  was  to  reprefeot  the  Sao  in  the  Center  of  the  Ccleilial 
Orbits  that  Noma  caufed  a  roond  Temple  to  be  built  in  honovr  of  Vefta^  the  Goddefs  of  Fire 
ia  Uw  Middle  of  which  »  pcipetwl  Fire  wm  prefcrvtd. 
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Syflem  of     '^^^  Copernican  Syftem  cafily  accounts  for  all  the  Celeftial  Phenomena^ 

TichoBuhcand  tho'  Obfervation  and  Argument  are  equally  favourable  to  it,  yet  Ticbo^ 

Brake  an  eminent    Philofopher  of  that  Age  refufed  his  aflent  to  the  Evi* 

dence  of  thefe  Difcoveries,  whether  deluded  by  an  ill-formed  Experiment, 

(b)  or  carried  away  by  the  Vanity  of  making  a  new  Syftem,  he  compoled 

one  which  (leers  a  middle  Courfe  between  ihofe  of  Ptolomy  and  Copernicus  ; 

he  fuppofed  the  Earth    to   be   at  reft  and   the  other  Planets   which   moYc^ 

round  the  Sun,  to  revolve  with  him  round  the  Earth,  ii\  the  Space  of  24 

Hours ;  thus  retaining    the  moft    exceptionable   Part  of    Ptolomy*s  Syf- 

tern,  viz.  the  inconceivable  Rapidity  with  which  the primum Mobile  is  fuppofed 

to  revolve,  from  whence  we  may  learn  into  what  dangerous  Errors  the  mif- 

application  of  Genius  may  lead  us. 

The  Difco-     Tho^  Tycbo  erred  in  the  Manner  he  made  the  Celeftial  Bodies  move,. 

^^"**  ^^'  yet  he  contributed  very  much  to  the  Progrefs  of  the  Difcoveries  relative  to 

Syftem  of*  ^he  Syftem  of  the  World,  by  the  Accuracy  and  long  Series  of  his  Obferva* 

the  World,  tions.  He  determined  the  Pofition  of  a  vaft  Number  of  Stars  to  a  Degree  of 

I^PI?^*/*    cjiaSnefs  unknown  before ;  he  difcovered  the  Refraftion  of  the  Atmofphere, 

^    ^^  °'  by  which  the  Celeftial  Phenomena  are  fo  much  influenced  j  he  was  the  firft 

who  proved  from  the  Parallax  of  the  Comets,  that  they  afcend  above  the 

Moon ;  he  was  the  firft  who  obferved  what  is  called  the  MoorCs  variation  ; 

and  in  fine,  it  is  from  his  Obfervations  on  the  Motions  of  the  Planets,  that 

Kepler  who  refided  with  him,  near  Prague,  during  the  laft  Years  of  his^ 

Life,  deduced  his  admirable  Theory  of  the  Motions  of  the  Heavenly  Bo* 

dies. 

VI. 

Howmvch      G)perntcus  undoubtedly  rendered  important  Services  to  Human  Reafon 

lecntined  to  by  re-eftabli(hing  the  true  Syftem  of  ihe  World:  It  was  already  a  great 

•d  after*Co^  P^*"^  gained  that  Human  Vanity  condefcended  to  place  the  Earth  in  the  Num- 

pernicin.     ber  of  the  fimple  Planets;  but  much  ftill  remained  to  be  difcovered  :  neither 

the  Forms  of  the  Planetary  Orbits,  nor  the  Laws  by  which  their  Motions 

are  regulated,  were  known  ;  for  thefe  important  Difcoveries  we  are  b-«^ 

debted  to  Kepler. 

(b)  It  was  objeded  to  Copemiciis,  that  the  Motioa  of  the  Earth  would  produce  Effcds^ 
which  did  not  take  Place ;  that,  for  Example,  if  the  Earth  moved,  a  Stoae  droppM  fnm  thr 
Top  of  a  Tower,  ought  not  to  fall  at  the  Foot  of  it,  becaufe  the  Earth  moved  doriog  the  Time 
•(  the  SioDe^sdefcent,  that  notwithftandiog  it  falls  at  the  Foot  of  the  Tower.  CoPEHvicua. 
replied,  that  the  Situation  of  the  Earth  with  refpea  to  Bodies  that  fall  on  its  Sarface  was  the. 
fame  as  that  of  a  Ship  in  Motion,  with  refpe^  to  Bodies  that  are  made  to  fall  In  it;  he 
ifferted,  that  a  Stone  let  fall  from  the  Top  of  the  Mafl  of  a  Veifel  in  Motion,  would  fill  at. 
the  Foot  of  it.  This  Experiment  which  is  now  ioconteftible  was  then  ill-made,  and  wis  thcClllfi. 
or  the  Pretext  which  made  Ticho  refufe  his  afTent  to  the  Pifcoverict  of  Coperaicvt* . 
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This  eminent  Philofopher  found  out,  that  the  Notion  which  generally  pre- 
vailed  before  his  time,  that  the  Planets  revolved  in  circular  Orbits,  was  cr-pncS^^^ 
roneous;   and  he  difcovered,  by  the  means  of  Ticho*$  Obfervations,   that  the  eipticity 
the  Planets  move  in  Ellipfes,  the  Sun  refiding  in  one  of  the  Foci :  and  that  of  ihc  oH«i. 
<hey  move  over  the  diflFercnt  Parts  of  their  Orbit,  with  diflPerent  Velocities,  fo  J^Xy**^" 
that  the  Area  defcribed  by  a  Planet,  that  is,  the  Space  included  between  the  the  treat  tod 
Aratght  lines  drawn  from  the  Sun  to  any  two  Places  of  the  Planet,  is  always  **>«'»««•• 
proportional  to  the  time  which  the  Planet  employs  to  pafs  from  one  to  the 
other. 

Some  years  afterwards,  comparing  the  Times  of  the  Revolutions  of  thej^^j^^.^^ 
different  Planets  about  the  Sun,  with  their  different  Diflances  from  him,  he  «vhich  fub- 
found  that  the  Planets  which  are  placed  the  fartheft  from  the  Sun  to  inovefift*b«i;*«fo 
floweft,  and  examining  whether  this  Proportion  was  that  of  their  Diftance8,||^P^"^*^ 
he  difcovered   after   many  Trials,   in  the  Year  i6i  8,   that  the  Times  of  the  difttA- 
their  Revolutions  were  as  the  Square  Roots  ot  the  Cubes  of  their  meanc<s- 
Diftances  from  the  Sun. 

vn. 

Kepler  not  only  difcovered  thefe  two  Laws,  which  retain  his  Name,  and 
which  regulate  the  Motions  of  all  the  Planets,  and  the  Curve  they  defcribe, 
but  had  alfo  fome  Notion  of  the  Force  which  makes  them  defcribe  this 
Curve ;  in  the  Preface  to  his  Commentaries  on  the  Planet  Mars,  we  difcover 
the  firft  Hints  of  the  attradive  Power ;  he  even  goes  fo  far  as  to  fay,  that  the 
Flux  and  Reflux  of  the  Sea,  anTes  from  the  gravitv  of  the  Waters  towards 
the  Moon:  but  he  did  not  deduce  from  this  Principle  what  might  be  expeded 
from  his  Genius  and  indefatigable  Induftnr.  For  in  his  Epitome  of  Aftrono- 
fny(c)  he  propofes  a  phyfical  Account  or  the  planetary  Motions  from  quite 
iUfferent  Principles;  and  m  this  fame  Book  of  the  Planet  Man,  he  fuppofes  in 
the  Planets  a  inendly  and  a  hoftile  Hemifphere,  that  the  Sun  attrads  the  out 
and  repels  the  other,  the  friendly  Hemifphere  being  ftlrned  to  the  Sun  in  the 
Planets  defcent  to  its  Perhihelium,  and  the  Hoftile  in  its  Recefs. 

VIII.. 

The  Attradion  of  the  Celeftial  Bodies  was  fuggefted  much  more  clearly 
by  M.  Hook,  in  his  Treatife  on  the  Motion  of  the  Earth,  printed  in  the  Year 
.1674,  twelve  Years  before  the  Principia  appeared.  Tbe/e  are  bis  Words, 
Page  27,  ^'  I  ihall  explain  hereafter  a  Syftem  of  the  World,  different  in  ma- 
^  jxj  Particulars  from  any  yet  known,  anfwering  in  all  Things  to  the  com- 
^  men  Rules  of  Mechanical  Motions.  This  depends  on  the  three  following 
^  Soppoiition).  2 

(c)  See  Civto7,  Book  1,   fi^  €fi 
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singuitr  t-«<  I  ft  That  all  celeftial  Bodies,  whatever,  have  an  Attraftion,  or  gravitating: 
rrr^nln^aT"  Power  towards  their  own  Centers,  whereby  they  attraft,  not  only  their 
tMaiofl.  *'  own  Parts  and  keep  them  from  flying  from  them,  as  we  may  obferve  the 
*<  Earth  to  do,  but  that  they  do  alfo  attra&all  the  other  celeftial  Bodies  that 
«*  are  within  the  Sphere  of  their  ASivity  ;  and  confequcntly  not  only  the 
**  Sun  and  the  Moon  have  an  Influence  upon  the  Body  and  Motion  of  the 
**  Earth,  and  the  Earth  on  the  Sun  and  Moon,  but  alfo,  that  Mercury,  Ve^ 
**  nus.  Mars,  Jupiter  aud  Saturn,  by  their  attra£live  Powers,  have  a  confi- 
"  derable  Influence  upon  the  Motion  of  the  Earth,  as  in  the  fame  Manner 
<*  the  correfponding  attractive  Power  of  the  Earth  hath  a  confiderable  influ-^ 
**  ence  upon  the  Motion  of  the  Planets." 

•*  2d  That  all  Bodies  whatever  that  are  put  into  a  dired  and  fimple  Motion»^ 
**  will  fo  continue  to  move  forward  in  a  ftreight  Line,    till  they  are  by  fome 
''  other  efFeSual  Power  deflected  and  turned  into  a  Motion,  defcribing  a  Cir- 
•*  cle,  an  EUipfe,  or  fome  other  more  compounded  Curve  Line.'* 

<*  3d  That  thefe  attraSive  Powers  are  fo  much  the  more  powerful  in  opc-- 
<*  rating,  by  how  much  the  nearer  the  Body  wrought  upon  is  to  their  own; 
««  Center." 

"  Thefe  feveral  Degrees  I  have  not  yet  experimentally  verified,  but  it  is. 
^<  a  Nocion  which  if  fully  profecuted  as  it  ought  to  be,  will  mightily  aifift  the 
<<  Adronomer  to  reduce  all  the  celeftial  Motions  to  a  certain  Rule,  which  I 
*<  doubt  will  never  be  done  true  without  it.  He  that  underftands  the  Na-. 
<<  tureof  the  circular  Pendulum  and  circular  Motion,  will  eafily  underftand 
^<  the  whole  Ground  of  this  Principle,  and  know  where  to  find  Diredions. 
**  in  Nature  for  the  true  ftating  thereof.  This  I  only  hint  at  prefent  to  fuch 
*^  as  have  a  Capacity  and  Opportunity  of  profecuting'thi»  Enquiry,  &c*' 

IX.  ^ 
We  are  not  to  imagine,,  that  this  Hint  thrown  out  cafually  by  Hooi^dc'^ 
trads  from  the  Glory  of  Newton,  who  even  took  Care  to  make  Mention  of 
it  in  his  Book  de  Sjiflemate  mundi  (d)..  the  Example  ofHook  and  Kepler  makes^ 
us  perceive  the  wide  Difference  between  having  a  Notion  of  the  Truth,  and 
being  able  to  eftablifli  it  by  irrefragable  Demonftration;  it  alfo  (hews  us  how' 
little  the  greateft  Sagacity  can  penetrate  into  the  Laws  and  Conftitution  o£ 
Nature^  without  the  Aid  and  Diredion  of  Geometry^. 

X. 
StrtsM  no-     Kepler 9  who  made  fuch  important  Difcoveries,  whilft  he  followed  this  un. 
tiouofKcperring  Guide,  affords  us  a  convincing  Proof  of  the  Errors  into  which  ihe 
ler.  brighteft  Genius  mav  be  feduced,  by  indulging  the  pleafing  Vanity  of  in- 

venting Syftcms  \  who  could  believe,  for  Inilance^  that  fuch  a  Man  could. 

ptge,3B4itioa  •f  i7il. 
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adbpt  the  wild  Fancies  and  whimfical  Reveries  of  the  Pythagoreans,  con- 
cerning Numbers:  yet  he  thought  that  the  Number  and  Interval  of  the  pri- 
mary Planets  bore  fome  Relation  to  the  five  regular  Solids  of  Elementary  Ge- 
ometry (e),  imagining  that  a  Cube  infcribed  in  the  Sphere  of  Saturn  would 
touch  the  Orb  of  Jupiter  with  its  fix  Planes^  and  that  the  other  four 
regular  Solids,  in  like  Manner,  fitted  the  Intervals  that  arc  betwixt  the  Spheres 
of  the  other  Planets:  afterwards  on  difcovering  that  this  Hypothefis  did  not 
fquare  with  the  Diftances  of  the  Planets,  he  fancied  that  the  celeftial  Moti- 
ons are  performed  in  Proportions  correfponding  with  thofe,  according  to  which 
a  Cord  is  divided  in  order  to  produce  the  Tones  which  compofe  the  Odave 
in  Mufic  (f) ; 

Kepler  '  having  fent   to   Ticho     a  Copy   of  the  Work,    in  which   he 
attempted  to  eftablifli  thofe  Revcries.Ticho  recommended  to  him,  in  his  An-  Wift  c«b« 
fwer(g),  to  relinquifli  all  Speculations  deduced  from  firft  Principles,  all  ""ca- ^'^^"^ jj*** 
foning  a  Priori,    and  rather  ftudy  to  eftablifli  his  Refearches  on  the  furc  and        ^ 
firm  Ground  of  Obfervation. 

The  great  Hvgbens  himfelf  (h)  believed  that  the  fourth  SatelHte  of  Saturn,  Whimfictl 
which  retains  his  Name,  making  up  with  our  Moon  and  the  four  Satellites  of  h^^^m. 
Jupiter  fix  fecundary  Planets,  the  Number  of  the  Planets  was  complete,  and . 
It  was  labour  loft  to   attempt  to   difcover  any  more,  becaufe  the  principle 
Planets  are  alfo  fix   in  Number,  and  the  Number  Six  is  a  perfe£f  Number, 
as  being  equal  to  the  Sum  of  its  aliquot  Parts,  1^2  dnd  3. 

XL 

It  was  by  never  deviating  from  the  moft  profound  Geometry,  that  NeW'^ 
ton  difcovered  the  Proportion  in  which  Gravity  a£ls,  and  that  in  his  Hands 
the  Principle  of  which  Kepler  and  Hook  hnd  only  fome  faint  Notion,  became 
the  Source  of  the  moft  admirable  and  unhoped  for  Difcoveries.  AdvtnUget 

One  of  the  Caufes  which  prevented  Kepler  from  applying  the  Principles '^^^jj^^*^^^ 
©f  AttraSion  to  explain  the  Phoenomena  of  Nature  wirh  Succefs,  was  his  TJhU  ttmef 
Ignorance  of  the  true  Laws  of  Motion.  Newton  had  the  Advantage  ovcr'*>«^«>'Y«>* 
Kepler  of  profiting  of  the  Laws  ofMotion,  eftablifhed  by  Hughens,  which  JJ^^^"  JJ^" 
he  has  carried  to  fo  great  a  Height  in  his  Mathematical  Principles  of  Natu-derftood.** 
ralPbilofophy. 

xn. 

The  Mathematical  Principles  of    NaturahPhilofophy  conCft   of  three  ^^^^'/j^j!-^. 
Books,  befides  the  Definitions,  the  Laws  of  Motion  and  their  Corollaries;    *^" 
tfaefirilBookis  compoled  of  fourteen  Sedions^  the  fccond  contains  nine, 

fe)  MyftcrtttA  Cofinognphicmn. 

(f)  Myft«riam   Coffflographtaun. 

(g)  Uti  fafpenfis  fpecalatioQibiit  t  priori  defceddeotibat  ftmaiiim  potias  id  Mtrn^\»n/t% 
^pus  finral  oflFcrcbtt  coafidenmdas  adjicercm  (It  U  Kepler  who  fpetka)  note  in  fecuadam- 
cditionem  myfterii  oornio|;rAphict 
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and  the  third,  the  Application  of  the  two  6rft  to   the   Explication    of  tbt 
Phoenomena  of  the  Syftemof  the  World. 

XIII. 

The  Prlncipia  commence  with  eight  Definitions ;  Newton  ihews  in  the 
i^efimiioni.  ^^^j  fij-ft  how  the  ^i«i n/i/j?  of  Matter  and  the  ^antity  of  Motion  ftiould  be 
meafured;  he  defines  in  the  third,  the  Visinterti^^oi  refifting  Force,which 
all  Matter  is  endued  with ;  he  explains  in  the  fourth  what  is  to  be  underftood 
by  a^ive  Force ;  he  defines  in  the  fifth  the  centripei^l  Force^  and  lays  down 
in  the  fixth,  feventh  and  eighth  the  Manner  of  meafuring  its  abfolute  ^aniitj,. 
it  J  motrix  Sluantity^  and  ///  accelarative  Quantity  ;  afterwards  he  eilablifhes 
the  three  following  Laws  of  Motion. 

XIV. 

Ltw&ofmoift.  That  a  Body  always    per  reveres  of  itfelf,  in    its  State  of  Reft^  or  of 
'  twfl*  uniform  Motion  in  a  ftrai^^ht  Line. 

2d.  That  the   change  of  Motion,  is  proportional  to  the  Force  impreflcd, 

and  is  produced  in  the  flraight  Line  in  which  that  Force  ads. 

3d.  That  Adion    and    Readion    are    always    equal  with    oppofite  Di« 

redions. 

XV.  , 

^'J^ft  rSi!  Newton  having  explained  thofe  Laws,  and  deduced  from  them  feveral 
on  coocamc  Corollaries,  commences  his  firft  Book  with  eleven  Lemmas,  which  com* 
the  princi-  pofc  the  firft  Sedion,  he  unfolds  in  thofe  eleven  Lemmas  his  Method  of 
^j^Qi^l  frim^  and  ultimate  Ratios  ;  this  Method  is  the  Foundation  of  infiniteflimal 
geometiy     Geometry,  and  by  its  AiCftance,  this  Geometry  is  rendered  as  certain  as 

that  of  the  Ancients, 
the  otker  1}     The  thirteen  other  Sedions  of  the  firft  Book  of  the  Principia,  are  employ- 
Sfirioni'*pn^  in  demonftrating  general  Propofitions  on  the  Motion  of  Bodies,  Abftrac- 
£e  "oMcton  ting  from  the  Species  of  thefe  bodies  and  of  the  Medium    in   which  they 
•fbodiei.    move*  ' 

It  is  in  this  firft  Book  that  Newton  unfolds  all  his  Tlieory  of  the  gravita- 
tion of  the  celeftial  Bodies,  but  does  not  confine  himfelf  to  examine  the 
Q^eftions  relative  to  it ;  he  has  rendered  his  Solutions  general^  and  has  given 
a  great  Number  of  Applications  of  thoie  Solutions. 

xvt 
^^^^    In  the  fecond  Book,  Nfwton  treats  of  the  Motion  of  Bodies  in  reCfiing 
she  mociooof  Mediums. 

bodtet  iare-  Thij  fecond  Book  which  contains  a  very  profound  Tlieory  of  Fluids,  and 
d^mL  "^  ^^  ^^^  Motion  of  Bodies  which  are  immerfed  in  them,  feems  to  have  been 
to  deftined  to  over  throw  the  Syftem  of  Vortices,thougb  it  is  only  in  the  Sch9li' 


I 


"^"^^  um  of  the.Iaft  Propofitioii,that  Ntwten  openly  attacks  Dtftartttp  and  proTM 
^dSmh*^'  the  cdeffiud  Motims  arc  not  prodnced  by  Vortices 
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XVIL 

Tn  fine,  the  third  Book  of  the  Principia  treats  of  the  Sjrftem  of  the  World;  J'^IJjJJj^ 
in   this  Book,   Newton  applies    the    Propofitions  of  the  tveo  firft :     inlhc^ftcm 
this  Application  we  ihall  endeavour  to  follow  ^fw/^ft,    and  point  out  thcofthcwwld.. 
Connexion  of  his  Principles^  and  fliew  how  naturally  they  unravel  the  Me? 
chanifm  of  the  Univerfe. 

XVIM. 
The  Term,  Attraaion,  I  employ  in  the  Senfe  inVhich  Nevjton  has  defined     Wh«  h^ 
it,  undcrftanding  by  it  nothing  more  than  that  Force,  by  which  Bodies  tend"**?*^^*^ 
towards  a  Center,  without  pretending  to  affign  the  Caufe  of  this  Tendency.  ^.  ""*^ 

Principal  Phenomena  of  the  Sjflem  of  the  World. 

X  HE  Knowledge  of  the  Difpofition  and  Motions  of  the  Celefiial  Bo- 
dies muft  precede  a  juft  Enquiry  into  their  Caufes.  It  wiM  not  therefore  appear 
unneceflary  to  prepare  our  Readers  by  a  fuccinddefcription  of  our  planetary 
Syftem  for  our  Account  of  the  manner  Nrw/^n  demonflrates  thepowers  which 
govern  the  CeleAial  Motions  and  produce  their  mutual  Influences.  This  De- 
fcription  muft  neceflarily  comprise  fome  Truths,  difcovered  bythat  illuflrious 
Philofopher,.  the  Manner  he  attained  them  wiU  be  defcribed  in  the  Sequel. 

The  celeftlal-Bodies  that  compofe  our  phnetary  Syftem,  are  divided  intoof  the  celef- 
Primary  Planets^  that  is,  thofe  which  revolve  round  the  Sun,  as  their  C/«/^r  *»**  *>«*»« 
smd  Secondary  manets,  other  wife,  calkd  Satellites,  which  revolve  round  their  ^^J^Pft'JJ^ 
rcfpefiive  Prtmaries  as  Centers:     There  are  fix  Primary  Planets  whofebtopnod™ 
Name^  andCharadera  are  as  folio ws9  pii  and  Acoa 

5  Mercury,,, 

9  Venus,  Ktmes  tod 

J  The  Earth,  ^tSf'ri 

f  Mars,  ciiijffi; 

4  Jupiter,, 

q  Saturn. 

lii  enumerating  the  Primary  Planets,  we  follow  the  Order  of  theii  Dif- j^^^J^J^ 
tances  from  the  Sun,  commencing  with  thofe  which  are  neareft  to  him.         tkat  have 

The  Eart!.,  Jupiter,  and  Saturn,  are  the  only  Planets  which  have  been^«*l"«««. 
difcovered  to  be  attended  by  Secondaries:  The  Earth  has  only  one  Satellite,  J^J^^'j^" 
namely,  the  Moon  ;  Jupiter  has  four,  and  Saturn  five,  exclufive  of  his  Ring,  ftiaibodlesof 
fothat  our  Planetary  Syftem  is  compofed  of  eighteen  celeftiai  Bodies,  in-^nr  pitneu. 
eluding  the  Sun  and  the  Ring  of  Saturn.  ' kcond^j. 

,  Tifioa  of  the  - 

The  Primary  Planets  arc  divided  into  yi^/cr  and /«/>mrPAi«e//,  the  pimeu  into  . 
inferior  Plamtf  are  thofe  which  are  nearer  the  Sun  than  the  Earth  is :  .thefef^P^V**'  »"*^ 
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which  tre  are  Mercury  and  Venus ;  the  Orbit  (a)  of  Venus  includes  that  of  Mercury 
the  iafcrior  ^^^  ^jf^  the  Sun,  afid  the  Orbit  of  the  Earth  is  exterior  to  thpfe  of  Mercury 
whu  i«*hcir  and  of  Ve  nus,  and  inclofes  them  and  the  Sunalfo. 

•rrtinge-  This  order  13  difcovered,  by  Venus  and  Mercury  fometimes  appearing  to 
ment.  j^g  interpoftd  between  the  Sun  and  us,  which  could  never  happen  unlefs 
how  thi^  or- thefe  Planets  revolved  nearer  the  Sun  than  the  Earth,  and  it  la  very  pcrceiv- 
derhiibrcnable  that  Venus  recedes  farther  from  the  Sun  than  Mercury  doesy  and  con- 
dircovered.  fequently  its  Orbit  includes  that  of  Mercury. 

. .  .  *  Thefuperior  Planets  are  thofc  which  are  more  diftatit  from  the  Sun  than 

thefuperior  the  Earth  is,  thefe  are  three  in  Number,  Mars^  Jupiter  and  Saturn ;  we 
piaaeis  ^odkuow  that  the  Orbits  of  thefe  Planets  inclofe  the  Orbit  of  the  Earth,  bc- 
whtt  is  their  f^r^^f^  the  Earth  is  fometimes  interpofed  between  them  and  the  Sun. 
mea^^*"         The  Orbit  of  Mars  inclofes  that  of  the  Earth,  the  Orbit  of  Jupiter  that 
of  Mars,  and  the  Orbit  of  Saturn  that  of  Jupiter ;    fo  that  of  the  three"  fu- 
perior  Planets  Saturn  is  the  remoteft  from  the  Earth,  and  Mars  is  the 
neareft. 
how  It  has      '^^'^  Arraingement  is  difcovered  by  thofe  Planets  which  are  nearer  the 
been  difco- Earth  (b)  fometimes  coming  between  the  Eye  and  the  Remoter,  and  inter- 
vered.        cepting  them  from  our  View. 

IV. 

All  the  Planets  are  opaque  Bodies  ;  this  appears  of  Venus   and  Mercury, 

The  pitnets  becaufe  when  they  pafs  between  us  and  the  Sun,  they  refemble  black  Spots 

•re  opaque   traverfing  his  Body,  aud  affnme  all  thofe   various  Appearances  which  are 

**^****        called  Phafes,  that  is,  the  Quantity  of  their  Illumination  depends  on  their 

Pofition  in  refpe3  to  the  Sun  and  us. 

For  the  fame  Reafon,  fince  Mars  has  Pba/es  we  infer  his  Opacity,  and 
the  farne  Conclufion  is  extended  to  Jupiter  and  Saturn,  becaufe  their  Sate- 
lites  do  not  appear  illuminated  while  their  Primaries  are  between  them»  and 
the  Sun  which  proves  that  that  Hemifphcre  of  thofe  Planets  which  is  turn- 
I'he  planets  ^  fr®*"  ^^^  ^un  is  opaque  :  Laftly,  we  know  that  the  Planets  are  fpheri- 
irefpherictl  cal  Bodies,  becaufe^  whatever  be  their  Pofition,  in  refpeQ  of  us,  their  Sur- 
face always  appears  to  be  terminated  by  a  Curve. 

We  conclude  that  the  Earth  is  fpherical,  becaufe  in  Fclipfes  her  Shadow, 
always  appears  to  be  bounded  by  a  Curve,  and  when  a  Ship  fails  out  of  fight, 
it  gradually  difappears,  firft  the  Hulk>  next  the  Sails,  and  laflly  the  Maft, 
finking  to  the  Eye  and  vanifliirig,  and  moreover,  it  the  Earth  was  an  extend* 
ed  Plane,  Navigation  would  have  difcovered  its  Limits  and  Boundaries  the 
contrary  of  which  is  proved  by  many  Voyagers,  fuch  as  Drake,  Forbifb, 
and  Lord  Anfon,  who  have  failed  round  the  World. 

(a)  Oibit  is  the  Carve  which  ft  Planet  defcribt*  itt  rtYoIrio(  r«wid  the    IMj  whick  knf 
jt  a«  a  Center. 

(b)  Wolf*a  £kiaeit<  of  AStnnmf. 
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V. 

All  that  Wefaiow  therefore  concerning  the  primary  Planets^  proves  that  J^^P'*J^ 
they  are  opa({Ue,  foiid  and  fpherical  Bodies.  *  aS'^'che 

The  Sun  appears  to  be  a  Body  of  a  Nature  entirely  different  from  the  Pla«-  fiuneaatvet 
nets;  we  know  not  whether  the  Parts  of  which  it  is  compofed  be  foIid  or  ^ 

fluid ;  all  that  we  can  difcover  is,  that  thofe  Parts  emit  light  &  heat,  and  burn  bic  tUt  the 
•when  condenfed  and  aflembled  in  fufitcient  Quantity ;  hence  we  may  probably  the  Sun  ii  a 
conclude,  that  the  Sun  is  a  Globe  of  Firerefembiing  terreftrialFire,  fincc  thc**^*^***- 
Effeds  produced  by  this  and  the  folar  Rays,  are  exadly  the  fame. 

VI. 

All  the  celeflial  Bodies  compleat  their  Revolutions  round  the  Sun  m  Ellip-  in  ^^  ^ 
fes  (c),  more  or  lefs  excentic,  the  Sun  redding  m  the  common  Focus  of  allcunre  tbeot 
their  Orbits  ;  hence  the  PUnets  in  their  Revolutions  fometimes  approach  J^^jjJ^^J^ 
nearer,  and  fometimes  recede  farther  from  the  Sun ;  a  right  Line  pafling  boot  the  fvo. 
through  the  Sun  and  terminating  in  the  two  Points  of  the  Orbit  of  a  Planet,  ^i^^^ ;,  ^j^ 
which  are  neareft  and  remoteft  iit>m  the  Sun,  is  called  the  Line  of  the  ApfidtSf  iioc  of  th« 
the  Point  of  the  Orbit  which  is  neareft  the  Sunt  is  called  the  Perihelinm ;  •pfi|J«f  **« 
•land  the  Point  of  the  Orbit  which  is  remoteft  from  the  Sun  is  called  the  |[^  p^ubeli 
Apbelium.  wb. 

The  primary  Planets  in  their  Revolutions  round  the  Sun,  carry  alfo  their  in  whit  dl- 
Satellites,  which  at  the  fame  Time  revolve  round  them  as  their  Centers,     n^ioa  the 

All  thefe  Revolutions  are  performed  in  a  diredion  from  Weft  to  Eift  (d).  J^^J**.  "* 

There  appear  from  Time  to  Time  Stars  th»t  move  in  ail  Dircdions,  and^^*" 
•with  aftoniihing  Rapidity,  when  they  are  fuffictently  near  to  be  vifible,  thefe  ^**  ^** 
are  called  G>mets. 

We  "have  not  yet  cofleded  Obfervations  fiiflScient  to  determine  then-  Num* 
ber,  all  that  we  know  concerning  them,  and  *tif  but  lately  that  the  Dif- 
covery  has  been  made;  is  that  they  are  Planets  revolving  round  the  Sun  like*^^*  cometi 
the  other  Bodies  of  our  Syftem,  and  that  they  deferibcEHipfes  fo  very  eiccn-  "*  P**°*^* 
«ric  as  to  be  vifible  only  while  they  are  <noving  over  a  very  fmall  Part  of 
Ihcir  Orbit. 

VII. 

AH  the  Planets  in  their  Revolutions  round  the  Sun,  obferve  the  two  Laws  The  planets 

t)f  Kepler*  tnd  comeu 

tJbfcrvations  evmce,  that  the  Comets  obferve  the  fifft  of  thefe  Laws^J^^f^J,^ 
namely,  that  which  makes  the  celeftial  Bodies  (e)  <lefcribe  equal  Areas  in  e-  leT' 

(c)  A  Species  ofCurve,  which  is  the  Tame  with  what  is  commonly  called  an  Oval,  the  foci  ave 
Ak  points  in  wbkK  Gardeners  fix  their  pegs  in  order  to  trace  this  curve  of  ivhich  ^y  mske  % 
freqttcnt  ufe. 

(d)  The  Spectator  is  fnppofed  to  he  placed  on  the  Earth. 

(e)  B^^the  ViToid  Area,  in  general  is. nnderftood  a  Snrface,  here  it  iigniiies  the  Space 4a» 
iipded  batwcim  (WO  Lifl««  drswn  ^  the  Center  to  ^wo  PoiaU  wbci«  the  Fliao^  4f  I6«ad) 


\ 
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qual  Times ;  and  in  the  fequel  it  i^  be  (hewn,  that  all  the  Obfervations  that 
have  hitherto  been  made,  concerning  their  Motions,  render  it  highly  proba- 
ble that  fhe'y  are  regulated  by  the  fecond  Law,  that  is,  that  their  periodic  (f^ 
Times  are  in  the  fefquipltcate  ratio  of  their  mean  Diftances, 

vm. 
Proofsof  th«     Admitting  thefe  two  Laws  of   Kepler f   confirmed  by  all  afironomical  Ob^ 
pooUon  of  fervations,  from  them  we  may  derive  feveral  convincing  Proofs  of  the  Mo- 
****       tion  of  the  Earth,  a  Point  which  had  been  fo  long  contefted  ;.  for  fuppofing 
the  Earth  to  be'  the  Center  of  the  Celeftial  MoUons,  thefe  two  Laws  ane 
not  obferved ;  the  Planets  do  not  defcribe  Areas  proportional  to  the  Times 
around  the  Earth,  and  the  periodic  Times  of  the  Sun  and  the  Moon,  for 
inftance,  round  this  Planet,  are  not  as  the  Square  Roots  of  the  Cubes  of  then- 
mean  Diftances  from  the  Earth ;  for  the  periodic  Time  of  the  Sun  around  the 
'Earth,  being  nearly  thirteen  Times  greater  than  that  of  the  Moon,  its  Dtf- 
tance  from  the  Earth  would  be,   accorxling  to  Kepler's  Rule,  between  fiiae 
and  fix  Times  greater  than  that  of  the  Moon,  but  Obfervationsdemonftrate^ 
that  this  Diilance  is  about  four^hundred  Times  greater,  therefore,  admitting 
the.Laws  of  Kepler,    the  Earth  is  not  the  Center  of  the  celellial  Re- 
volutions. 

'  The  centripetal  Force(g)  which  Newton  has  demonftrated  to  be  the  Caufe 
of  the  Revolutions  of  the  Planets  renders  the  Curve  they  defcribe  around  their 
Center  concave  (h)  towards  it,  Hnce  this  Force  is  exerted  in  drawing  them 
off  from  the  tangent  (i) ;  now  the  Orbits  of  Mercury  and  Venus,  in  (bme 
^  Parts,  are  convex  to  the  Earth  ^  of  confequence,  the  inferior  Planets  do 

not  revolve  round  the  Earth. 

The  fame  may  eafily  be  proved  of   the  fiiperior  Planets ;  for  thefe  are 

thofe  Areas  tre  proportional  to  the  Timer,  that  it,  they  are  greater  or  lefsy  as  the  Timec  ia 
which  they  are^icfcribed  are  longer  or  (horter. 

(f  )  Periodical  Time  n  the  Time  that  a  Planet  employs  in  corapleatiag  its  Revolaiion  in  tuOihit. 
An  Example,  of  Sefqaiplicate  Ratio  will  render  it  more  intelligible  than  a  Definition ;  Supp^fe 
then  the  mean  Diflance  of  Mercury  from  the  Son,  to  be  4,  that  of  Venns  9,.  the  periodical 
Time  of  Mercury  40  Days,  and  let  the  periodical  Time  of  Venus  be  required,  cubing  the  two 
firft^Nofflbers  4  and  9,  there  will  refalt  tf  4  and  729;  afterwards  eztnifting  the  Square-Roota  of 
^hefe  t>yo  Numbcrii,  there  will  be  found  8  for  that  of  the  firft,  and  17  for  that  of  the  fccood,  aod 
by  the  R«Ae  of  l^ree  you  will  have  6:27::4o:i3$,  That  is  the  Square>Root  of  the  Cube  «f  the 
mean  Diftaoce  o^Slercary  from  the  Son,  is  to  the  Square  Root  of  the  Cube  of  the  mean  Diftanoe  of 
Venus  from  the  Sun, -as  the  periodic  Time  of  Mercury  round  the  Son  is  to  the  periodic  Time  fought 
of  Venus  round  the  Sod, which  is  roon<f  to  be  13$,  according  to  the  Sufipofitions  which  hafc 
been  made,  and  this  is  whet  is  called  Sefquiplicate  Ratio. 

(g)     The    Word  CtHTRiriTAL  Foaci  carries  its  Definition  aldng  with  it,  for  it  fignifts 
mo  mote  than  that  Force  which  makes  a  Body  tend  to  a  Center. 
^  (h)     The  two  Sides  of  the  Cryftal  of  a  Watch  may  ferve  to  explain  thofe    Words  Cow- 

^'^^v.  cAvt  and  Coiryxx;  the  Side  exterior  to    the  Watch  is    covvix,   and  that  which  is  on  the 

"^  -        Side  of  the  Dial-plate  is  con  c  A  vs. 

0)  A  TaogeQi  is  a  right  Line  «'hich  tQOchei «  Corvei  without  cottiag  it. 
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fometimes  obfervcd  to  be  direSl  (k),    hmtHmts  fiationaryt  and  after wnrdt 
rttrogradei  all  thofe  Irregularities  are   only  apparent  and  would  vantfh  if 
the  Earth  was  the  Center  around  which  the  heavenly  Bodies  revolved,    for 
none  of  thcfe  Appearances  would  be  obferved  by  a  Spe^ator  placed  in  the  Sun, 
Cnce  they  refult  only  from  the  Motion  of  the  Earth  in  its  Orbit  combined 
with  the  Motion  of  thofe  planets  in  .their  refpcftive  Orbits ;  from  hence  we 
may  fee  the  Reafon  why  the  Sun  and  tht  Moon  are  the  only  heavenly  Bodies 
that  appear  always  direS;  for  as  the  Sun  defcribcs  no  Orbit,  its  Motion  can- 
not be  combined  with  ihat.of  the  Earth,  andas  the  Earth  is  the  Center  of 
the  Moon's  Motion,  to  us  fhe  (hould  always  appear  difed;  as  would  all  the 
Planets    to  a  Spe^ator  placed  in  the  Sun. 

When  Copernicus  firft  propofed  his  Syftem,    an  ObjeQion    was   ratfed 
againft  it>  taken  from  the  Planet  Venus  by  fome  who  alledged,  I  hat  if  that  Objeftio* 
Planet  revolved  round  the  Sun  (he  (hould  appear  to  have  Phafes  as  the  Moon,"*<*?  ^•Ca 
to  which  Copernicus  anfwered,  if  your  Eyes  were   fufficiently  acute  youjj^™^!^*^^ 
would  aSually  obferve  fuch  Phafes,  and  that  perhaps  in  Time  fome  Art  mavpiueivtnttt 
be  diCcovered  fo  to  improve  and  enlarge  the  vifual  Powers,  as  to  render  thofe 
Phafes  perceivable:     This  Predifiionof  Copernicus  was  firft  verified  b}^j^jy°JJj^^ 
Galileo^  and  every  Difcovery  that  has  been  made  fincc  on  the  Motion  of  tioo    ■ 
»the  heavenly  Bodies  has  confirmed  it. 

IX. 
The  Planes  (l)of  the  Orbits  of  all  the  Planets  in terfeS  in  right  LinesTJaffing 
•  through  tha  center  of  the  Sun,  fo  that  a  Spedator  placed  in  the  Center  of  the^^*'^^** 
Sun  would  be  in  the  Planes  of  all  thofe  Orbits.  Orbits  inter 

The  Right  Lrtne,  which  is  the  common  SeSion  of  the  Plane  of  eachOr- fea 
bit,  with  the  Plane  of  the  Ecliptic,  that  is,  the  Plane  in  which  the  Earth  whtt  is  n« 
moves,  is  called  the  Line  of  the  nodes  of  that  Orbit,  and  the  extreme Pointsdcrftood  hj 
of  this  Seaion,  are  called  the  N^es  of  that  Orbit.  Jj^  J|^^^^ 

The  Quantities  of  the  Inclination  of  the  Planes  of  the  different  Ofbi  ts,  the  note  * 
with  the  Plane  of  the  Ecliptic,  areas  follows,  the  Plane  of  the  Orbit  of®*  "orbit 
Saturn  is  inclined  to  the  Plane  of  the  Ecliptic  in  an  Angle  of  2d  f ,  that  ofj^<.jinatjo 
Jupiter  Id  %  that  of  Mars  in  an  angle  fomewhat  Irfs  than  ad,  that  of  Venus o7ihc*Or'* 
fomewhat  more  than  x^  J,  and  that  of  Mercury  about  ^^.  ^h\u  to  the 

-g^  Ecliptic 

The  Orbits  of  (he  primary  Planets  being  Elllpfes,  having  the  Sun  in 
•line  of  their  Foci,  all  thefe  Orbits  are  confequently  excentric,  and  ai*e  more 
or  lefs  fo,according'to  -the  Diflance  between  iheir  Centera  and  the  Point  where 
the  Sun  is  placed. 

(k)  A  Planet  is  ftid  to  be  dikict  when  it  appears  to  move  aocordiog  to  the  Order  of  the 
Sgns.  that  is,  from  Aries  to  Taurm,  from  Taurus  to  Gemioi,  &c.  which  is  alfo  (aid  to  move 
ia  cooiequeotia,  it  it  ftationary  when  it  appears  to  correfpood  for  fome  Time  to  the  fame  Points 
of  the  Heavens,  and  in  fine  it  is  RaraooaADE  when  it  appears  to  move  contrary  to  the  Order  of 
the  Signs,  which  is  alTo  fald  to  move  in  Antecedentia,  that  is^  from  Gemini  to  Taums,  from 
Taoms  xa  Aries,  &c. 

(i)  The  plane  of  th«  Orbit  of  t  FlaacC  ia  the  farface  oo  which  it  is  fuppofed  to  mo  ve « 
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cxceotricUf     Tbeexceotricity  of  all  thofe  Orbits  have  been  meafured,  and  have  Beeir 

«f  the  p{*  found  as  follows,  in  decimal  Parts  of  the  femidi^meter  of  the  Earth's  orbit^. 

^itmeten    fup{>Qfed  to  be  divided  into  looyopo  Parts^. 

•f  tte  ctrth  That  of  Saturn,  54ao7  Parts. 

That  of  Jupiter^  25058 

That  of  Mars,  1411$ 

That  of  the  Earth,  4692 

That  of  Venus,  500 

And  in  fine,  that  of  Mercury,  8149  Parts. 

The  excentricity  of  the  Planets  meafured  in  decimal  Parts  of  the  femidi* 

S  ^fpli^  ameter  o*  their   Orbits,  fuppofed  to  be  divided  into  xoo,ooo  Parts,  are 

neu  ia  femias  follows, 

ditmcurtofxhat  of  Saturn,  5683  Parts. 

OrWt^'^  That  of  Jupiter,  4822 

That  of  Mars,  9263 

That  of  the  Earth,  5700 

That  of  Venus,  694 

That  of  Mercury,  aiooo  Parts 
Whence  it  appears  that  the  Excentricityef  Mercury  is  abnoilinfenilble.  * 

XL 

Proportion     The  Planets  are  of  different  Magnitudes;  of  the  Earth  alone  we  know  the 

9f  the  ditabfolute  Diameter,  becaufe  this  Planet  is  the  only  one  whofe  Circumference 

JJ^*Jj^^^j,^ admits  of  adual  Menfuration,  but  the  relative  Magnitudes  of  the  Diame^ 

'  *ters  of  the  other  Planets  have  been  difcovered,  and  the  Diameter  of  the  Sun 

being  taken  for  acommoi^  Meafure,  and  fuppofed  to  be  divided  into  1000  Parts; 

That  of  Saturn  is  137 

That  of  Jupiter  j8l 

That  of  Nf ars  6 

That  of  the  Earth  7 

That  of   Venus  la 

That  of  Mercury  4 

Hence  we  fee  that  Mercury  is  the  leail  of  all  the  Planets^  for  Spheres 

are  as  the  Cubes  of  their  Diameters. 

Xtl 
The  Planets  are  placed  at  different  Diftances  from  the  Sun,  taking  the 
J'*J{i^^fT)illance  of  the  Earth  from  the  Sun  for  a  common  Meafure,  and  fuppofing, 
tonthcfuitt  divided  isto.ioo,ooQ  Piucts^  the  meaaDiftances  of  the  Planets  are  aa^ 
follows, 

ThaJ,of  Mercury  is<  38710 

That  of  Venus  7233 

That  of  the  Earth  1 0000 

That  of  Mars  ^5^3^ 

That  of  Topiter  520 1 1  o 

Itifine>  that  of  Saturn  933^^0 
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TVit  mean  Diftances  of  the  Sjun  and  the  Planets  from  the  Earth,  have  al-  pji^,^  ^ 
fo  been  computed  in  Scmidiamcters  of  the  Earth;  the  mean  Diftancca  of  the  the  pUoeu 
Sun,  Mercury  and  Venus  from  the  Earth  arc  nearly  equal,  and  amount  to^rom  tbe 
aaooo  Semidiametcrs  of  the  Earth,  that  of  Mais  1133500,  that  of  Jupiter ••"" 
1 15000,  and  that  of  Saturn  210000. 

xm. 
The  Times  of  the  Revolutions  of  the  Planets  round  the  Sun,  are  lefs  in  PerMk 
Proportion  of  their  Proximity,  thus  Mercury  the  neareft  revolves  in  87  Days,Jf;^J»^ 
Venus  next  in  Order  revolves  in  224,  the  Earth  in  365,  Mars  in  686,  Jupi-  uiefiw 
ter  in  4332,  and  Saiurn  the  rcmotcft  from  the  Sup  in  10759,  the  whole  in 
round  Numbers. 

XIV. 

The  Planets,  befides  their  Motion  of  Tranflation  round  the  Sun,  have  a-R<,utioii  of 
nother  Motion  of  Rotation  round  their  Axis,  called  their  Diurnal RevolutionJht  pltaeu 

W'c  only  know  the  diurnal  Revolution  of  the  Sun  and  of  four  Planets,  Memt  cm 
namely  of  the  Earth,  Mars,    Tupiter  and  Venus  ;  this  Revolution  has  bcenggi;^  *? 
difcovered  by  Means  of  the  Spots  obferved  on  their  Difcs,  (m)  and  which 
facceffively  appear  and  vanifti ;    Mars,  Jupiter  and  Venus  having  Spots  on  !o  whttpk 
theirSurfaoe,  by  the  regular  Return  and  fucceiSve  Difappearance  of  the  famc»«?^«^'* 
Spots  it  has  been  found,  that  thcfe  Planets  turn  round  their  Axes,and  in  v^hzt^^ 
Time  they  compleat  their  Rotation;  thus  it  has  been  obferved,  that  MarsccWed 
makes  his  Rotation  in  23^.  aom.  and  Jupiter  in  ph.  s6«. 

Aftronomers  are  not  agreed  about  the  Time  in  which  Venus  revolves  lAccrtitode 
jound  its  Axis ;  moft  fuppofe  the  Time  •f  rotation  to  be  about  23  Iw  But^*|{j;^ 
Sign.  Biapchini  who  obferved  the  Motions  of  this  Planet  with  particular ©f  the  rau 
Attention,  thinks  (he  employs  24  Days  in  turning  round;  but  as  he  was t»on of  ve 
compelled  to  remove  his  Inftruments  during  the  Time  he  was  obferving,"" 
an  Houfe  having  intercepted  Venus  from  his  View  ;  and  as  he  loft  an  Hour 
in  this  Operation,  His  probable  that  the  Spot  he  was  oblerving  during  this 
Interval  changed  its  Appearance;  however  this  be  his  authority  in  Aftrono- 
mical  Matters  deferves  we  (hould  fufpend  our  Judgment  till  more  accurate 
Obfecvations  have  decided  the  Point. 

M.  de  la  Hire  obferved  with  a  Telefcope  16  Feet  long,  Mountwns  in 
Venus  higher  than  thofe  of  the  Moon. 

The  extraordinary  brightnefs  of  Mercury  arifing  from  his  proximity  toThentetioA, 
the  Sun,  prevents  our  ,difcovering  by  Obfervation  its  Rotation;  and  Saturn  ^^*'^^y 
is  too  remote  to  have  bis  Spots  obferved.  tum  oumot . 

In  the  Year  1715  Cafffni  obferved  with  a  Telefcope  118  Feet  long;bedifcover 
three  Belts  in  Saturn  refembling  thofe  obferved  in  Jupiter,  but  probably Jj^jj^^*" 
thofe  Obfervations  could  not  be  purfued.with  accuracy  fufficient  to  con-^^ 
dude  the  Rotation  of  Saturn  about  its  Axis, 

(m).   By  tbe  Dilk  Qf  tPlmct  it  vaderftood  ibi^t  P«rt  of  its  far&ce  which  ie  vlijble  to  m. 
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bottntiogy  As  Mercury  and  Saturn  are  fubjeQ  to  the  fame  Laws  that  dired  the 
**coocU4"*  ^"'''^*  ^f  ^^^  ^^^^^  Planets,  and  aa  far  as  has  been  difcovered  appear 
StiThore*  to  be  Bodies  of  the  fame  Nature,  Analogy  authorizes  us  to  conclude 
pUiMUre-  that  they  alio  revolve,  round  their  Axes ;  and  perhaps  future  Aftronomers 
^^•f^may  be  abl^  to  obfervc  this  MotioQ,  and  to  determine  its  Period, 

There  s^ppcar  from  Time  to  Time  Spots  upon  the  Sun,  which  have 
ferved  to  di(cover  that  it  has  a  rotatory  Motion  about  its  Axis« 
How  the  ro  .    It  Was  long  after  the  Difcovery  of  thofe  Spots,  before  Aftronomers  couU 


••tionof  iiieobferve  any,  fufficiently  durable  and  permanent,  to  enable  them  todeternune 
iutxt^his  tike  Time  of  his  Revolution.      Keill  in  the  5th  LeSure  of  his  Aftronomy, 


6tto  Above 


been  difco  relates,  that  fome  Spots  have  been  obferved  to  pafs  from  .the  Weflern  Limb 
vcred  of  the  Sun  to  the  Eiftern  Margent  in  13  Days  and  half,  and  after  13  Days 
and  half  to  re-appear  in  the  Weftern  Verge  of  his  Dllk,  from  whence  he  in- 
fers that  the  Sun  revolves  round  its  Axis  in  the  Space  of  about  27  Days  from 
Weft  to  Eaft,  that  is  in  the  fame  Dire£lion  of  the  Planets ;  by  means  of 
.thofe  Spots  it  has  been  difcovered,  that  the  Axis  round  which  the  Sun  re- 
•vo  Ives,  is  inclined  to  the  plane  of  the  Ecliptic  in  an  Angle  of  ^d, 

Jaquier,  in  his  Cfjnmentary  on  Newton,  has  made  fome  Reflexions 
,on  thefc  Spots  that  defcrve  to  be. remarked;  as  no  Obfervations  prove  the 
Times  of  their  Occultation  to  be^equal,  but  on  the  contraty,  all  the  Ob- 
'fervations  he  could  colled,  prove  them  to  be  unequal  ;  and,  that  the  Time 
during  which  they  are  concealed,  has  been  always  longer  than  that,  during 
'which  they  have  been  vifible,  from  heuce  he  concluded  (as  atfo  Jf  off' 
Art.  41 1,  of  his  Aftronomy)  that  thofe  5>pots  are  not  inherent  to  the  Sun,  but 
removed  from,  his  Surface  to  fome  diftance. 

The  Solar  Spots  were  firft  difcovered  in  Germany ^  in  the  Year  161 1,  by 
jfobn  FabrJciuj,  {n)  who, from  thence  concluded,  the  diurnal  Rcvolutit>n  of 
the  Sun.  They  were  .afterwards  obferved  by  Scbeiner,  (o)  who  publifhed 
the  Refult  of  his  Obfervations.  The  fame  Difcovery  was  made  by  GaUle9 
in  Italy. 

&ieiner  obferved  more  than  fifty  Spots. on  the  Surface  of  the  Sun;  this 

may  ferve  to  account  for  a  Phenomenon,  related  by  many  Hiftofians,  that 

•  the  Sun,  fometimes  for  the  Space  of  a  whole  Year,   has  appeared  very 

Pale,  as  this  Effed  would  naturally  follow  from  a  Number  of  Spots  fuffi- 

•ciently  large  and   peraunent>  to   obfcure  a  confiderabie  Portion  of  his 

.Surface.  '' 

(n)  Wolf.  I^leroenU  AftrDnomie  Cap.  i. 

(o)  Scheioer  having  informed  hit  Soperior  that  he  bad  difcovered  Spots  in  the  Sun,  he  gravelf 
.replied,  "  that  i<  impoflible,  I  have  read  Ariftotk  two  or  three  tinaei  over,  ttuThave  foudoec 
^  th^  leaft  meufimi  of  it.  ** 
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It  IS  no  longer  doubted  that  the  Earth  turns  round  her  Axis  in  23h 
56m  which  conipofe  onr aftronomical  Day;  fiom  this  Rotation  arife  the 
changes  of  Day  and  Night,  which  all  the  Climates  of  the  Larth  enjoy. 

XVI.  HMtficAi 

This  Motion  of  the  Celeftial  Bodies  about  their  Centers  alters  their  Fi-«f  *««»• 
giires,  for  it  is  known  that  Bodies  revolving  in  Circles,  acquire  a  Force^jj^^  ^ 
which  is  fo  much  the  greater,  the  Time  of  their  Revolution  being  thethopltncu 
fame  as  the  Circle  which  they  defcribe  is  greater.     This  Force  is  called  "f"^^»^  . 
Centrifugal  Force \  that  is,  the  Force  which  repels  tbem  from  tbeOnter -^'^^^^^ 
-wherefore,  from  their  diurnal  Rotation,  the  Parts  of  the  Planets  acquire  a ^^^.^^J^^ 
Centrifugal  Force,  fo  much  greater  as  they  are  nearer  the  Equators  of  thefec«ntnpcal 
Planets:    (fince  the  Equator  is  the  greateft  Circle  of  the  Sphere,)  andfofor««* 
much  lefs  as  they  are  nearer  the  Poles  (p) ;  fuppofing  therefore  the  Heaven- 
ly Bodies  in  their  State  of  Reft,  ta  have  been  perfed  Spheres>  their  Rota- 
tion about  their  Axes  muft  have  elevated  their  equatorial  and  deprefled  their 
polar  Regions,  and  of  Confequence  changed  their  fpherical  Figures  mto  that 
of  Oblate  Spheroids,  flat  towards  the  Poles. 

The  Theory  thus  leads  us  to"  conclude,  that  all  the  Planets,  in  Confe- J^"*J2, 
quence  of  their  Rotation,  ihould  be  flat  towards  the  Poles,  but  this  is  onlyinwtaichthe 
fenfible  in  Jupiter  and  the  Earth.     In  the  Sequel  it  will  appear,  that  thee**'***©'*  ©^ 
Proportion  of  the  Axes  (q),  in  the  Sun,  is  affignable  from  Theory,  but  i8|?!J3clTiS[ 
too  inconfiderable  to  be  obferved. 

The  M eafures  of  Degrees  of  the  Meridian^  taken  at  the  Polar  Circle  in 
France,  and  at  the  Equator,  fix  the  Proportion  of  the  Axes  of  the  Earth  to 
be  as  1 73  to  1 74.  By  the  Help  of  Telefcopes  the  oblate  Figure  of  Ju- 
piter h^s  been  perceived^  And  the  Difproportion  of  his  Diameters  is  much 
greater  than  that  of  the  Earth,  becaufe  this  Planet  is  a  great  deal  bigger^  and 
revolves  with  greater  Rapidity  about  its  Axis  than  the  Earth  ;  the  Propor- 
tion of  the  Axes  of  Jupiter  is  efteemed  to  be  as  13  to  14,  '  obferttioa 

XVIL  proves  that 

As  the  Spots  of  Venus,  Mars  and  Jupiter  are  variable,  and  frequently  JJ^J"*»;^ 
change  their  Appearance,  it  is  probable  that  thefe  Planets,  like  our  Earth,  ter^veout** 
are  furrounded  by  denfe  Atmofpheres,  the  Alterations  in  which,  produce  thefe«od  the  Sao* 
Phenomena  in  refpeft  of  the  Sun,  as  his  Spots  are  not  inherent  on  his  Diflt,"*^^  ^ 
and  as  they  frequently  appear  anddifappear,  it  is  nunifeft  that  he  is  fiirround-^I^^^fpherL. 
ed  by  a  grofs  Atmofphere,  contiguous  to  his  Body,  in  which  thefe  Spots  are 
fiicceffively  generated  and  diiTolved. 

(p)  Hie  Poletire  the  Pointi  tbont  which  the  Body  revolves,  ftDd  theEqiutgr,  tho  Circle 
•qui  diftant  firom  thoTe  PoinU  dividing  the  Sphere  mto  twa  eqntl  Parts. 

(q)  Axis  or  Diameter,  in  general,  is  a  Line  which  pafTes  through  the  Center,  and  is  ttrtai'*- 
aated  at  the  Circumference,  In  the  prefent  Cafe,  the  Axes  are  two  Lines  which  pafs  througli 
tjic  Center,  oo«  of  which  U  teamafttcd  s(  the  Poles,  i^d  the  other  at  the  E^nator. 


XL  lYSTEMOPTHi: 

xvni. 
What  has  hitherto  been  fet  forth  was  known  before  the  Tinne  of  Newi9n^ 
but  no  one  thought  before  him,  that  it  was  poffible  to  difcover  the  Q^an- 
titles  of  Matter  in  the  Planets,  their  Dendties,  and  the  diflPerent  Weights 
of  one  and  the  iame  Body  fucceilively  transferred  to  the  Surfaces  of  the  dif- 
•ntflctofUicfcrent  Planets.     How  Newton  attaimd  lo  thole  aftoniibing  Difcoveries  will 
6wy  Upi-  be  explained  in  the  Sequel ;    at  prefent  it  fufficcs  to  fay,  that  he  found  oat 
•Sthe'^*^'**^  theMaffes  of  the  Sun,  Jupiter,  Saturn,  and  the  Earth,  that  is  the 
^  JBarch.        Quantities  of  Matter  thofe  Bodies  contain,  are  to  one  another,  as    i  tWW* 
i?4T  &  iWiTat  fuppofing(r)  the  Parallax  of  the  Sun  to  be  lo"  3'";  that  their 
Tljair  4mA  Denfities  are  as  100, 94, 67,  and  400;  &  that  the  Weights  of  the  fame  Body, 
*Wci|hti  P'accd  fucceflively  on  the  Surfaces  of  the  Sun,  Jupiter,  Saturn,  and  the  Earth, 
o!  the  rtme  would  beas  loooo,  9439^29,  and  435  ;   in  determining  thofe  Proportions, 
^J^^*" Newton  has  fuppofed  the  Semidiameters  c^  the  Sun,  Jupiter,  Saturn,  and  the 
why  thoTe  Earth,  to  beas  10000,997,791,  and  109.  it  will  be  (hewn  hereafter  why  tiei. 
pro|K>rcieitt  ther  the  Denfity,   nor  the  Quantity  of  Matter  of  Mercury,  Venus,   and 
!J2JJ*Mi^Mars,  or  the  Weights  of  Bodies  at  their  re^pedive  Surfaces,  arc  known. 
ethcrpltneti  XIX.  I 

It  fdllows  from  all  thofe  Proportions  that  Satucn  is  nearly  $00  Times  Icfs    ' 
prMOfCioai  ^han  the  Sun,  and  contains  3000  Times  lef«  Matter,  that  Jupiter  b  looa 
of  the  bvlkt  Times  lefs  than  the  Sun,  and  contains  1033  Times  lefs  Matter.     Ccmi-     i 
the  pUqVu'^P*"^  with  the  Sun  the  Earth  is  only  as  a  Print,  being  100,0000  Times  Ids^     I 
mad  •£  the' ^nd  in  fine, .that  the  Sun  b  1x6  Times  greater,  than  all  the  Planets  togeher. 
fiao.  XX. 

Onnparing  the  Planets  with  one  another,  we  find  that  Mercurjr  and 
Mars  are  the  only  Planets  lefs  than  the  Earth ;  that  Jupiter  b  not  only  the 
biggeft  of  ail  the  Planets,  but  is  bigger  than  all  the  Planets  together^  mod 
that  this  Planet  b  two  thoufand  Times  bigger  than  the  Earth. 

XXL 

The  Earth  befides  her  annual  and  diurnal  Motion,  has  alfo  a  third  Mb- 
^^fP^!^*®  tion,  hy  which  her  Axis  recedes  from  its  Parallelifm,  (f  J&  after  a  certain  Time 
c^vinocei.  is  direded  to  different  Points  of  the  Heavens,  from  this  Motion  arifes  what 
.  is  called  the  Pncejton  of  tbi  Equinoxes  that  is,  the  Regreflioo  of  the  eqoi- 
JeaTMitli  noftial  Points,  or  thofe  Points  in  which  the  tereftrial  Equator  cots  the 
performed  EcIiptic.  The  eqaino£Hal  Points  move  contrary  to  the  Onier  of  the  Signs* 
.and  m^httand  their  Motion  is  fo  very  flow,  thsrt  they  do  not  compleat  a  Revolution 
Sm  lifted*"  '^^*  ^^^"  25920  Years,  they  recede  a  Degree  in  ja  Years,  and  the  an- 
iutooaii '  nual  Quantity  b  about,  ^oK 
gaiauty 

(r)  The  ptnUax  of  the  ISun,  tt  the  Angle,  under  which  ^he-SeimditfnMer  of  the  B«i«li  »  Imi 
from  the  Sua,  tod  in  general  the  ptralltx  oi  any  cekftial  Body,  with  rrfpeA  to  the  £aitb,  ia 
•the  Angle  noder  which  the  Semidiameter  of  the  Earth  wonld  be  ieen  from  that  Body. 

(0  A  line  is  faid  to  bep«raUel  whcQ  \\  always  prdefvet  th«  ftme  jpoGtMb  with  r»(pca  to  a 
:?«jac  loppofedfixed. 
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NewiM  found,  as  will  appear  bi  the  Sctfiiel,  the  Gavfe  of  this  Motioa  in 
the  Attradion  of  the  Sun  aiid  Mooo  on  the  Elevation  of  the  equatorial  Ptola 
of  the  Earth. 

The  Preotflioii  of  the  Equinoxes  haa  caufed  a  Diftindion  of  the  Year  Tra^'cd 
into  the  tropifoi  and  fyderral.    l^he  tropical  Year  ta  the  laterral  of  Time  ^^^ 
elapfed  between  two  iuccefiive  vernal  or  autumnal  Equtnoies,  in  two  annual  jl^^ 
Revoiuiions  of  the  Earth.     This  Year  is  (bmewhat  nK>rtcr  than  the  fjfdereal . 
Year,  or  the  Time  intervening  the  Earth's  Departure  from  any  Pptnt  of 
her  Orbit,  and  her  Return  to  the  fame. 

XXIL. 

It  remains  to  defcribe  the  fecondary  Planets,  which  exclufive  of  the  Ring  Thelceondt 
of  Saturn,  are  lo  in  Number ;  namely,  the  5   Satellites  of  Saturn,   the  4  ^^  P*"«««» 
of  Jupiter,  and  the  Moon,  the  only  Satellite  attending  the  Earth. 

Obfervation  proves  that  thefe  Satellites  in  revolving  round  their  Primaries,  J^J  ^ 
oWerve  the  Laws  of  Kef^Ier.  ^*  J** 

The  Satellites  of  Jnpiter  have  been  but  lately  difcovered :  The  Difcovery  Kmkr. 
before  the  Invention  .of  Telefcopes  was  impoffiUe.     Galliko  difcovered  the  i^^wy  «>f 
four  Satellites  of  Jupiter,  which  in  Honour  of  his  Psftron,  he  termed  the  Jf  £2^^ 
Medicean  Surs.  •  Thefe  are  of  the  greeted  UtBity  in  Geography  and  Aflro-         *"**" 
notny. 

Hmgh^nt  waa  the  Mt  who  difoovend  one  sf  Saturn's  Satellisea  ;  .it  Oill  re^  AiMtfthait 
tntns  his  Name,  and  is  the  fourtli.    Afterwards  Caffim  difooveiedthe  four  ®^  ^^^* 
.  others* 

xxin. 

Taking  the  Semidiameter  c#  Jupiter  as  a  eommon  Meafure,  his  4  Satel^  JDilRsscetor 
tites  revolve  at  the  Mlowing  Diftances ;  the  firft  at  the  Diftance  of  5  Semi'-  ^^  m^» 
diameters,  the  fecond  of  9,  the  third  of  14,  and  the  fourth  of  25,  negle£t-  from  tbU 
ing  Fradions.    Thefe  DetermiiMtions  have  been  deduoed  by  Qfffmi  from  his  ^Up^. 
Obfervations  of  their  Eclipfes. 

Their  periodic  Times  tound  Jupiter  are  (6  much  the  longer  aa  they  aK  nmrpait^ 
vemoter  from  this  Planet.  The  firft  revolves  in  42  Hoors,  the  fecond  in  Ji^iSStl^ 
B5,  the  third  in  171,  and  the  fourth  in  400,  negleSing  the  Minutes. 

The  diurnal  Rbtations,  Diameters,  Bulks^  IV&ifles,  I>nfiites,  and  attraAiV^ 
Forces  of  thefe  Satellites,  have  not  as  yet  been  difcovered ;  and  the  beft  Talo- 
Icopes  reprefinrt  them  fe  vaRly  fmall,  that  there  is  no  Hopes  of  ever  attain- 
ing Ortaimy  in  thefe  points ;  the  fatne  is  the  Cafe  with  regard  to  the  Satel- 
Ktes  of  Saturn :  Thefie  are  placed  (ItU  further  beyond  the  reach  of  oitf 
Kcfearcbes. 

XXIV. 

Taking  the  Diameter  of  Saturn's  Ring  for  a  common  Meafure,   the|^^^**^ 
Diftances  of  the  Satellites  of  Saturn  <;ommencmg  With  the  innermoft,   are  of  Swn 
in  the  following  Proportions.  fromikta'ii. 
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&  their  peri  The  fifft  U  cxprcfflbd  by  i»  the  Tecond  bjr  %,  the  tfaird  by  $,  the  fevrtb  bf 
^^^'Sbh  ^'  '^  ^^^  ^f^^  ''y  ^4*  ii^^nS  Fradions ;  and  their  periodtc  Tioio^  ac« 
pUacL        cording  to  Caffini^  are  45'»,  65*,  109^,  382S  «nd  1903^  refpedively. 

The  Moons  of  Saturn,  all  revolve  in  the  Plane  of  the  Ecjuator  of  that 

Planet,  except  the  fifth,  which  recedes  from  it  about  15  or  16  Degrees. 

Several  Philofophers,  and  among  them  Hugtetu,  have  fufpeded,  that  if 

of  H^bal  'I'^'^^c^P^  ^^^  <Mice  brought  to  perfe6tioo,  a  firth  Satellite  of  Saturn  be* 

cMcerningt  Kween  the  fourth  and  fifth  would  be  difcovercd,  the  Diftance  between  tbofe 

fixth  fuel-  two  Satellites  being  two  great  in  Proportion  to  that  which  feparates  the 

tuni^    ^*  others  $  but  there  would  then  occur  this  other  Difiicuhy,  that  this  Satellite. 

which  would  be  the  fifth,  notwithftaoding  mud  be  lefs  than  any  of  the 

four  interior  Moons,  fince  with  our  mofk  perfeS  I  elcfcopes  it  caimot  be 

perceived. 

The  Orbits  of  the  Satellites  of  Jupiter,  and  of  Saturn,  are  nearly  con- 
centric to  thofe  Planets. 
Obrervttioo  Maraldi  has  obferved  Spots  on  the  Moons  of  Jupiter,  but  no  Confeqnen- 
of  Mtrtidi  £^g  QO}x[^  as  yet  be  derived  from  this  Obfervation,  which  ii  properly  purfued 
tb^Uitct  ^  accurately  repeated,  might  condud  us  to  the  Knowledge  of  feverai  ia- 
«f  Japiter.  terefting  Particulars  refpeding  the  Motions  of  the  Satellites. 

XXV. 

Of  tlieVing  Saturn,  exclufive  of  his  five  Moons,  is  alfo  furnnuided  by  a  Ring,  no 
of Sttarn.  where  adhering  to  his  Body;  for  through  the  Interval  which iiefiarates  fab 
tdhm  to  Body  from  the  Ring,  we  can  view  the  fixed  Stars  :  The  Diameter  of  thd 
th«  bo^y  of  Ring  is  to  the  Diameter  of  Saturn  as  9  to  4,  according  to  Hugbens^  that  is 
i^-'d'ft^'  more  than  the  Double  of  the  Diameter  of  Saturn ;  the  DiOance  of  the  Body 
frontbebo!  ^^  Saturn  from  his  Ring,  is  nearly  equal  to  his  Semicbaoieter ;  fo  that  the 
dY  of  the  Breadth  of  the  Ring  is  nearly  equal  to  the  Diftance  lietween  its  interioc 
r*^^'  Limb  and  the  Globe  of  Saturn.  Its  Thicknefs  is  very  inconfideraUc^  fof 
Itibr«^?^  ^^^^  ^^  ^^^"'  ^^'  ^K^  ^  ^^^  ^y^*  '^  ^  "^  longer  vifible,  but  only  appears  as 
itt  thkk«  a  black  Line  extended  acrofs  the  Globe  of  Saturn.  Thus  this  Ring  under- 
^:  goes  Phafes  according  to  the  Pofition  of  Saturn  in  his  Orbit,  which  proves 

Mqae'bo^  it  to  be  an  opaque  Body ;  and  which  like  the  other  Bodies  that  coropofe  cor 
Kb}ta  to  planetary  Syftem,  fliines  only  by  refleding  the  Light  it  receives  from  the 
!*»*»•       Sun. 

We  cannot  difcover  whether  the  Ring  of  Saturn  has  any  Motion  of  Rota- 
tion, as  no  Changes  in  iu  A({kA  are  obferved  to  authorife  us  to  conclude 
this  Rotation. 

The  Plane  of  this  Ring  always  forms  with  the  Pkne  of  the  Ediptjc 
an  Angle  (tf  2$^  i,  hence  its  Axis  remains  always  parallel  to  itfelf  in 
its  Revolution  round  the  Sun. 
of  the  6iS^  The  Difcovery  of  the  Ring  of  Saturn,  the  only  Phenomenon  of  the  Kind 
covcry  of  obferved  in  the  Heavens  is  due  to  Hugbens.  Before  his  Time,  Aflronooiers 
o^^nVo?coii  obferved  Phafes  in  Saturn,  for  they  confounded  Saturn  with  his  Ring;  but  thofe 
ccmloVit  be  Phafes  were  fo  different  from  tbofe  of  the  other  Planets  as  to  be  utterly  incx- 
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plicabk.    In  Hmlius  roty  be  km  the  Names  he  gives  to  thole  Appearsncei  ^^rs  H»- 
of  Saturn,  and  how  far  (t)  he  was  from  affigning  the  true  Csufe.  *     *' 

Hvgbifii  comparing  the  diflFerent  Appearances  of  Saturn^  found  they  were 
fNtxIuced  by  a  Ring  furrounding  his  Body ;  and  this  Suppofition  is  fo  confor-* 
■BaUe  whh  all  TdeGoopic  Difcoveriesy  as  to  be  now  generally  received. 

Gregory  defcrilNng  the  Notion  of  HalUy^  that  the  terreftrial  Globe  is  ^^^  ^ 
mij  an  AflemUage  of  Shells  concentric  to  an  internal  Nucleus,  propofes  a  ^^g  £{! 
Gonjedure  concerning  this  Rim;,   that  it  is  formed  of  feveral  ooncfntric  ni^. 
Shells  detached  from  the  Body  of  that  Planet^  whofe  Diameter  was  former* 
ly  equal  to  the  Sum  of  its  adual  Diameter,  and  the  Breadth  of  the  Ring. 

Another  Conjedure  has  alfo  been  propofed,  that  the  Ring  of  Saturn  is  on-  f|*|^  |^|^ 
ly  SOI  Aflemblage  of  Moons,  which  from  the  immenie  Diftance  appear  toKtriof  Jopi 
be  contiguous  ;  but  thofe  ConjeAures  are  not  grounded  en  any  Obfervaiion.    ^^  *^  ^' 

By  the  Shadows  of  the  Satellites  of  Tupiter  and  Saturn  projeaed  on  M^i^^t 
their  Primaries,  it  hu  been  difcovered,  that  they  are  fpherical  Bodies»         diM. 

The  Earth  has  only  one  Satellite,  namely  the  Moon ;  but  her  Proximity  or chcuMa 
has  cni^bled  us  to  puu  our  Enquiries  concerning  this  Satellite  much  further 
than  about  the  others. 

The  Moon  performs  its  Revolution  round  the  Earth  in  an  Ellipfe,  the  V1mt^iinr« 
Earth  being  placed  in  one  of  the  Foci  j  The  Form  and  Pofition  of  this  El-  [^.Jf'*^ 
lipTe  is  continually  changing ;  thefe  Variations  are  caufed  by  the  Adion  of  the  ^^nh^ 
Sun,  as  will  appear  in  the  Sequel. 

The  Moon  in  her  Revolution  round  the  Earth  obferves  the  firft  of  the  two 
Laws  of  Kfpler^  and  recedes  from  it  onlv  by  the  A6bon  of  tliM^  Sun  upon  her ; 
ihe  compleats  her  Revolution  round  the  Earth  from  Weft  toEafl  in  27  d«  ^^^"^'^ 
7  h.  43  m.  which  b  called  its  periodical  Month, 

The  Dife  of  the  Moon  is  fometiraes  totally,  and  at  other  times  paoially, 
ilitrminated  by  the  Son.     The  illuminated  Part  is  greater,  or  lefs,  according 
to  its  Pofition  with  refped  to  the  Sun  and  tlte  Eu-th  1  thefe  are  csIM  her  H«r  pktfiw. 
fbaffi.    She  aflumes  all  thofe  various  Phafes  during  the  Time  of  her  /ymdic  2^**^** 
Revolotbn,  or  the  Interval  between  two  fucceilive  ConjunQions  with  the 
Sun.    This  fynodic  Month  of^the  Moon  confiftsof  29  Days  i  nearly. 

The  Phafes  of  the  Moon  prove  that  flie  is  an  opaque  Body,  ihining  only  TIm  moon 
by  refleding  the  Light  of  the  Sun.  IIT^fKl'^ 

We  know  that  tho  Moon  is  a  fpherical  Body,  becaufe  (he  always  ap-  ^h^*^ 
pears  to  be  bounded  by  a  Curve. 

The  Earth  enlightens  the  Moon  during  her  Nights,'  as  the  Moon  does  the  The  mhIi 

•  Earth  during  ours ;  and  it  is  by  the  refleaed  Light  of  the  Eanh  that  we  fee  ^e^^ 

the  Moon^  when  (he  is  not  illuftrated  by  the  Sun.  dsnag  hm 

aightt. 
(t)  Htvelias  in  opafenlo  dt  Satnrni  Nttivt  fiicie  diftiDgiiiact  the  diflTerent  Afpcai  of  Sttani 
bf  the  Kimei  of  MooaiphericmB,  Trirpheriami,  Sphericotnnitsm;  cUipti-soasittaiB»  fpheri. 
cocafpidsfM,  tad  fabdiTidci  thoa  sgua  into  stbcr  Phtfei. 
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ofXI^lT       ^  ^^  SuHkcc  of  the  E«rth  is  aboot  14  times  greater  than  that  of  the 
^  >*  *  **  Moon,  the  Earth  feen  from  the  Moon  would  appear  14  rimes  brighter,  yid 

rcfled  14  times  more  rays  to  the  Moon,  than  ihe  -Moon  doea  to  u»,  fiip* 

pofing  both  equally  capable  of  refledmg  Light, 
lodiaation       The  Plane  of  the  lunar  Orbit  forms  with  the  Plane  of  the  EdiptiCy  i« 
of  th«  orbit  Angle  of  about  5^- 
orcheaoM      ^^    ^^^   ^^j^  ^  ^^  £l,^f^  ^^.^1^  ^^^  ^^^^  deferibes  roend   die 

Earth,  is  called  ibi  Lim  •/  the  Apfidet  (u)  9f  the  Moon. 

The  Moon  accompanies  the  Earth  in  her  annual  Revolution  round  the 

Sun. 

If  the  Orbit  of  the  Moon  had  no  other  Motion  but  that  bjr  which  it  is 

carried  round  the  Sun  along  with  the  Earth,  the  Axis  of  this  Orbit  would 

always  remain  parallel  to  itfelf ;  and  Moon  being  in  her  Apogtt^  and  in  her 

Btrigti^  would  be  always  at  the  fame  Diftances  ffom  the  Earth,  and  would 

always  correfpond  to  the  fame  Points  of  the  Heavens  ;  but  the  Line  of  the 
TioMofth*  Apfides  of  the  Moon  revolves  with  an  angular  Motion  round  the  Earth,  «c- 
7/tte^liM  c^^^^^S  ^o  t^  Order  of  the  Signs ;  and  the  Apogee  and  Perig^  of  the  Moon 
of  the  tp  do  not  return  to  the  fame  Points  in  lefs  than  9  Years,  which  is  the  Time  of 
fides.  the  Revolution  of  the  Line  of  the  Apfides  of  the  Moon. 

]t€v*1^tiofi       The  Orbit  of  the  Moon  in(er(e£b  the  Orbit  of  the  Earth  in  two  Points, 
ttftheoodct  which  are  called  her  tJQdis ;  thefc  Points  are  not  always  the  fame,  but  c[ 
oftfacmooa  pc,pciugj|y  [,y  n  retrogreffiva  Motion  that  is  contrary  to  the  Order  o^ 
Titreofiti  S*S"^>   ^"^  ^'^i^  Motion  is  fuch,  that  in  the  fpace  of  19  Years   the   KodeS 
revointiMii.   perform  a  whole  Revolution,  after  which  they  return  to  the  fame  Pointa  of 

the  Orbit  of  the  Earth,  or  of  the  Ecliptic. 
f*"r"tU       ^^^  Exccntriclty  of  the  Orbit  of  the  Moon  changes  alfo  continoallj  ; 
mpoo.         tl^is  Excentricity  fometimes  increafes,  fometimes  dtminiihes,  fo  that  the  Di^ 

ference  of  the  greateft  and  lead  Excentricity  exceeds  half  the  leaft. 
^  It  will  he  explained  in  the  Sequel  how  Newtm  difcovered  the  Caufe  of  all 

thofe  Ineauaiities  of  the  Moon. 
'^muTitT       ^^  ^y  uniform  Motion  that  the  Moon  has,  is  its  Motion  of  Rotataoa 
^^^^  about  her  Axis;  this  Motion  is  performed  exadly  in* the  fame  Time  as  tta 

Revolution  about  the  Eaith,  hence  its  Days  confift  of  27  of  our  Days^  7^ 

ra  ^rt     43*' 

time  tt  tt       This  equality  of  the  lunar  Day  and  the  periodic  Month  makes  the  Moom 

?*'^^*^'   alwaya  prefent  to  us  nearly  the  fame  Diic. 

The  uniform  Motion  of  the  Moon  about  its  Axis,  combined  with  the  In^ 

equality  of  its  Motion  round  the  Earth,  produces  the  apparent  Ofcillation 

LibrattoQ  of  of  the  Moon  about  her  Axis,  fometimes  Eaft ward,  and  at  other  times  W«A- 

t^e  qkooo. ,  ward,  and  this  is  what  is  called  ier  LiiratUn ;  by  this  irlotion  (be  prefittiia 

(u)  The  Line  of  the  Apfidet  of  the  Mooa  U  the  Line  which  paiTei  throvah  the  Ap^te  aad 
Periaec  ;  tpogee  it  the  Point  of  the  Orbit  the  Remoteft  Arocn  the  Etrth,  and  the  Perigee  it  tbe 
Point  oir  the  Orbit  the  netreft  to  the  Etrth ;  end  10  genertl,  the  Apfidet  of  mbj  Orbit  ara  die 
f  oiots  tbe  Remtteft  from,  tad  netreft  to,  the  centrtl  Point. 
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to  us  (bmetiine»  Parts  which  were  concealed,  and  concealt  others  that  were 
^ifibte. 

This  Libration  of  the.  Moon  arifes  from  her  Motion  in  an  Elliptic  Orbit,  Uicaafe. 
for  if  ibe  revolved  in  a  circular  Orbit,  having  the  Earth  for  its  Center, 
and  turned  about  her  Axis  in  the  Time-  of  her  periodic  Motion  round  the 
Earth,  flie  would  in  all  Pofiiions  turn  the  fame  Difip  ezafily  towards  the 
Earth. 

We  are  ignorant  of  the  Form  of  the  Surface  of  the  Moon,  which  is  on 
the  other  Side  of  her  Difc  with  Refped  to  us.  SoiAe  Philolbphers  havt 
even  attempted  to  explain  its  Libration,  by  afligning  a  conical  Figure  to  that 
^t  of  its  Surface,  which  is  concealed  from  us,  and  who  deny  b^r  Rotation 
round  her  Axis. 

The  Surface  of  the  Moon  is  full  of  Eminences  and  Cavities,  for  which 
reabn  (he  re6e£ls  on  every  Side  the  Light  of  the  Sun,  for  if  her  Surface 
was  even  and  poliflicd  like  a  Mirror,  flie  would  only  rcflcd  to  lu  the  Imag^ 
of.  the  Sun.  n:ft.«««f 

The  mean  Diftance  of  the  Moon  from  the  Earth  is  nearly  60  i  Semi-  the  »<»»a 
diameters  of  the  Earth.  from  the 

The  Diameter  of  the  Moon  is  to  the  Diameter  of  the  Esrth,  as  too  to  ^^'j^* 
365^  its  Ma(s  is  to  the  Mais  of  the  Earth,  as  1  to  39,  788  and  iu  Denfity  ium!l!ft.  ^ 
IS  to  the  Denfity  of  the  Earth,  as  1 1  to  9.  itt  deofity. 

»i;' And  laftly,  a  Body  wliich  would  weigh  3  Pounds  at  the  Surface  of  the  Whitbodiei 
^jEarth,  transferred  to  the  Surface  of  the  Moon  would  weigh  one  Pound.  ^^'^  ^'^ 

\f    AJl  thefe  Projportions  are  known  in  the  Moon  and  not  in  the  other  Satel-  ^^  n>rftce. 
•  ^es,  becaufe  this  Planet  fupplies  a  peculiar  Element,  namely  her  ASion  on 
4be  Sea,  which  Newton  knew  how  to  meafure  and  to  employ  for  determining 
^r  Mafs,  the  Method  he  purfued  in  this  Enquiry  will  be  unfolded  in  the  Se-  ' 
quel. 

Theory  of  the  Primary  Planets. 

I. 
.    In  accounting  for  the  ceieAial  MotioQS,  the  firfl  Phenomenon  that  occurs 
^  be  explained  is  the  perpetual  Circuhtion  of  the  Planeu  round  the  Center 
of  tlicir  Revolutions. 

By  the  6rft  Law  of  Nature  every  Body  in  Motion  perfeveres  in  that  rec- 
ttclinear  Courfe  in  which  it  commenced,  therefore  that  a  Planet  may  be 
di^ded  from  the  ftraight  Line  it  tends  to  defcribe  ioceflfantly,  it  is  Neceflary 
that  a  Porte  different  from  that  which  makes  it  tend  to  dekribe  this  ftraight 
Line  ihould  iocelbntly  Ad  on  it  in  order  to  bend  its  Courfe  into  a  Curve, 
10  the  fiune  Manner  as  when  a  Stone  is  whirled  round  in  a  Sling.  The 
^ng  ittceflantly  reftrains  the  Stone  from  flying  off  in  the  Diredjion  of  the 
Tangent  to  the  Circle  it  defcribes.  Hew  the 

To  explain  this  Phenomenon,  the  Ancients  invented  iheir  folid  Orbs  "icicnt  phl^ 
and  befeartes  Vortices,  but  both  one  and  the  other  of  thofe  Explications  In^Defctr- 
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tcs  expUtn  wcrc  mcrc  Hypothefes  devoid  of  Proof,  •nd  though  Defcartes  Expbi 

tioii%7'the  ^*5  more  Philolbphical,  it  was  no  lefs  Fiditious  and  Imagiaary. 

plMctt  in  If. 

their  orbit».      fjfy,t9n  begins  with  proving  in  the  firft  Propoftibn  (a),  that  the  Ar 

defcribed  by  a  Body  revolving  ronnd  an  immoveable  Center  to  which  h  is 
tripetll**""  continually  urged,  are  proportional  to  the  Times,  and  reciproctlljr  in  the 
force  which  Second,  that  if  a  Body  revolving  round  a  Center  defcribes  about  it  Arcs 
liioderitbc  proportional  to  the  Times,  that  Body  is  aduated  by  a  Force  diredcd 
. frftmflyiBg  •^  *■*  Center.  Siiice  therefore  according  to  K/fler^t  Difcovcrics,  the  Pit- 
off  bj  th«  nets  defcribe  round  the  Sun  Areas  proportional  to  the  Times,  they  are  «c> 
taBfept.  tuated  by  a  centripetal  Force,  urging  them  towards  the  Sun,  and  retainqg 
them  in  their  Orbits. 

Niwton  has  alfo  (hewn  (Cor.  i .  Prop.  2.)  that  if  the  Force  ading  on  a  Body, 
urges  it  to  diftrent  Points,  it  would  accelerate  or  retard  the  Defcriplioii  of 
the  Areas,  which  would  confequently  be  no  longer  proportional  to  the 
Times :  Therefore  if  the  Areas  be  proportional  to  the  Times,  the  reiN)lviiig 
Body  is  not  only  aduated  by  a  centripetal  Force,  dirtded  to  the  cealrJ 
Body,  but  this  Force  makes  it  tend  to  one  and  the  fame  Point. 

III. 

As  the  Revolutions  of  the  Planets  in  their  Orbits  prove  iht  Exiftaooe  ef 

a  centripetal  Force  drawing    them  from  the  Tangent,   to  by  their   not 

defcending  in  a  ftraight  Line  towards  the  Center  ot  their  Revolution,  wc 

inay  conclude  that  they  are  a£ted  upon  by  another  Force  different  from  the 

Ami  the  pro  Centripetal.     A/ifw/on  has  examined  (b)  in  what  Time  each  Planet   woaU 

ieaiie  force  delcend  from  its  prefent  Diftance  to  the  Sun  if  they  were  aduated  by  no 

thOT  from    other  Force  but  the  Sun's  Aaion,  &  he  has  found  (P.36)  that  the  different  Pla- 

feiiiog  to     nets  would  employ  in  their  Dcl'cent,  the  Half  of  the  periodic  Tune  of  the 

flie  ceat^    Revolution  round  the  Sun  of  a  Body  placed  at  Half  their  prefent  Diftanoes, 

and  confequently  thefe  Times  would  be  to  their  periodic  Times,  as  1  xo^z. 

Thus,  Venut  for  Example  would  take  about  40  Days  to  defcend  to  the 

Son,  for  40  :  224  :  :  i  :  4^/2  nearly;  Jupiter  would  employ  two  Years  and  a 

Month  in  his  Delcent,  and  tlie  Earth  and  the  Moon  fixty^iix  Days  and  nine-* 

teen  Hours,  &c.  fince  then  the  Planets  do  not  defcend  to  the  Sun,  fonic 

Force  muft  neceffarily  counteraS  the  Force  which  make  them  tend  to  the 

Sun,  and  this  Force  is  called  the  Proje^He  Porcg. 

IV. 

Of  the  cea*      The  Effort  exerted  by  the  Planets  in  Confequence  of  thia  Force  to  te- 
for^'of  the  ^^^  ^^^^  ^^^  Center  of  their  Motion,  is  what  is  called  their  Centrifugal 
pUsett.       Force^  hence  in  the  Planets,  the  centrifugal  Force  is  that  Part  of  the  projco 
tile  Force,  which  removes  them  diredly  from  the  Center  of  their  Revolu- 
tion. 

(t)  When  the  Propofiti«o«  are  quoted  without  qpotiog  th^  Book,  they  are  the  Pro^tioag  o^ 
^he  firft  Book, 
(b)  Dc  fjrfteniate  miudi,  ptge  31.  edition  1731. 
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The  projedile  Force  has  the  fftme  Direaion  in  all  the  Planets,  for  tbejf 
all  revolve  round  the  Sun  from  Weft  to  Eaft. 

Suppofing  the  Medium  in  which  the  PUnets  move  to  be  void  of  all  Re* 
fifbnce,  (he  Coofervation  of  tha  projeAile  Motion  in  the  Planets,  is  ac* 
counted  for  from  the  Inertia  of  Matter,  and  the  firft  Law  of  Motion,  but 
its  Phyfical  Caufe,  and  the  Reafon  of  its  Direfiion  are  as  jti  unknown. 

^*-  ^  trewtOBdif/ 

After  having  pfovcd  that  the  Planets  are  retained  in  their  Orbits  by  a  <»▼«"  th«* 
Forte  direScd  lo  th^  Sun,  Newton  demOnftrates  (Prop.  4.)  that  the  centri-  [jJ.^Ji'Jeu 
petal  Forces  of  Bodies  revolving  in  Circles  are  to  one  another  as  the  Squares  to  the  Sua 
of    the   Atcs  of  thofe  Circles  defcribed  in  equal  Times,  divided  by  iheir  Jo  >>«  in  «he 
Rays,  from  whence  he  deduces  (cor.  6 )  that  if  the  periodic  Times  of  Bo-  if^efanwe 
dies  revolving  in  Circles  be  in  the  fefquiplicate  Ratio  of  their  Rays,  the  ccn-  of  Uieir  dif 
tripetdl  Force  which  urges  thein  to  the  Center  of  thofe  Circles,  is  in  the  ^^e*  /'<*» 
inverfe  Ratio  of  the  Squares  of  thofe  fame  Rays,  that  is  of  the  Diftance  of  |Stir"^i^ 
thofe  Bodies  from  the  Center  t  But  by  the  fetond  Law  of  Kepler,  which  alldictiaeitBd 
the  Planets  obferve,  thetr  periodic  Times  are  in  the  fefquipUcate  Ratio  of  ^^?i^?^. 
their  Diftances  from  their  Center ;   ccnfequently,  the  Force  which  urges  ftll^Sjoo 
the  Planets  towards  the  Sun,   decreafes  as   the  Square  of  their  Diftance  of  their  or** 
from  the  Sun  increafeii}  fuppofing  them  to  revolve  in  Circles  concentric  to  ^|t«  bciaf 
the  Sun*  '"•"^* 

rtu 

The  firft  and  moft  natural  Notioa  that  we  form  concerning  the  Orbits  of 
the  Planets,  is  that  they  perform  their  Revolutions  in  concentric  Circles ;  fieforeKep* 
but  the  Difiercnce  in  their  apparent  Diameters,  and  more  accuracy  in  the  Jj^^^t 
Obfervations,  have  long  fince  made  known  that  their  Orbits  cannot  be  con-  tLtthei^ft- 
centric  to  the  Sun  i  their  Courfes  therefore,  before  Keplerh  Time,  were  ex*  mu  ryoIt- 
plained  bv  exceotric  Circles,  which  anfwered  pretty  well  to  the  Obfervations  Jj*^^^ 
on  the  Motions  of  the  Sun  and  the  Planets,  except  Mercury  and  Mars.  trie  cirdet. 

Prom  confidering  the  Courfe  of  this  laft  Planet,  Kepler  fufpefied  that  the  Bat  Kepler 
Of  bits  of  the  Planets  might  poffibly  bcEllipfes,  having  the  Sun  placed  in  one  Jj£t  thw^ 
of  the  Foci,  and  this  Curve  agrees  fo  exadly  with  all  the  Phenomena,  that  ^olte  in  <i 
it  is  now  univerfally  acknowledged  b^  Aftronomers,  that  the  Planets  revolve  npfe«* 
round  the  Sun  in  elliptic  Orbits,  having  the  Sun  in  one  of  the  Foci. 

viii. 
Afliiming  this  Difcovery,  Newton  examines  what  is  the  Law  of  centripe- 
tal Force,  required  to  make  the  Planets  defcribe  an  Ellipfe,  and  he  found 
(Prop.  II.)  that  this  Force  muft  follow  the  inverfe  Ratio  of  the  Planet*s 
Diftance  from  the  Focus  of  this  Ellipfe.  But  having  found  before  (cor.  6. 
Prop.  4.)  that  if  the  periodic  Times  of  Bodies  revolving  in  Circles  be  in  the 
fefquiplicate  Ratio  of  their  Rays,  the  centripetal  Forces  would  be  in*  the  in- 
verfe  Ratio  of  thofe  fame  Diftances ;  he  had  no  more  to  do  to  invincibly 
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prove  that  the  centripettl  Force  which  dire£b  the  celeftial  Bodies  in  tfadr 
Courfcs,  foliows  the  inverfe  Ratio  of  the  Square  of  the  Diftances;  but  to 
examine  if  the  periodic  Times  fellow  the  fame  Proportioo  in  Ellipfes  as  in 

mooftratci     CircIfcS. 

thttinciiip  But  Newt0i  demonftrates  (Prop.  15.)  that  the  periodic  Times  in  EHipfet 
feithcperio  ^re  iu  the  fefquiplicate  Ratio  of  their  great  Axes;  that  is,  that  thofe  Tifnes 
•rcVthe*  '"^  '**  ^^^  '^^"^  Proportion  in  Ellipfes,  and  Qrcles  whofe  Diameters  are  equal 
f«mepropor  to  the  great  Axes  of  thofe  Ellipfes. 

•ion  ti  in  This  Curve  which  the  Planets  defcribe  in  their  Revolution  is  endued  with 
Confeqnent  ^^^^  Property,  that  if  fmall  Arcs  defcribed  in  equal  Times  be  taken,  the 
lythccentrt  Spate  bounded  by  the  Line  drawn  from  one  of  the  Extremities  of  this  Arc, 
^w^\^^^  and  by  the  Tangent  drawn  from  the  other  Extremity  increafes  in  the  fame 
ttint  the  ^^^'^  ^  ^^^  ^uare  of  the  Diftance  from  the  Focus  decreafes;  from 
pitnctt  10  whence  it  follows,  that  the  attradive  Power  which  is  proportional  to  this 
their  orbits  Space,  follows  alfo  this  fame  Proportion.      • 

liecrctretat     "^       '  iv 

the  iquare  . 

of  tht  dif  Newton,  not  content  with  examining  the  Law  that  nMkes  the  Hanets  de- 
tftDce.  (cribe  Ellipfes ;  hie  enquired  further  weather  in  confequence  of  this  Law : 
The  ttotri  Bodies  might  not  defcribe  other  Curves,  and  he  found  (Cor.  i.  Propi  13.)  that 
petsl  ferct  thu  LaW  woold  only  make  them  defcribe  a  conic  Sedion,  the  C^ter  of  Urn 
being  in  this  Force  being  placed  m  the  Focus,  let  the  projedile  Force  be  what  it  weulcL 
S)e?limets  Other  Laws,  by  which  Bodies  might  defcribe  conic  Sedions,  would  make 
cAA  only  de  them  defcribe  them  about  Points  different  from  the  Focus.  Newton  found, 
fcribe  conic  for  example,  (Proa  10.)  that  if  the  Force  bees  the  Diftencefrom  ihe  Center, 
fi^'^t^ne"^  it  will  make  the  Body  defcribe  a  conic  Sedion,  whofe  Center  would  be  the 
plt««d  in  Center  of  Forces,  thus  Newton  has  difcovered  not  only  the  Law  which  the 
one  of  the  centripetal  Force  obferves  in  our  planetary  Syllem,  but  he  has  alfo  Qiewn 
^^'  that  no  other  Law  could  fublift  in  our  World  in  its  prefent  Sute. 

X. 

Mtnner  of  Newton  afterwerds  examines  (Prop.  1 7.)  the  Curve  a  Body  wouM defcribe 
^termiatitt  ^|h  «  centripetal  Force  decreafing  in  the  inverfe  Ratio  of  the  Squant  of  the 
^piuetV^  Diftance,  foppefing  the  Body  let  go  from  a  given  Point,  with  «  Dwec* 
poiing  the   tioD  and  Velocity  aflumed  at  Pleafure. 

iiw  of  cen       7^0  fdve  this  Problem,  he  lets  out  with  the  Remark  he  bad  nuMie,  (Prop^ 

for^to  be   ^^')  ^^^^  ^^  Vekxmies  of  Bodies  defcribing  conic  Seaions,  are  in  each  Peine 

giren.         of  thofe  Curves,  as  the  Square-Roots  of  the  principal  Parameters,  divided 

by  the  Perpendiculars,   let  fall  from  the  Foci  on  the  Tangents  to  thofe 

Points. 

This  Propofition  is  not  only  very  tnterefting,  confidered  merely  ^  a  geo- 
metrical Problem,  but  alfo  of  great  ufe  in  Aftronomy;  for  fincling  bj 
Obfervation  the  Velocity  and  Dtredion  of  a  Planet  in  any  Part  of  its  Qrbti^ 
by  the  Afliftance  of  this  Propofition,  the  Remainder  of  its  Orbit  is  found  ou^ 
end  the  Determination  of  the  Orbits  of  Comets,  may  in  a  great  Meaiur« 
be  deduced  from  this  Propofiiioa. 
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It  iS  «afy  to  oonoeive  diat  in  confoquenoe  of  other  Laws  of  centripetal     ^^>t 
Foccc  dMbent  from  that  of  the  Square  of  the  Diftaaces  Bodies  would  ^^JlJ'ti^e 
de&ribe  other  Curves,  that  there  are  fome  Laws  by  which  notwidUhn*- of  other 
dii^  the  firogedile  Fqrce,  thej  would  4efcend  to  the  Sun,  and  others  byUwiorccn 
which  notwithftandi^g  the  centripetal  Force,  they  would  recede  in  wfini-JJo^^w^ 
turn  in  the  Heavenly  Spaces-,  others  would  inaketbem  describe  Spirals,  &c.rcrib«i 
and  Newton  in  the  4ad  Propofition,  inveftigatcs  what  are  the  Curves  de- 
ibibed  HI  aU  Soits  of  Hnxuefis  of  centripebdForces. 

xu. 
It  evidently  appears  from  all  that  has  been  faid  that  the  perpetual  Circula-  The  ^eipe- 
tiofi  of  the  Planets  in  their  OrUts  dqpends  on  the  Proportion  between  thetati  circuit- 
tsentiipetal  and  the  projcaile  Force,  s|nd  thofe  who  a(k  why  Ae  Planets  j|?V®^  l^ 
arriving  at  their  Perihelia,  reafceiid  tp  tibeir  Aphelia,   aire  ignorant  of  this^^,  orblts 
Proportion ;  for  in  the  higher  Apiis  the  centrij[>etal  Force  exceeds  the  Cen-icfoUs  from 
trifiigal  Force,  fince  iqddbendic^  the  Body  approaches  the  C^tre,  and  m^he^coponi' 
the  Lwer  Apfis   on  the  ConHrary,    the  centrifugal  j^orce  furpa&s   in  its^^^J^" 
turn  the  centripetal  Force,    fince  in  reafcending  the  Body  recedes  from  thetti  Md  pro- 
Centre :  A  certain  Combination  between  the  centripetal  Force  and  the  ccn- j«^»i«  fo'^*- 
trifugal  Force  was  tlierefore  requifit,  that  they  might  alternately  prevail  and 
cauie  the  Body  to  defcen^  tpthe  low^^  andreafccM  to  the  higlv^  Apfis  per- 
petaaHy. 

Anofher  Objedion  was  alledged  with  regard  to  the  Continuation  of  the 
Heavenly  Motions,  derived  from  the  Refiftance  they  fhould  undeivo  in  the 
Medium  m  whidi  they  move.     This  Objedion  NfWtifn  has  arawered  in  ^^^  ^  .. 
(Prop,  lo.  B.^,)  whereheihews  that  the  Refiftance  of  Mediums  diminifhumlnrhich 
ki  the  Ratio  pf  their  Weight  and  their  Denfity ;  but  he  proved  in  the  Scfao-  the  hcRv^ n. 
iiom  of  {Propofition  la.  B.  a.)  that  atthe  Keight  of  two  hundred  Miles  a-'^  ^^^'^ 
bovc  the  Surface  of  the  Earth,  the  Ak  is  more  ranged  than  at  the  Surface,  3^^*  '^^t- 
m  Ac  Ratio  of  30  to  0,0000000000003998  or  nearly  as  75000000000000  mce. 
to  f ,  from  whence  he  concludes  (Prop.  10.  B.  3.)  Rippoftng  the  Refiftance 
of  the  Medium  in  whidi  Jupk»-  mores  to  be  ot  this  Denfity,    this  Plane^  ^ 
dcfenbing  five  of  its  Semidiametera  in  30  days,  would  from  the  Refiftance 
of  this  Medium,  in  looopoo  years  fcaroely  krfc  looooooth  Part  ^  its  Mo- 
tion ;  from  hence  we  fee  tliat  the  Medium  in  which  the  Planets  move  may 
be  fo  rare  and  fubtile,    that  its  Refiftance  may  be  regarded  as  Void ;    and 
the  Proportionality  conflantly  obferved,  between  the  Areas  and  die  Times^ 
is  a  convincing  Proof  that  this  Refiftance  is  a£hially  infenfible. 

Kni. 

As  we  have  (hewn  that  the  Proportionality  of  die  Times  and  of  the  A- 

reas  which  the  Planets  defcribe  around  th^  Sun,  proves  that  they  tend  to  the 

Sun  as  to  their  Centre,  and  that  the  Ratio  fubfiffing  between  their  periodic 

Times  and  their  Diftances,  (hews  that  this  Force  decreafes  in  the  inverfc 
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Ratio  of  the  Square  of  the  Diftanccs.  If  the  Planets  which  perform  thdf. 
Revolutions  round  the  Sun  be  furrounded  by  others  which  revolve  round 
them,  and  obferving  the  fame  Proportions  in  their  Revolutions,  we  n»ay  con- 
clude that  thefe  Satellites  are  urged  by  a  centripetal  Force  directed  to  thei|* 
Primaries,  and  that  this  Force  decresues  as  that  of  the  Sun  in  the  duplicate 
Ratio  of  the  DiAance, 

We  can  difcovcr  only  three  Planets  attended  with  Satellites,  Jupiter,  the 
Earth,  and  Saturn ;  we  know  that  the  Satellites  of  thofe  three  Planets  de- 
fcribe  around  them  Areas  proportional  to  the  Times,  and  confequently  arc 
urged  by  a  Force  tending  to  thofe  Planets, 

Thecompt-  XIV.        ^         ,  -  .      . 

riioo  of  the  Jupiter  and  Saturn  having  each  feveral  Satellites  whofe  penodic  Times 
periodic  gnd  Dilfanccs  are  known,  it  is  eafy  to  difcover  whether  tlie  Times  of  tiicir 
iXnce"  of  J^^volution  about  their  Planet,  are  to  their  Diftance  in  the  Proportion  diico- 
thefateiiiteiveredby  Keplir\  and  Obfervations  evince  thattlie  Satellites  of  Jupiter  and 
of  Stturn  Saturn  obferve  alfo  this  fecond  Law  of  Kipkr  in  revolving  round  their  Pri- 
provM^thtt  "^'•^^*^^»  and  of  confequencc  the  centripetal  Force  of  Jupiter  and  of  Saturn 
the  ccntri-decreafe  in  the  Ratio  of  the  Square  of  the  Diilances  of  bodies  ffpm  the 
Pfui   force  Centre  of  thofe  Planets. 

of  thofe  pit-  XV. 

Tn'thi'in-"^  As  the  Earth  is  attended  only  by  one  Satellite,  namely  the  Moon,  it  ap- 
lerfe  ratio  of  pears  at  firfl  View  difficult  to  determine  the  Proportion  in  whipli  the  Force 
the  fqutrc  a£ts  tli^t  in^l^cs  the  Moon  revolve  in  her  Orbit  round  the  Earth,  a«  in  this 
of  the  dir-Caft^g  have  no  Term  of  Comparifon. 

How  Vew-  Newton  has  foimd  the  Means  of  fupplying  this  Defe6l ;  his  Method  is  as 
ton  difctfve-  foUows :  AU  Bodic^  which  fall  on  the  ourface  of  the  Earth,  defcribe  accord- 
red  th»i  the  j,^g  ^^  ^^  Progreffion  difpovered  by  GaUilsc^  Spaces  which  are  as  the  oquam 
folc'e  oMhe  ^^^^c  Times  of  tlieir  Defccnt  We  know  the  mean  Diftance  of  the  Moon 
k^.trth  foi-  from  the  Earth  which  in  round  Numbers  is  about  60  Semidiameters  of  the 
lowi  the  Earth  \  and  all  bodies  near  the  Surface  of  the  Earth  are  confidered  as  equi- 
fime  propor-  j-^^^^  ^^^  ^^  Centre ;  therefore  if  the  fame  Force  produces  the  Defcent  of 
^  .heavy  Bodies,  and  tlie  Revolution  of  the  Moon  in  her  Orbit ;  and  if  this 

Force  decreases  in  t)ie  Ratio  of  the  Square  of  the  Diftance,  its  Action  on 
Bodies  near  the  Surface  of  the  Earth  ftiould  be  3600  Times  greater  than 
what  it  exerts  on  the  Moon,  fince  the  Moon  is  60  Times  remoter  from  the 
Centre  of  the  Igarth  ^  we  know  the  Moon's  Orbit,  becaufe  we  know  at 
prefent  the  Meafure  of  the  Earth,  we  know  that  the  Moon  defcribes  this 
Orbit  in  27  Days,  7  Hours,  43  Minutes,  hence  we  know  the  Arc  (he  de- 
fcribes in  one  Minute ;  now  by  (Cor.  9  Prop.  4.)  the  Arc  defcribed  in  a  gi- 
ven Time  by  a  Body  revolving  uniformly  in  a  Circle  with  a  given  centripe- 
tal Force,  is  a  mean  Proportion^J  between  the  Diameter  of  this  Circle  and 
the  right  Line  defcribed  in  the  Body's  defcent  during  that  Time. 
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It  is  tme  that  the  Moon  does  not  revolve  round  <he  Earth  in  an  exa£l 
Oirclc,  butwcmay  fuppofeitfuchintheprefentCafe  without  any  fenfible 
Enrorj  and  in  this  Hypothefis,  the  Line  exprefling  the  Quantity  of  the 
Moon's  defcent  in  one  Minute^  produced  by  the  centripetal  i'orce,  is  found 
to  be  nearly  15  Feet. 

But  tlie  Moon  according  to  the  Progreflion  difcovered  by  Gii///>^,  at  her 
prefent  Diftance  would  delcribe  a  Space  3600  Times  lefs  in  a  Second  tliaii 
in  a  Alinute,  and  Bodies  near  the  Surface  of  the  Earth  delcribe,  according 
to  the  Experiments  of  Pendulums,  for  which  we  are  indebted  to  Hu^hem^ 
about  15  feet  in  a  Second,  that  is,  3606  Times  more  Space  than  the  Moon 
defcribes  in  the  fame  Time ;  therefore  the  Force  caufing  tlieir  Defcent  a6b 
3600  Times  mDre  powerfiilly  on  them  than  it  does  on  the  Moon  j  but  tliis  is 
exa£lly  the  invetfe  Proportion  of  the  Squares  of  their  Diftances. 

By  this  Example  we  fee  the  Advantage  of  knowing  the  Meafure  of  the 
Earth ;  for  in  order  to  compare  the  Verfe  Sine  which  expreiKrs  the  Quantity 
of  the  Moon's  defcent  towards  the  Earth,  with  the  eotemporary  Space  dc- j.^^'^'*^™*^^ 
fcribed  by  Bodies  falling  by  the  Force  of  Gravity  near  the  Eartli,  we  muft  E^th   wm 
know  the  abfolute  Diftance  of  the  Moon  from  the  Earth,  reduced  into  Feet,  necefftry  for 
as  alfo  the  Length  of  the  Pendulum  vibrating  Seconds ;  for  in  this  Cafe  it  is??*^*°^  ***** 
not  fufficient  to  know  the  Ratio  of  Quantities,  but  their  abfolute  Magni-    "^^^^^ 
tudesi 

xvi.  ,  '       .  • 

Jupiter,  Saturn,  and  ouir  Earth  therefore  attract  Bodies,  in  the  famejatbohieittt 
Proportion  that  the  Sun  attracts  thofe  Planets,  and  Induction  authorifes  us  to  conclude, 
to  conclude  that  Gravity  follows  the  fame  Proportion  in  Mars,  Venus,  and^***'  ly^" 
Mercury ;  for  by  all  that  we  can  difcover  of  thefe  three  Planets,  they  appear  jj^^^gp^ 
to  be  Bodies  of  the  fame  Nature  with  the  Earth,  Jupiter,  and  Saturn;  from  portion  in 
whence  we  may  conclude,  with  the  higheft  Probability,  that  they  are  en-  ^^«  pl»ne^» 
dued  with  the  attra<aive  Force,  and  that  this  Force  decreafes  as  the  Square  ]l**Jj!Li!;ri* 
of  the  Diftances. 

xvli. 
It  being  proved  bv  Obfervation  and  Induftioh  thiit  ill  the  Planets  art  eh-      Froni 
dued  with  the  attradtive  Power  decreafing  as  the  Square  of  the  Diftances ;  !l***°^J;  ^^ 
and  by  the  fecond  Law  of  Motion,  Adtion  is  always  equal  to  Re-aftion,  ^\^^^ 
we  ihould  conclude  witli  Newton y  (Prop.  5.  B.  3.)  that  all  the  Planets  gra-mutnti  *t. 
vitatcto  one  another,  and  that  as  the.  Sun  attracts  tlie  Planets,  he  is  reci-«r»aion  of 
procally  attrafted  by  them  ;   for  as  the  Earth,  Jupiter,  and  Saturn  aft  on^^^^*:^*^ 
their  Satellites  in  the  inverfe  Ratio  of  the  Square  of  the  Diftances,   there  is*" 
no  Reaibawhy  this  Adion  is  not  exerted  at  all  Diftances  in  the  fame  Pro- 
portion ;  ^hus  the  Planets  ftiould  attra£t  each  other  mutually,  and.the  Ef- 
ft&a  ot  this  mutual  Attraction  are  fenfibly  perceived  in  the  Conjunction  of 
Jupiter  and  Saturn. 
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xvrft. 
As  Analogy  endoces  us  to  believe  that  the  fecondary  Pbmets  are  inaD 
Refpe£ts  Bodies  of  the  farm  Nature  wkhrthe  primary  Planets,  it  ishiglly 
probable  that  they  are  a)fo  endued  with  the  attra£ti<re  Power,  and  confe- 
quently  attrad  their  Primaries  in  the  fame  Mannerthey  arc  attnuSted  by  then, 
and  that  they  mutually  attrai£i  each  other«  This  is  further  confirmed  bf  tbe 
AttraSion  of  the  Moon  exerted  on  the  Earth,  theEfiedis  of  which  sfferi- 
fible  in  the  Tides  and  the  Preceffion  of  the  Equinoxes,  as  will  appear  iit^ 
Sequd :  We  may  therefore  conclude  that  the  attradlive  Power  belongs  &) 
all  the  Heavenly  Bodies,  and  that  it  ads  in  all  our  planetary  Syftem  m  the 
inverfe  Ratio  of  the  Square  of  tlie  Dtftances* 

XIX. 

But  what  is  the  Caufe  which  makes  one  Body  revolve  round  another?  (a 
Whit  ctufeji^ftance,  the  Earth  and  the  Moon  attrading  each  other  with  Forces  docrea- 
E(l!i^"  vJivc^»"g  *"  **  duplicate  Ratio  of  tlieir  Diftances,  why  (hould  not  the  tartli 
round  ftoo- revolve  round  the  Moon,  infteadof  caufing  the  Moon  to  revolve  round  tfac 
tlier.  Earth ;    the  Law  which  regulates  AttraSion  does  not  therefore  ckpendon 

the  Diftance  alone,  it  muft  depend  alfo  on  fome  other  Element,  in  order  to 

account  for  this  Detennination,   for  the  Diftance  alone  b  infufficient,  Qnctk 

is  the  fame  for  one  and  the  other  Globe. 

This  aiiir«  From  examining  the  Bodies  that  compofe  our  planetarv  Syftem,  it  isniturj 

appears  tube  to  concludc  tliat  this  Law  is  that  of  their  Mafles ;  the  Sun,  round  whom  aQ 

the  mafi  of  jhc  Heavenly  Bodies  turn,  appears  much  bigger  than  any  of  them ;  Sa- 

l^j  /^*°     turn  and  Jupiter  are  much  bigger  than  their  Satellites,    and  our  Earth  is 

much  bigger  than  the  Moon  which  revolves  round  it. 

But  as  the  Bulk  and  Mafs  are  two  difftrent  things,  to  be  certain  thattk 
/^"^  ^J^^T""  Gravity  of  the  Celeftial  Bodies  follows  the  Law  of  their  Mafles,  it  is  ncccf- 
«*!r«.of  Ih^fitfy  to  detennine  thofc  Mafles. 

pitnett  ne-     But  how  can  the  Mafles  of  die  different  Planets  be  determined  I  this 
cefltry     tojvWt^/c/r  has  fliewn. 

aeCermioe  y^ 

th»  point.        ^^  ^^^g  ^j^^  j^^gj  ^j^^^  condufted  hhil  to  this  Difcovery. 

Since  the  Attraction  of  all  tlie  Celeftial  Bodies  on  the  Bodies  whicb  ibr- 
Road  thtt  round  them  follows  the  inverfe  Ratio  of  the  Square  of  the  DiftatKCS,  iris 

condua«d    highly  probable  tliat  the  Parts  of  which  they  are  compofed  amaft  ^^ 

Scove!<>*er  in  the  fame  Proportion. 

rj.  The  total  attraChve  Force  of  a  Planet  is  compofed  of  the  attratftive  Forces 

of  its  Parts  ;  for  fuppoflng  feveral  fmall  Planets  to  unite  and  com^^  ^ 
one,  the  Force  of  tiiis  big  Planet  will  be  compofed  of  the  Sum  of  the  For- 
ces of  all  thofe  fmall  planets ;  and  Newtm  has  pixyved  in  (Pnjp.  f4» 
75  and  76,)  that  if  the  Parts  of  which  a  Sphere  is  compofed,  altrtft  cad 
other  mutually  in  the  inverfe  Ratio  of  the  Square  of  the  Dzftattces,   ^ 
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cntife  Spheres  will  attrad  Bodies  which  are  exterior  to  theiA,  at  whatever 
Diftance  they  are  placed  in  this  fame  inverfe  Ratio  of  the  Square  of  Difbn- 
cc»;  and  of  all  the  Laws  of  Attndtion  examined  by  Niwtmy  he  has  found 
only  two,  namely,  that  in  the  inverfe  Ratio  of  the  Square  of  the  Diftan- 
ces,  and  that  in  the  Ratio  of  the  fimple  Diilances,  according  to  which 
Spheres  attract:  external  Bocfies  in  the  lame  Ratio  in  which  their  Parts  mu- 
tually attra£t  each  other ;  from  whence  we  fee  the  Force  of  the  Reafonin  j 
which  made  Newton  conclude  that  fince  it  is  proved  on  one  Hand  from 
Theory,  (Cor,  3.  Prop.  74.)  that  when  the  Parts  c^  a  Sphere  accra<9r  each  o- 
ther  with  Forces  decreafing  in  the  duplicate  Ratio  of  the  Dilbnces,  the  en- 
tire Sphere  attraAs  external  Bodies  in  the  fame  Rado,  and  on  the  other^ 
Obfervations  evince  that  the  Celeftial  Bodies  attrad  external  Bodies  in  this 
Ratio,  it  is  obvious  that  the  Parts  of  which  the  Heavenly  Bodies  are  com-" 
pofed,  ztxrzSt  e^ch  Other  in  thi^  fame  Ratio. 

Newton  examines  (in  Prop.  8.  B.  3.)  what  the  fame  Body  would  weigh 
at  the  Surfeces  of  the  different  Planets,  and  he  found    by  means  of  (Cor.  „  a.^^^^ 
2.  Prop.  4.)  in  which  he  had  demonftrated,  that  the  Weights  of  equal  Bo-  we.Rhf'of 
dies  revolving  in   Circles,    are  as  the  Diameters  of  thofe  Circles,  divided  the  r«me  bo- 
by  the  Squares  of  their  periodic  Times^    therefore  the  periodic  Times  of**y  "F»°  ^« 
Venus  round  the  Sun^  of  the  Satellites  of  Jupiter  round  this  Planet,  of  thei^^^^j 
Satellites  of  Saturn  round  Saturn,  and  of  the  Moon  round  the  Earth,  and  thJrtmcdif- 
the  Diftances  of  thofe  Bodies  from  the  Centres  about  which  they  revolvc^^fc  from 
being  known,  fuppofing  alfo  that  they  defcribe  Cu-cles,  which  may  be  fup-^**'"°^'^ 
pofed  in  the  prcfent  Cafe,  he  difcovers  how  much  the  fame  Body  would 
weigh  transferred  fucceffively  on  the  Surfeccs  of  Jupiter,  Saturn  and  of  the 
Earth. 

Having  thus  found  the  Weights  of  the  fame  Body  on  the  Surface  of  the 
different  Planets  at  the  fame  Diftance  from  their  Centires,    Newton  dcAn-  And  prove* 
ces  the  Quantities  of  Matter  they  contain,  for  Attradlion  depending  on  the^^^^^^^ 
Mafs  and  tlie  Diftance,    at  equal  Diftances  the  attra£^ive  Forces  are  as  themtuer  !^ 
Quantities  of  Matter  in  the  attra«2ing  Bodies ;  therefore  the  Mafles  of  theP*"®?**'*^**^ 
ditierent  Planets  are  as  the  Wei^ts  of  the  fame  Body  at  equal  Diftances  **J^[' 
from  their  Centres.  w«ightfc 

XXI. 

We  may  difcover  after  the  fame  Manner  the  DenSty  of  the  Sun  and  of 
thofe  Planets  which  have  Satellites,    tliat  is,  the  Proportion  of  their  Bulks    Prom 
and  Mafles,  for  Newton^  (Prop.  72.)  has  proved,  that  the  Weights  of  e-T***^"  ^^ 
qual  Bodies,    at  the  Surfaces  of  unequal  homogeneous   Spheres,    are  as  thS^dcofi 
the  Diameters  of  thofe  Spheres;  therefore  if  thofe  Spheres  were  heterogc-tic». 
neous  and  equal,  the  Weights  of  Bodies  at  their  Surfaces  would  be  as  their 
.  Denfity,  fli[^fing  the  Law  of  Attraction  to  depend  only  of  die  Diftance, 
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ahd  the  MiTs  of  the  attrading  Body ;  therefore  the  Weights  of  Bodies  at 
the  Surfaces  of  unequal  and  heterc^neous  Spheres,  are  in  the  compound 
Ratio  of  their  Denfities  and  Diameters ;  confequently  the  Denfities  are  as 
the  Weights  of  the  Bodies  divided  by  their  Diameters. 

XXII. 

Tfaermtllcft  From  hence  we  find,  that  the  fmaller  Planets  are  denfer  and  placed  iiear- 
and  denfcftcr  the  Sun,  for  where  all  the  Proportions  of  our  Syftem  were  laid  down, 
Mu^ft  the^^  ^^^  **^  *^  Earth,  which  is  lels  and  nearer  the  Sun  than  Jupiter  and 
ftto.  Satum,  is  more  denfe  than  thofe  Planets^ 

XXIIli 

Newton  deduces  from  thence^  the  Reafoh  df  the  Arrangement  of  the 
Cclcftial  Bodies  of  our  planetary  Syftem,  which  is  adapted  to  the  Denfity 
of  their  Matter,  in  order  that  each  might  receive  a  Degree  of  He^t  more 
or  lefs  according  to  its  Denfity  and  Diftance ;  for  Experience  (hews  us  that 
The  rrtToothe  denfer  any  Body  is,  the  more  difiicultly  does  it  receive  Heat ;  from 
ftffigncd  by  whence  Newton  concludes  that  die  Matter  of  which  Mercury  is  compofed 
Wcwton.  (hould  be  fevcn  Times  denfer  than  thfe  Earth,  in  order  tliat  Vegetation  might 
take  place ;  for  Illumination,  to  which,  ceteris  paribus.  Heat  is  proportiona], 
is  inverfely  as  the  Square  of  the  Diftance;  but  wfe  know  the  Proportion  of 
the  Diftances  of  the  Eartli  and  Mercury  from  the  Sun,  and  ftoia  this  Pro* 
portion  we  difcover  that  Mercury  is  feven  Times  more  illuminated,  and 
confequendy  feven  Times  more  heated  thin  the  Eafth;  and  Newton  dif- 
covered,  from  his  Experiments  on  the  Thermometer,  that  the  Heat  of  our 
Summer  Sun,  feven  Times  augmented,  would  make  Water  boil ;  tliere- 
fore  if  the  Earth  was  placed  at  the  Diftance  of  Mercury  from  the  Sun,  our 
Ocean  would  be  diffipated  into  Vapour;  removed  to  the  Diftance  of  Sa- 
tum friom  the  Sun,  the  Ocean  would  be  perpetually  fix>zen,  and  in  both 
Cafes  all  Vegetation  would  ceafe,  and  Plants  and  Animals  would  perifh« 

XXIV. 

The  denfl*  It  cafily  appears,  that  the  Mafles  and  Denfities  of  fiich  Planets  only  as 
^'iVnrtl  ^'^'^  attended  by  Satellites  can  be  difcovered,  fince  to  arrive  at  this  Difcove- 
wWch*  htvery  we  muft  compare  the  periodic  Times  of  the  Bodies  revolving  round  thofe 
fateiuteaoo-  Flanets,  the  Moon  alone  is  to  be  excepted,  of  wliich  mention  will  be  made 

iyc.nbedifhere.ften 

covered,  the  ^ 

cepted.  *        Having  determined  the  Mafles  of  the  Planets,  we  find  that  thofe  Bodies 

Why  the  fun  which  have  lefs  Mafs,  revolve  round  thofe  which  have  a  greater,    and   the 

^y^^'^ ^*Jj^^* greater  Mafs  a  Body  has  the  greater  is,  ceteris  paribus,  its  attra£tive  Force; 

i*ial  revolV^hus  all  the  Planets  revolve  round  the  Sun,  becaufe  the  Sun  has  a  muth 

tUn».         greater  Mafs  than  any  of  the  Planets,  for  the  Mafles  of  the  Sun,  Jupiter, 

and  Satum  are  refpedtively  as  i,  noo  and  3000 ;  fince  therefore  the  Mai- 

fes  of  thefe  Planets  exceed  thofe  of  any  other  in  our  Syftem,  it  follows  tlut 

the  Sun  (hould  be  the  Centre  of  the  Motions  of  our  planeury  Syftem. 
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If  Attra^on  be  proportiona]  to  the  Ma&s,  the  Alteration  caufed  by  the  T^«  •^^^j^ 
Aaion  of  Jupiter  on  the  Orbit  of  Saturn  in  their  Coiyunaion,  ought  |j,7' JlJl'^t'* 
much  to  exceed  that  produced  in  the  Qrbit  of  Jupiter  by  the  Adion  of  Sa-mutudry  * ' 
turn,  fmce  the  Mafs  of  Jupiter  is  much  greater  than  tnat  of  Saturn,  sindp»d«ce  is 
this  Obfervation  evinces;  the  Alteration  in  the  Orbit  of  Jupiter  in  its  Con-*A**'"**^* 
jun<aion  with  Saturn,  though  fenfiblc  is  cqufiderably  lefs  than  what  is  obr  r«tio'^their 
fcrved  in  the  Orbit  of  Saturn,  nuires. 

KXVIL 

But  if  the  EfFed  of  Attra<ftion,  or  the  Space  dcfcribed  by  the  attra^ed 
Body,  depends  on  the  Mafs  of  the  attradling  Body,  why  (hould  it  not  alfo 
depend  on  the  Mafs  of  the  ^ttradecj  Body  ?  This  Point  furcly  deferves  to 
be  examined. 

Experiment  proves  that  all  Bodies  near  the  Surface  of  the  Earth,  when 
the  Refiflance  of  the  Air  is  removed,  defcend  with  equal  Velocities  j  for  in 
the  Air-pump,  after  exhaufling  the  Air,  Gold  and  Feathers  fall  to  the  Bot- 
tom in  the  fame  Time. 

Newton  has  confirmed  this  Experiment  by  another,  in  which  the  finalleft 
Difference  becomes  obvious  to  our  Senfes.  He  relates  (Prop,  24.  B.  2. 
and  Prop.  6.  B.  3.)  that  he  compofed  fcveral  Pendulums  of  Materials  enr 
tirely  different ;  for  inftance  of  Water,  Wood,  Gold,  Glafs,  &c.'  and  ha- 
ving fufpendcd  them  by  Threads  of  equal  Length,  for  a  confiderable  Time 
their  Ofcillations  were  Synchronal, 

xxviii. 

It  admits  therefore  of  no  Doubt,  that  the  attraftivc  Force  of  our  Earth  ^j^rai^io 
is  proportioned  to  the  Mafles  of  the  Bodies  it  attra£ls,  and  at  equal  Diftan- j,  prop*,rtio" 
CCS  it  depends  folely  on  their  Mailes,  that  is  on  tlieir  Quantities  of  Matter  ^nai  to  the 
hence  if  the  terreftrial  Bodies  were  transferred  to  the  Orbit  of  the  Moon,™*''^*^*^^" 
it  having  been  proved  already  that  the  fame  Force  afts  on  the  Moon  andf^*^"b<.[n^ 
onthofe  Bodies,  and  that  it  decreafes  as  the  Square  of  the  Diftances.  The  had  to  th« 
Diftances  being  luppofed  equal,  it  follows,  that  fuppofing  the  Moon  de-^?™  ^J  A*^- 
prived  of  her  prqjedtile  Force,  tliofe  Bodies  and  the  Moon  would  fall  in^ft'taing  ^ 
the  fame  Time  to  tlie  Sun^ce  of  the  Earth,  and  would  defcribe  equal  Spa- bodies. 
ces  in  equal  Times,  the  Refiflance  of  the  Air  being  taken  away. 

XXIX. 

The  fame  Thing  is  proved  of  ;  11  the  Planets  having  Satellites,  for  in- 
flance,  of  Jupiter  and  Saturn;  if  the  Satellites  of  Jupiter,  for  example, 
were  dl  placed  at  the  fame  Diftance  firom  the  Centre  ot  tliis  Planet,  and 
deprived  of  their  projeftile  Force,  they  would  defcend  towards  it  and 
reach  its  Surface  in  the  fame  Time  j  this  fcjjlows  from  the  Proportion  be- 
tween the  Diftances  of  the  Satellites  and  their  periodic  Times. 
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From  the  Propoition  between  the  periodic  Times  snd  DHbnoes  of  the 
primary  Planets  from  the  Sun,  it  may  be  proved  in  like  Manner,  that  the 
sun  aas  on  each  of  diem  proportionaily  to  its  Mafs,  for  at  equal  Diftances 
their  periodic  Times  "would  be  equal,  in  which  Cafe,  fuppofing  their  pro- 
jedik  Force  deftroyed,  they  ^would  all  reach  the  Sun  at  the  kme  Time^ 
therefore  the  Sun  attra&s  each  Planet  in  the  dire£l  Ratio  of  its  Mais* 

XXXI. 

This  Truth  is  further  confirmed  by  the  Regularity  of  the  Orbits  which 
^e  Satdlites  of  Jupiter  defcribe  round  this  Planet,   for  Newton  has  proved 

iCor.3.  Prop.  65. )  that  when  a  Syftem  of  Bodies  move  in  Circles  or  regu- 
ar  Ellipfes,  thefe  Bodies  cannot  be  a^led  upon  by  any  feniible  Force  but 
the  attra<5tive  Force  which  makes  them  defcribe  thofe  Curves ;  now  the  Sa- 
tellites of  Jupiter  defcribe  round  diat  Planet  circular  Orbits,  fenfibly  r^u- 
lar  and  concentric  to  Jupiter,  the  Diftances  of  thefe  Moons  and  of  Jupi- 
ter from  the  Sun  (hould  be  confidered  as  equal,  the  DifTerenoe  of  tlieif 
Pidances  bearing  no  Proportion  to  the  entire  Diftance ;  therefore  if  any  di 
the  Satellites  of  Jupiter,  or  Jupiter  himfelf,  were  more  attracted  by  the 
Sun  in  Proportion  to  its  Mafs  than  any  other  Satellite,  then  this  ilrong- 
er  AttraAion  of  ti^e  Sun  would  dUhirb  tt^e  Orbit  of  diis  Satellite ;  aiM 
Newton  fays,  (Prop.  6.  B.  3.)  that  if  this  Albion  of  the  Sun  on  one  at 
the  Satellites  of  Jupiter  was  greater  €X  lefs  in  Proportion  to  its  Mafs  thao 
that  which  it  exerts  on  Jupiter  in  Proportion  to  his,  only  one  diouiandth  part 
pf  its  total  Gravity,  the  piftancc  of  die  Centre  of  the  Orbit  of  this  Sa- 
tellite from  the  Sun  would  be  greater  or  Icfs  than  the  Diftance  oi  the  Cen- 
tre of  Jupiter  from  the  Sun,  by  the  two  thoufandth  part  of  its  whole  Dif- 
tance, that  is  by  a  fifth  Part  of  the  Diftance  of  the  outermoft  Satellite  of 
Jupiter  fropi  Jupiter,  which  would  render  its  Orbit  fenfibly  excentric  j  fincc 
then  thofe  Orbits  are  fenfibly  concentric  to  Jupiter,  the  acceleratkfig  Gra- 
vides  of  the  Sun  on  Jupiter  and  on  its  Satellites,  are  proportional  to  tbdr 
Quandties  of  Matter, 

The  fame  Reafoning  may  be  applied  to  Saturn  and  its  Satellites,   whofe 
Orbits  are  fenfibly  concentric  to  Saturn. 

Experience  and  Qbfervadon  therefore  leads  us  to  conclude,  that  the  At- 
traction of  the  Celdtial  Bodies  is  propordonal  to  the  Mafitis,  as  well  in  the 
AttraaionattraSing  Body,  as  in  the  Body  attracted ;  diat  it  is  the  Mafs  which  detcr- 
15  always  re- jpines  a  Body  to  revolve  round  another,  that  every  Body  may  be  confider- 
ciproca .      ^  indifferently,  either  as  attraidng  or  attra<fted  j"  in  fine,  that  Attradion 
is  ajways  mutual  and  reciprocal  between  two  Bodies,  and  that  it  is  the  Pro- 
.portion  between  their  Mafles  which  decides  when  this  double  Attraddon 
fliall  or  fliall  not  be  fenfible. 
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There  is  another  Property  of  Atiraaion,  by  which  it  aSs   equally  on    AttneWon 
Bodies  whetlicr  at  Reft  or  in  Motion,  am t  produces  equal  Accelerations  in  ^^,   j***)!^" 
eq[ial  Times,  from  u  hence  it  follows  that  its  A6lion  is  continued  and  uni^  cmtinnallx 
form.     VVliich   fufticiently  appears  from  the  Manner  gravity  accelerates '''>«^*' ^^« 
falling  B  dies,  and  fiom  the  Motion  of  the  Planets,  which  as  we  have  **^*^'"  ^f  "* 
fliewn  before,  are  only  greater  Projectiles  regulated  by  the  fame  Laws.        I^'on/* 

XXXIIU 

Since  the  Proportion  fubfiftiilg  between  the  Maflcs  of  Bodies  which  at-  MMit  •f 
traft  each  other  determines  how  much  one  approaches  towards  the  other,  ^***a'^*'  ^ 
it  is  evident  that  the  Sun   having  a  much  greater  Mafs  than  the  Planets,  [h' pi w«tt 
their  AQion  on  him  Ihould  be  inienfible.     However  the  A^on  of  theonUicfMii 
Planets  upon  the  Sun,  tho'  too  inconfiderable  to  be  fenfible,  produces  its  Ef- 
fect ;  and  on  Examination  we  find  that  the  center  round  which  each  Planet 
revolves  is  not  the  center  of  the  Sun,  but  the  Point  which  is  the  common 
center  of  Gravity  of  the  Sun  and  Planet^  whofe  revolution  is  confidered. 
Thus  the  Mafs  of  the  Sun  being  to  that  of  Jupiter  as  i   to  xivr  *"<•  ^^^ 
diftance  of  Jupiter  from  the  Sun  being  to  the  Sun's  femi  diameter  in  a  Ratio 
fomewhat  greater,  it  follows  that  the  common  Center  of  Gravity  of  Jupiter 
and  the  Sun  is  not  far  diftant  from  the  Surface  of  the  Sun. 

By  the  fame  way  of  reafoning  we  find  that  the  common  Center  of  Gra- 
vity of  Saturn  and  theSun  falls  within  the  Surface  of  the  Sun,  and  making  the 
fame  Calculation  foV  all  the  Planets,  Newton  fays  (Prop.  12,  B,  3.)  that  if 
the  Earth  and  all  the  Planets  were  placed  on  the  fame  Side  of  the  Sun,  the 
common  Center  of  Gravity  of  the  Sun  and  all  the  Planets  would  fcarce  be 
one  of  his  Diameters  diftant  from  his  Center.  For  tho*  we  cannot  deter- 
mine the  Mafles  of  Mercury,  Venus  and  Mars,  yet  as  ihefc  Planets  are 
ftill  lefs  than  Saturn  and  Jupiter,  which  have  infinitly  lefs  Mafs  than  the 
Sun,  we  may  conclude  that  their  Mafles  do  not  dter  this  Proportion. 

xxxiv. 

It  IS  about  this  common  Center  of  Gravity  that  the  Planets  revolve,  and  "'*'"*•  **.^ 
the  Sun  himfelf  ofciliates  round  this  Center  of  Gravity  in  Proportion  to  the  mij^'  ^^ 
Aflions  of  the  planets  exerted  on  him.     When  therefore  we  conHder  the  fun  '•feil- 
Motion  of  two  Bodies  whereof  one  revolves  round  the  other,  riporou fly  J'»^  »•»»<* 
fpeaking  we  fliould  not  regard  the  central  Body  as  fixed.    The  two  Bodies,  c^Jcr"^ 
viz  the  central  Body  and  that  which  revolves  round  it,  both  revolve  round  gravity  of 
their  common  center  of  Gravity, but  thefpaccs  thev  defcnbe  round  this  com-  ««'  planeta- 
mon  Center  being  in  the  inverfe  ratio  of  their  Mafles,  the  Curve  defcribed  '^  'J^^""* 
by  the  Body  which  has  the  leaft  Mafs  is  almoft  infenfible;  For  this  Reafon 
the  Curve  defcribed  by  the  Body  whofe  revolution  is  fenfible  is  only  con- 
fidered,  and  the  fmall  Motion  of  the  central  Body,  which  is  regarded  as  fixed, 
is  ncg1e£ted. 


f> 
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The  Earth  and  the  Moon  therefore  revolve  round  their  comnion  Cent^ 
of  Gravityyand  this  Center  levolves  round  the  Center  of  Gravitvof  the  Earth 
and  the  Sun.  The  Cafe  is  the  fame  with  Jupiter  and  his  Moons,  Saturm 
and  his  Satellites,  and  with  the  Sun  and  atl  the  Planets.  Hence  the  Sun 
according  to  the  diiFerent  Pofittons  of  the  Planets  (hould  move  fucceiti vely  od 
every  Side  around  the  common  Center  of  Gravity  of  onr  planetary  Syftem. 
TMt  com-  XXXVI. 

S^riWw*U     '^^^  common  Center  of  Gravity  is  at  reft,  for  the  different  Parts  6f  thk 

■r  wft.     "  Syftem  conftantly  correfponds  to  the  fame  fixed  Stars ;  now,  if  (his  Center 

was  not  at  reft  but  moves  uniformly  in  a  ftraight  Line,  during  fo  many 

thoufand  Years  that  the  Heavens  have  beenobferved,  there  muft  have  been 

remark(}d  fome  Alteration  in  the  Relation  that  the  different  Parts  of  our 

planetary  Syftem  bear  to  the  fixed  Stars ;  but  as  no  Alteration  has  beenob-* 

ferved;  it  is  natural  to  conclude  that  the  common  center  of  Gravity  of  our 

Syftem  is  at  reft     This  Center  is  the  Point  where  all  the  Bodies  of  our  pla* 

Hence  cbit  netary  Syftem  would  meet  if  their  proje^le  Forces  were  deftroy*d. 

loc**be*the      ^*  ^^  Center  of  Gravity  of  our  planetary  Syftem  is  at  reft,  the  Center  of 

center  ofthe  the  Sun  Cannot  be  this  Center  of  Gravity  iince  it  moves  according  to  the 

Am,  which  different  Pofitions  of  the  Planets,  though  on  Account  ofthe  fmall  Difiance 

"etgaU  ^^  between  the  Center  of  the  Sun  and  the  common  Center  of  gravity  of  our 

'*      ^'     planetary  World  it  never  fenfibly  recedes  from  its  Place. 

XXXVII. 

Since  Attradion  is  proportional  to  the  Mafs  of  the  attracting  Body,  and 
that  of  the  Body  attra3ed,we  fhould  conclude  that  it  belongs  to  every  Paro- 
tide of  Matter,  and  that  all  the  Particles  of  which  a  Body  is  compofed 
af  trad  each  other  ;*  for  if  Attraction  was  not  inherent  in  every  Particle  of 
Matter  it  would  not  be  proportional  to  the  Mafs. 

XXXVI 11. 

AniVrer  to    .  This  Property  of  Attraction,  of  being  proportional  to  the  Mafl[es,fiipplya 
***f^a^  us  wiih  an  Anfwcr  to  an  Objection  which  has  been  allcdged  againfl  the 
mthcattrgc-  >nutuai  Attraction  of  Bodies.     If  all  Bodies  it  is  faid  are  endued  with  thi» 
tionof  terer-  Property  of  mutually  attracting  each  other,why  is  not  the  Attraction  which 
trill  bodies  tereftrial  fi odies  ex er ton  each  other  fen fible?  but  itiseafly  perceived  that 
JiMftafc"*    Attraction  being  proportional  to  the  MafTes  of  the  Attracting  Bodies,the  At- 
traction exerted  by  the  Elarth  on  tereftrial  Bodies  is  far  more  intenfe  than 
what  they  exert  on  each  other,  and  of  Confequence  thefe  partial   Atrato* 
tions  are  abforbed  and  rendered  infenfible  by  that  of  the  Earth. 

XXXIX. 

It  it  feofi-  The  Academicians  who  meafured  a  Degree  of  the  Meridian  in  Peru,  Tm- 
Ue  fai  fcone  agined  they  perceived  a fenfible  Deviatjpn  in  the  plumb  Line  occafioaed  by 
SiTSeWa"  ^^^  Attraction  ofthe  Mountain  Chimboraco  the  higheft  of  the  Cordiliers  it  \% 
cioa  af  du  certain  f(om  Theory  that  the  Attraction  of  this  Mountaii}  fliould  a^t  the 
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^omb  Line  and  all  Bodies  in  its  Neighberbood :  but  it  remains  to.  know  ptMb  list 
whether  the  quantity  of  the  obferved  Ekviation  correTponds  with  that  which  •I  ^^^i^ 
Ihoold  reTult  from  the  Bulk  of  the  Mountain  for  befides  that  thefe  Obfervsti-  uc^ 
ons  do  not  determine  the  precife  Quantity  of  the  Devitation^on  account  of  thf 
errors  infeperable  from  practice.  Theory  does  not  furnifh  any  Method  of  ef- 
timating  exactly  the  quantity  of  this  Deviutioni^  as  the  fntire  Magnitude 
Denftty  &c.  of  the  Mountain  are  unknown. 

xu 

The  fame  reafon  that  hinders  us  from  perceiving  the  mutual  Attraction  of 
Bodies  on  the  furface  of  the  Earth,  renders  alfo  the  mutual  Attraction  of  the 
heavenly  Bodies  very  feldom  fenfible.  For  the  more  powerful  Action  that 
the  Sun  everts  on  them,  prevents  this  mutual  Attraction  from  appearing. 
However  in  fome  cafes  it  is  perceivable,  for  inftance  in  the  conjunction  of 
8aturn  and  Jupiter  their  Orbits  are  fenfibly  difturbed,  the  Attraction  of  thofe 
two  Planets  being  too  (Irong  to  be  abforbed  by  that  of  the  Sun. 

As  to  the  fenuble  Attractions  of  certain  tereftrial  Bodies,  fuch  as  Magne-  Masnctirai 
rifm  and  Electricity,  they  follow  other  Laws  and  probably  arife  from  Caufes  •?*■  '^^^ 
difierent  from  the  univerfal  Attraction  of  Matter.  dlSrenT* 

NewtQti  demonftrates  (Prop^  66.)  that  the  mutual  Attractions  of  two  canfci  fr«m 
Bodies  revolving  round  a  Ttiird,  difturb  lefs  the  Regularity  of  their  motions  ^^  vmvwtt 
when  the  Body  round  which  they  revolve  is  ^agitated  by  their  Attractions,  ooof^oS^ 
than  if  it  was  at  reft;  hence  theinconiiderable^Irregularities  obferved  in  the 
planetary  Motions,  is  a  further  Proof  of  the  mutual  attraction  of  the  celefti- 
^1  Bodies. 

XLI. 

Thelrregulaiities  In  the  Motion  of  any  Planet  ariiing  from  the  Adions   Mafiaer  of 
of  the  reft,  are  more  or  lefs  confiderable,  in  Proportion  as  the  Sum  of  the  detcnmninf 
Fradions  compofed  each  of  the  Mafs  and  Square  of  the  Diftance  of  each  of  *J*?  ""^'J^ 
the  other  Planets,  is  more  or  lefs  confiderable  with  refped  to  the  Mafs  of  I^^SoTof  * 
the  Sun  divided  by  the  Square  of  its  diftance  from  the  Planet,  but  as  the  the  pbnct* 
Planes  in  which  the  Planets  defcribe  their  Orbs  are  difierently  fituated  with  ■'"?"«  "^ 
rcfpea  to  each  other,  the  Directions  of  the  Central  Forces  of  which  the  2*^trSi«ii 
Planets  are  the  Origin,  are  each  in  different  Planes,  and  they  cannot  be  all 
reduced  to  fewer  than  Three,  by  the  Rules  of  the  Compofition  of  Forces ; 
each  Planet  therefore  ihould  be  confidered  as  actuated  every  inftant  by 
three  Forces  at  the  fame  Time,  the  firft  is  a  tangential  Force,  or  a  Force 
acting  in  theDirection  of  the  Tangent  of  the  Planets  Orb,  which  is  the  Re- 
fult  of  the  Compofition  of  all  the  Motions  which  the  Planet  was  affected 
with  the  precedent  Inftant.    The  fecond  is  an  accelerating  Force,  com- 

Emnded  of  all  the  central  Forces  of  the  Planets,  reduced  to  one  in  a  right 
ine  in  a  Plane  whofe  Pofition  is  determined  by  theCenter  of  the  Sun,  and 
by  the  Direction  of  the  tan^ntial  Force ;    the  Difference  between  ttu% 
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compounded  Force  and  the  ftmpie  central  Force  which  has  no  other  Source 
but  the  Sun,  is  called  the  pcrturbating  Force.     The  third  Force  is  the  dc- 
turbating  Force,  compounded  of  all  the  fame  central  Forces  of  the  Planets 
reduced  to  one  in  a  Direction  perpendicular  to  the  Planes  of  their  Orbits ; 
this  Force  is  very  fmall  in  comparifon  of  the  two  others,  on  account  of 
the  fmall  Inclination  of  thofe  Planes  to  one  another,  and  bccaufe  the  Sun 
AbftnAiof  P'^ced  in  the  Inlerfcction  of  all  thofe  Planes  does  no  way  contribute  to  the 
from  iii€     Production  of  this  dcturbating  Force.     If  the  Planets  were  only  actuated  by 
mututi  at-  the  two  firft  Forces  their  Combination   would  ferve  to  determine  their 
the*7anett    Trajectories  which  would  be  each  in  a  conftant  Plane,  and  if  the  pcrtur- 
their* aphclit  bating  Force  vanilhed  then  they  would  be  regular  Ellipfcs,  and  confequent- 
aic  at  icft.  ly  the  Aphclia  and  Nodes  of  the  Planets  would  be  fixed  (Prop.  14.  R  3.  & 
Prop.  I .  &  M  -  B.  I .)  if  not ;  thele  Trajectories  might  be  confidered  as  mo- 
veable EUipfes  on  account  of  the  prodigious  excefs  of  the  central  Force  of 
the  Sun  over  the  perturbaiing  Force,  it  is  thus  Newton  inveftigatcd  the 

Juantity  and  direction  of  the  Motion  of  the  Line  of  the  Apfides  of  the 
*Unet9  occaftoned  by  the  Action  of  Jupiter  and  Saturn,  which  according  to 
his  Determination  follows  the  Sefquiplicate  Proportion  of  the  diftances  of 
the  Planets  from  the  Sun,  from  whence  he  concludes  (Prop.  14.  B.  3.)  that 
fuppofing  the  Motion  of  the  line  of  the  Apfides  of  Mars  in  which  this  Mo- 
tion is  the  mod  fenfible  to  advance  in  a  100  Years  33™  20*  in  confequentia, 
The  now  the  Aphelia  of  the  Earth,  Venus  and  Mercury  would  advance  17*  40' 
motion   of  io"  53*  &  4™  1 6*  refpectively  in  the  fame  Time. 
^f*h*^V^*r      This  flow  Motion  of  the  Aphelia  confirms  the  Law  of  univerfal  Gra- 
luh/n^  vitation,  for  Newton  has  demonftrated    (Cor.  1.  Prop.  45.)  that  if  the 
^oof  that    Proportion  of  the  centripetal  Force  would  recede  from  the  Duplicate  to  ap- 
#ttraaioii     proach  to  the  Triplicate  only  the  60th  Part,  the  Apfides  would  advance  3 
tnvcrfe  rado  Degrees  in  a  Revolution,  therefore  fince  the  Motion  of  the  Apfides  is  a!- 
of  thcfquaic  moft  infenfible.  Gravity  follows  the  inverfe  duplicate  Proportion  of  the 
of  the  <iif- diftances. 

uoces  gyj  jj^^  deturbating  Force  which  aQs  at  the  fame  Time  caufes  the 

Planes  of  thofe  moveable  Ellipfes  to  Change  continually  their  Pofition  ;  let 
there  be  fuppofed  in  the  Heavens  an  immoveable  Plane,  in  a  mean  Pofition 
between  all  thofe  the  Trajectory  of  the  Earth  would  take  in  confequence  of 
the  deturbating  Force,  which  may  be  called  the  true  Plane  of  the  EcKptic, 
it  is  manifeft  that  thi»  Plane  being  very  little  enclined  to  the  Plane  of  the 
Orbit  of  Each  Planet,  it  is  almoft  parallel  to  it,  and  confequently  the  Direft- 
jon  of  the  deturbating  Force  is  always  fenfibly  perpendicular  to  the  true 
Plane  of  the  Ecliptic,  and  it  is  eafy  to  conceive  that  the  efFeS  of  this  Force 
produced  in  the  Direciion  in  which  it  acts,  is  either  to  remove  the  Planets 
from  or  to  make  it  approach  the  true  Plane  of  the  Ecliptick,  confequently 
to  caufe  a  Variation  in  the  Inclbation  of  thefmall  Arc  which  the  Planet  dtt- 
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cfibcs  that  inftant  with  the  true  Plane  of  the  Ecliptick,  the  Pofition  of  the 
Planes  of  the  TrajeQories  of  the  Planets  varies  therefore  In  Proportion  of  the 
Intenlity  of  the  deturbating  Force,  and  in  the  Diredion  in  which  this  Force 
zQs ;  if  for  Example  the  Force  tends  to  make  the  Planet  approach  the  true 
Plane  of  the  Ecliptic  the  Node  advances  towards  the  Planet  with  a  Velocity, 
which  tho*  fmall  incrcafes  diminiflies  or  vanifhes  according  as  the  intenfity 
of  the  deturbating  Force  increafes  dimini(hes  or  vanilhes,  but  in  this  Cale 
the  Node  cannot  advance  or  go  meet  the  Planet  without  moving  in  an  op- 
pofite  Direction  to  that  of  the  Planet,  if  therefore  the  heliocentric  Motion 
is  retrograde  as  in  a  greatNumber  of  Comets,  that  of  the  Nodes  will  be  di- 
rcft,  the  contrary  would  arrive  if  the  deturbating  Force  tended  to  remove 
the  Planet  from  the  true  Plane  of  the  Ecliptic.  Newton  fays  that  fuppofing  p 
the  Plane  of  the  Ecliptic  to  be  fixed  the  Regreffion  of  the  Nodes  is  to  the  rorTfthV 
Motion  of  the  Apheliiim  in  any  Orbit  of  a  Planet  as  i  o  to  21  nearly  (c ).  aodw  ©f  the 
It  is  therefore  only  by  this  Compofition  of  Forces  that  all  the  Ir-  P>»5**  •«- 
regularities  of  the  celeftial  Motions  can  be  invefligated,  it  is  in  difcern.  Newtonr 
ing  the  particular  Effefts  of  each  of  thofe  compounded  Forces,  and  after- 
wards uniting  them,  that  not  only  thofe  Irregularities  that  have  been 
obferved  can  be  determined,  but  thofe  which  will  be  remarked  here- 
after will  be  foretold.  But  it  is  eafy  to  perceive  how  much  fagacity  and 
addreB  to  handle  the  fubVimeft  Analyfis  thefe  Refchearches  require,  and  as  it 
is  almoft  impofflible  to  combine  at  once  the  central  Forces  of  more  than  three 
Bodies  placed  in  different  Planes,  in  order  to  difcover  the  irregularities  of  the 
Motions  of  a  Planet  or  Comet  it  is  neceffary  to  calculate  fuccefively  the 
Variations  that  each  Planet  taken  feperately  can  caufe  in  the  central  Force 
of  which  the  Sun  is  the  Focus.  The  Succefs  that  has  attended  the  united 
Eflfbrts  of  the  firft  Mathematicians  in  Europe  fhall  be  explained  hereafter, 

Tbeory  of  the  Figure  of  tbe  Planets. 

1. 

The  Planets  have  another  Motion  vrt.  their  Rotation  round  their  Axes,    Thecinfc 
we  havefeen  already, that  this  Motion  of  Rotation  has  only  been  difcovered  oftherourj 
in  the  Sun,  the  Earth,  Mars,  Jupiter  and  Venus,  [and  that  Aftronomers  do  motion  of 
not  agree  about  the  Time  in  which  Venus  turns  round  tho'  they  areonani-  t*  ^^* 
mous  with  refpeS  to  its  Rotation.    But  tho'  it  has  not  been  difcovered  from  yet  iMeo  4if 
Obfervation  that  Mercury,  Saturn  and  the  Satellittes  of  Jupiter  and  Saturn  coTere4, 
turn  round  their  Axes,  from  the  uniformity  that  Nature  Obferves  in  her 
Operations,  it  tis  highly  probable  that  thofe  Planets  revelve  round  their 
Axes^  and  that  all  the  celeftial  Bodies  partake  of  this  Motion. 

(c)  Dc  SyftCQUlte  onindi  Page  3^  Edition,  1731. 


LXIV.  SYSTEM  OF  THE 

from  the  Center;  therefore  the  Gravities  in  each  of  the  Canals  correfpoaj. 
ing  to  the  Equator  and  to  the. Pole  will  be  aa  the  Diftances  from  the  Cen- 
ter of  the  Bodies,  which  are  placed  in  thofe  Canals;  therefore fuppofing 
thefe  Canals  to  be  divided  into  Parts,  proportional  to  the  Wholes,   confe* 
quentely  at  Diftances   from  the  Center  proportional  to  each  other,  by 
Tranfverfe  Planes,  which  pafs  at  Diftances  proportional  to  thofe  CanaiSi 
The  Weights  of  each  Part  in  one  of  thofe  Canals,  will  be  to  the  Wei- 
ghts  of  each  correfpondent  Part  in  the  other  Canal,  in  a  conftant  Ratio, 
conlcquentiy  thefe  Weights  will  be  to  each  other  m  a  conftant  Ratio  of 
each    Part,  and    their   accelerattve  Gravities  Conjointly,  that  is  as  loi 
to  100,  and  500  to  501,  that  is,  as  505  to  501  ;  therefore  if  thecen^ 
trifugal  Force  of  any  Part  of  the  Eqaatorial  Canal  be  to  the  abfolute 
Weight  of  the  fame  Part  as  4  to  505,  that  is,  if  the  centrifugal  Fonx 
detrads  from   the  Weight  of  any  Part  of  the   Equatorial   Canal  ^ 
Parts,  the  Weights  of  the  Correfpondent  Parts  of  e&ch  Canal  will  be- 
come equal,  and  the  Fluid  will  be  in  Equilibrio.      But  we  have  feen  that 
the  Centrifugal  Force  of  any  Part  under  the  Equator,  is  to  its  Wei- 
ght as  I  to  289,  and  not  as  4  to  505 ;    the   Proportion  of  the    Axes 
therefore  muft  be  different  from  that  of  100  to   loi,  and  fuch  a  Pro- 
portion muft  be  found  as   will  give  the  Centrifc^al  Force  under  the 
Equator,  only  the  aSpih  Part  of  Gravity. 
whJ^h         ^*^  ^*^**'^  ^^^y  found  .by  the  Rule  of  Three;  for  if  the  Proportioa 
TOndttdos*^   of  100  *o  ^o^  •"  ^^^  A^^*  ^^*  ff^^"  ^^'^  ^f  4  to  505  for  the    Pro- 
the  rttio  of  portion  of  tlie  Centrifugal  Force  to  Gravity,  it  is  manifeft  that  the  Pro* 
thcTM^^  portion  of  229  to  230  is  requifitc  to  give  the  Proportion  i   to  289  of 
be^hJl  of  °  i*^c  Centrifugal  Force  to  Gravity, 
aap  to  230,  V. 

The  flit-  ^^^  Conclufion  of  Newtcn,  that  is,  the  Quantity  of  the  Depreflion  of 
nefK  or  the  the  Karth  towards  the  Poles,  which  \\e  has  determinM  is-  grounded  on 
**'^d  X  '^'^  Principle  of  the  mutual  Attraftions  of  the  Parts  of  Matter.  But 
poics'would  ^^^*^  Dcpreirion  towards  the  Poles  would  olfo  refult  from  the  Theory 
•iw.iys  re-  of  Fluids,  and  that  of  Centrifugal  Forces,  tho'  NewtQn'B  Difcoveriea 
fuitJromthc  concerning  Gravity  were  rejcfted,unl eft  very  improbable  Hypothefes  con* 
cenl^rTtw.,!  cerning  the  Nature  of  primitive  Gravity  were  adopted. 

forctji  and  VI,  , 

thatoinuids  Noiwithftanding  the  Authority  ot  AWt'/e«,  and  although  Hugbens  in 
the!ilofu°a  «flu™nRa  different  Hypothefis  of  Gravity  arrived,  at  the  fame  Conclufion 
viry  isaf.  oMhe  Depreflion  of  the  Karth  towards  the  Poles  ;  and  tho'  all  the  Ex- 
fun  cd.  periments  made  on  Pendulums  in  the  different  Regions  of  the  Earth, 
The  cpea-  confirmed  the  dccreafe  of  Gravity  towards  the  Equator,  and  confe- 
fufcofihc  quently  favoured  the  opinion  of  the  Fiatnefs  of  the  Earth  towards  the 
twf^!'7-  Poles,  yet  the  Mcafures  of  Degrees  in  France,  which  fcemed  to  dc- 
to  in  FuQcc  creafe  as  the  Latitude  uicreaicd  itill  rendered  the  Figure  of  the  Earth 
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\inceTta\n.     Hypothefes  were  formed  on  the  Nature  of  primitive  Gra«  ^cafionca 
iity,  ^hich  gave  to  the  Earthy  fuppolcd  at  reft,  a  Figure  whofe  Alter-  jJ^ViTttS 
ation  agreed  wiih  the  Theory  of  centrifogal  Forces^  and  with   the  ob-  ^H^^tj!^ 
long  Figiite  towards  the  Poles  refiilting  from  (he  afloat  Kfeafures.  Muttu 

For  the  Oueftion  of  the  Ffgure  of  the  Fatth  depends  on  the  Law  ac- 
cording to.  which  prioiitiye  Gravity  a  As,  and  it  is  certain,  for  Example, 
that  if  this  Force  depended  on  a  Caufe  which  would  make  it  draw  (ometimea 
to  orfe  Side  and  at  other  limes  to  another,  and  which  intreafed  of  diminilh- 
M  wiibout  any  conftaiu  Lair,  neither  Thc<>fy  nor  OUervafidn  ever  could 
detcriBlioe  this  Figcrcu 

To  decid^i  this  QgefKon  finally  it  was  Ncccflary  to  Moafiire  a  Degree  un-   xjie  tanS 
der  the  Fxiuator,  and  another  within  the  polar  Circle ;  if  the  French  Af-  f«ret  ©f  cKt 
frommers  gave  Occafioo  to  the  Doubts  raifed  concerning  the  true  Figure  "T'***'* 
.6f  the  Earth,  yet  in  Juftice  to  them  it  muft  be  acknowledged,  (hat  it  is  JJ~d!cto 
fp  their  indefatigable  Ihdffftry  we  are  indebted  for  the  Confirmation  of  the  nd  n  th« 
Theory  of  Newton^  M^ith  Rcfped  to  the  Figure  of  the  Earth,  whofe  De-  «*!"■»' 
{ireflloA  t<>wards  the  Pqjes  ta  naw  uqiverfally  albwed  th«^tUwv 

...     .  Vlrt.  'J  .-  •TNcirtafc 

in  determining  the  Ratio  of  the  Axes  of  the  Earth,  Nnjoton  befidcs  the 
iQi^flA  Attra^ion  of  the  Parts  of  Matter  fuppofes  the  Earth  t6  be  an 
£lKp(tc  Spheroid,  and  that  its  Matter  is  Homogeneous  ;  Maclaurin  in  his  .T^  '"PP* 
e^cejknt  Piec6  to  the  Tides  which  carried  the  Prife  of  the  royal  Aea-  ^Ij^i^J^ 
detny  of  Sci^nofesin  1740,  waslhefirft  who  demorrft^ated  that  the  Earth  Aip-  ia  detcmia 
poled  Fluid  and  Honu^jencons,  whofe  Parts  attrad  each  other  tnuttally  and  i«c<^«  ^ 
are  befides  A<trafted  by,  the  Sun  and  Moon,  revolving  about  its  Axis,  would  ^l^^^ 
fieceflarily  afliime  theForrtfof  an  ElUptic  Spheroid,  and  demonftrated  fur-    Maclnna 
thcr,  that  in  this  Spheroid  not^nly  the  Dlr^dibn  of  Gravitv  was  perpendi-  vcriM  cte 
cular  to  the  Surface,  and  the  Central  Columns  in  Equilibfio,  but  that  any  ^^ 
Point  whatfoever  within  the  Spheroid  was  equally  preficd  on  every  Side; 
tiihiQ]^  laft  Point  was  no  lefs  NecefTary  to  be  proved  than  iht  tw6  firft,  ini 
Ofder  to  bei  aiSired  that  the  Fluid  was  in  Iv^ullibrio,*  yet  had  been  negleded 
try.  all'thofe who  before  treated  of  the  Figdre  of  the  Earth,, 

Tke  Cafe  is. not  the  fame  with  regard  to  the  fe66nd  Stippofition  viz.  it'uproVs 
the  Hflinogenetty  of  the  Matter  of  the  Earth,  for  it  \i  very    poilible  ^thattht 
(and  iViw/ffii  himfelf  was  of  Opinion  Prop,  ao  B.  3)  that  thei>toiity  6f??*^** 
the  Eai;th  increafes  in  approaching  the  Center,  now,  the  difierent  Den-     ** 
fides  of  the  Strata  of   Matter  compoTmg  the  Earth  fhould  change  the 
Law  according  to  which  the  Bodies  of  which  it  is  compofed  Gravitate, 
and  of  Coafequepc^  fiiopld  alter  the  Proportion  ot  its  Axes* 
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IZ. 

Ctairaui  improving  on  the  Refearches  of  Madaurin  has  (hewn  that  i* 
'j"'* ''***  "™onff  all  the  moft  probable  Hrpothefet  that  can  be  framed  concerning  the 
If  thf  ttrVb  DenUty  of  the  interior  Parts  of  the  Earth  cofidered  as  an  Elliptic  Spheroid^ 
decrctfet  la  that  adopting  Attradion,  there  always  fubfiAs  (uch  a  Connexion  bctweea 
f^f^    the  Fraction  expreffing  the  Diflfcrence  of  the  Axes,  and  that  whicti  tx^ 
ffiJ^e/tt  preffes  the  Decreafe  of  Gravity  from  the  Pole  to  the  Equator,  that  if  one 
chcpdet.    of  thofe  two  Fradions  exceeds  ^fv  by  any  Quantity,  the  other  will  be  tx* 
adly  fo  muchlefs;  to  that  fuppofing,  for  Inftance,  that  theexceTs  of  the 
equatorial  Diameter  above  the  Axe  is  ^,  a  Suppofition  conformable  with 
the  afibal  M eafuies,  we  Ihall  have  ^fr  7*  if c  <^  zjt  for  ^^^  Quantity  to  be 
fubtraded  from  vj^  in  Order  to'  obtain  the  total  Abrevtation  of  the  Pen- 
dulum in  advancing  from  the  Pole  to  the  Equator,  that  is  to  fay,  that  this 
Abreviation  or  what  comes  to  the  fame  the  total  Diminution   of  Gravity, 

will  be  TTY  — m>  <>«•  rir  n«ar'y- 

Now,  as  all  the  Experiments  on  Pendulums  (hew  that  the  DiminntioB 
of  Gravity  from  the  Pole  to  the  Fxiuator,  far  from  being  lefs  than  rh*  ^ 
this  Theory  requires,  is  much  greater,  it  follows,  that  the  aQual  Mea- 
furesin  this  Points  are  inconfiftant  with  the  Theory  of  the  Earth  confi- 
dered  as  an  Elliptic  Spheroid. 

It  follows  from  the  Theory  of  Clairaut,  that  admitting,  the  Suppofi- 
tions  the  moft  natural  we  can  conceive  or  imagine  with  regard  to  the 
internal  Strufiure  of  the  Earth  confidcred  as  an  oblate  Elliptic  Spheroid,  that 
the  Ratio  of  the  Axes  cannot  exceed  that  of  229  to  230  fmce  this  Ratio 
is  what  arifes  from  the  Suppofition  of  the  Homogeneity  of  the  Earth,  and 
that  it  refults  from  this  Theory,  that  in  every  other  Cafe  Gravity  in- 
creafing,  the  Depreflion  towards  the  Poles  is  lefs. 

Tho'  the  Earth  fuppofed  Fluid  and  Heterogeneous  whofe  Parts  at- 
tra£leach  other  mutually,  aflumes  an  Elliptic  Form  ccnfiftent  with 
the  Laws  of  Hydroftaticks,  yet  it  might  equally  aiTume  an  infinite 
Number  of  other  Forms  confiftent  with  the  fame  Laws,  as  Dalambert  has 
demonftrated,  and  as  a  Variation  in  the  Form  would  necefTarily  produce  one 
in  the  Decreafe  of  Gravity  from  the  Pole  to  the  Equator,  and  confequently 
in  the  Ratio  of  the  Axes,  it  is  highly  probable  that  a  Figure  will  be  found 
that  will  condud  to  a  Refult  fuch  as  will  reconcile  Theory  with  Obfervation. 
The  Recherches  of  this  eminent  Mathematician  fhall  be  explained  hereafter. 
Newton  having  computed  the  Ratio  of  the  Axes  of  the  Earth,  deter« 
mines  the  Excefs  of  its  Height,  at  the  Equator  above  its  Height  at  the 
Poles,  in  the  following  Manner.  The  Semidiameter  (b  +  c)  at  the  Equa- 
tor being  to  the  Semidiameter  (b)  at  the  Poles,  as  23O  to  229,  c  =:  — 

and  2b  =458  c.  and    the  Mean  Semidiameter  according    to  Picart*s 
menluration,    being    19615800    Paris    Feet,    or    3923^     16     Miles, 


\ 
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(rccViomng  5000  Feet  for  a  Mile,)  2  X  1961  $800  s:  ab  +  c.  confequently 
4S9  c.  =  2  X  19615800  and  the  Excefs  (c)  of  the  Height  of  the 
Earth  at  the  Equator,  above  its  Height  at  the  Poles^  U  85472  Feet  or  17 
MiJet  ^,  and  Subftituting  iQ  the  Equation  2  X  19615800=  ab  +c. 
hr  c  its  Value,  there  will  refult  459b  r=  a  X  1 961 5800  X  22^»  wherefore 
the  Height  (b)  at  the  Poles  will  be  19573064  and  the  Height  (b+c) 
at  the  Equator  19658536  Feet. 

X. 

After  determining  the  Relation  of  the  Axes  of  the  Earth  fuppofed  Ho-  •^nrluc  m 
mogeneous,  Newton  inveftigates  after  the  following  Manner  (Prop.  20  B.  3)  the  weighu 
what  Bodies  weigh  in  the  diflferent  Regions  of  the  Earth.    Since  he  had  ^{[^j^vciic 

Coved  that  the  Polar  and  Equatorial  Columns^  were  in  Equilibrio  when  their  ^^^n^  of 
Rigths  were  to  each  other  as  229  to  230  it  follows  that  it  a  Body  (B)  be  Uw  ctftk 
to  another  (b)  as  229  to  230,  and  the  one  (B)  be  placed  at  the  Pole^  and  the 
other  (b)  at  the  Equator,  the  Weight  (W)  of  the  Body  (B)  will  be  equal  to 
the  Weight  (w)  of  the  Body  (b).  but  if  thofe  two  Bodies  be  placed  at  the 
Equator  the  Weight  {W)  of  the  Body  (B)  will  be  to  the  Weight  (w)  of  the 
BcNdy  (b)  as  229  to  230,  wherefore  the  Weight  [W]  of  the  Body  [B]  at 
the  Pole  will  be  to  the  Weight  ]1V\  of  the  fame  or  of  an  equal  Body  at 
the  Equator,  as  230  to  229,  that  is  reciprocally  as  thofe  Columns,  we  fee  by 
the  fame  reafomng,  that  on  all  the  Columns  of  Matter  compofing  the 
Spherdd,  the  Weights  of  Bodies  ihould  be  inverfely  as  theie  Columns^  that  is 
as  their  Diftances  from  the  Center ;  therefore  fuppofihg  the  Diflance,  of  any 
Place  on  the  Surface  of  the  Earth,  from  the  Center  to  be  known^  the 
Weight'of  a  Body  in  this  Place  will  be  known,  and  confequently  the  Quan- 
tity of  the  Increafe  or  Decreafe  of  Gravity,  in  advancing  towards  the 
Poles  or  the  Equator :  but  as  the  Difiance  of  any  Place  from  the  Center 
decreafes  nearly  as  the  Square  of  the  Sine  of  the  Latitude,  or  as  the  Verfe 
Sine  of  double  the  Latitude  as  may  eafly  be  proved  by  Calculation,  wefe^ 
how  Newton  formed  the  Table  given  (Prop.  20  B.  3)  where  he  lays  dowa 
the  Decreafe  of  Gravity  in  advancing  from  the  Pole  to  the  Equator. 

•  Example.  The  Latitude  of  Paris  being  48*  50*  that  of  Places  under 
the  Equator  oo«  oo"  and  that  of  Places  under  the  Poles  90**,  the  verfe 
Sines  of  double  thofe  Latitudes  are  1 1 34,  occoCyand  2ooco,and  the  Force 
of  Gravity  (g)at  the  Poles  being  to  the  Force  of  Gravity  (G)  at  the  Equator 
as  230  to  229,  the  Excefs  (g  —  G  or  E)  of  the  Force  of  Gravity  at  the 
Pole,  is  to  the  Force  of  Gravity  (G)  at  the  Bquator  as  230  —  229  to 
229,  or  as  I  to  229  but  the  Excefs  (e)  of  the  Force  of  Gravity  in  the  La«- 
titude  of  Paris  is  to  the  Excefs  (E)  of  the  Force  of  Gravity  at  the 
Poles  as  1 1 334  to  20000,wherefore  by  the  Compofition  of  Ratios,  e  x  E  is  to 
EXG,  or  the  Excefs  [e]  of  the  Foice  of  Gravity  in  the  Latitude  of  Paris  i« 
iotheFoiceof  Gravity  [G]  at  the  Equator  as  iXii334to  229X20000, 
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that  is,  f»  5(67  to  aapoooo^  and  the  Force  of -Gravity  [e+G]  in  the  l^^ 
tudc  of  Paris  u  to  the  Force  of  Gravity  [G]  at  the  Equator  as  ^SSj-^-ztgoo^ 
o,  that  is»  as  2295^67  to  229000.     By  a  like  Calculus  the  Force  of  Grantj 
in  aoy  other  Latitude  is  determined. 
They  m      A>  Gravity  is  the  folc  Caufe  of  the   Ofclllations  of  Pendulurnsy    die 
pfoportMoai  flackning  of  Ihef^l  Ofclllations  proves  the  Diminution  of  Gravity^  and 
to  Che  icn    jijgj|.  Acceleration  proves  that  Gravity  a^s  more  powerfully  \  but  it  is  de- 
?h!!^oU  M  mon^at^^  that  the  Celerity  of  the  Olcillatibns  of  Pendulums  is  inverfdy 
4olomi,      as  the  Length  of  the  Thread  to  which  they  areiufpended^  therefore  when  in 
Order  to  render  the  Vibrations  of  a  Pendulum  in  a  certain  Latitude  fynchro-> 
nal  with  its  Vibrations  in  another  Latitude,  it  mud  be  ihortened  or  lengtho^ 
edy  we  Ibould   conclude  that  Gravity    is  lefs  or  greater  in  this  RegioQ 
than  in  the  other ;  Hugbens  has  determined  the  Relation  which  fubfifis  be- 
tween the  Quantity  a  Pendulum  is  lengthned  or  Shortened  and    the  I^ 
sninutionor  Augmentation  of  Gravity;  fo  that  this  Qj^ianti^  being  pn^ 
portional  to  the    Augmentation  or  Diminution  of   the  Weighty   N^m^ 
ion  has   given  in  his   Table   the  Length  of  Pendulums  inftead  of  the 
Weights. 

Example.  The  Length  of  the  Pendulum  in  the  Latitude  of  Rarit  being  5C 
81,  561,  the  Gravity  in  the  Latitude  of  Paris  [a29$667l  is  to  the  Gravity  at 
the  Equator  [2290000]  as  the  Lensth  of  the  Pendulum  in  the  Latitude  of 
Paris  [3'-  8*,  561]  to  the  Length  of  the  Pendulum  at  the  Equator  [3^  7^,684] 
By  a  like  Calculus  th^  Length  of  the  Pendulum  in  aoy  other  Latitude  it  de* 
termincd. 

^^        •  XI. 

The  Degrees  of  Latitude  decreafing  in  the  Spheroid  of  Ntwtm  in  lh« 
"y****!^  fanae  Proportion  as  ihe  Weights,  the  fame  Table  g^ves  the  Qipntity  of 
src^B  Um  the '  Dej^rees  in  jUatitude  commencing  from  the  Equator  where  the  Latitude 
fune  pr*.    is  o^'  to  the  Fole  Where  it  fs  '90^ 

fiortioa.  <  Example.  ' '  The  Length  of  k  Degree  [d]  at  the  Poles,  being  to  the  Length 
of  a  Degree  [Dj  at  the  B  fuator^  as  the  Ray  of  the  Circle  which  has  the  fame 
Curviture  as  the  Arc  ot  the  ^Meridian  at'  the  Pole,  j^  to  the  Ray  of  the  Circle 
which  has  the  fame  Curviture  as'the  Arc  of  the  Meridian  at  the  E({ttator  of  the 
Bartb/that  i^,  by  the  Property  of  the  Ellipfis,  as  the  Cube  of  230  to  die 
Cube  of  229,  that  is,  as  12167060  to  12008989,  the  Excefs  [d^D  or  8]  of 
the  Degree  at  the  Pole  is  to  the  pegree  [D]  at  the  Equator,  as  1 58011  lo 
1 20Q8980 ; '  but  the  Ezceb  [t\  of  a  Degree  in  the  Latitude  of  Paris,  is  to  th# 
Px<:ers  [Ej  of  the  Degree  at  the  jPole,  as  1 1 3^4  to  20000  verfie  Sines  of  Don« 
bleof  thofe  Latitudes.  WhereJFore  by  the  dompofitionof  Ratios  eXE  it  la 
ExD,or  the  Excefs  [e]  of  a  Degree  in  the  Latitude  of  Paris  is  to  the  Leagtii 
of  the  Degree  [D]  at  the  Equator^  as  895448337  is  to  12008989000  ;  ted 
the  Length  [e+D]  of  a  Degree  in  the  Latitude  of  Paria  is  to  the  Leng^  of  a 
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Degree  [D]  at  the  Eqimtor,  as  120985338337  to  120089890000 ;  but  the 
V^ngthof  a  Degree  in  the  Latitude  ofPajis,  according  to  ficartTt,  Menfura- 
tionb  57061  Toifes,  wherefore  the  Length  of  a  Degree  at  the  Equator  is 
56637.  By  a  like  Calculus  the  Length  of  a  Degree  in  any  other  Latitude 
isAecermined. 


Latitude  of 

f^pbiftbt 
PMum. 

Mfafiif^  of  etU  Degrn 

ibe  Place. 

in  tbe  Meridian. 

Deg. 

Feet  Lin«|. 

Tttfei. 

0 

3  •    7,46« 

56637 

5 

3  • 

7.48a 

j;664a 

10 

3  • 

7,526 

^6659 

15 

3  • 

7,S9<5 

56687 

ao 

3  • 

7,69a 

56734 

as 

3  • 

7,«ia 

56769 

30 

3  • 

7.948 
8,099 

5^!*^ 

35    ' 

3  • 

56882 

40 

3  • 

8,a6( 

5694s 
56958 

I 

3- 

8,a94 

a  ■ 

3  • 

8.337 

5697^ 

3 

3  • 

8,361 

56984 

4 

3  • 

\^ 

56997 

45 

3  • 

570»0 

6 

3  • 

8,461 

57b4a 

I 

3  • 
3  • 

8,494 
8.sa4 

570^5 
57045 

9 

3 

.    8,561 

57061 

50 

3  - 

.    8,594 

57074 

55 

3  ' 

•    I'^i^ 

57»3t 

60 

3 

■    8,987 

57.19^ 

«S 

3 

•    9,044 

57256 

It 

3 

.    $,i6a 

^7*9$ 

3 

•    9,329 

S7360 

«S 

3 

.    9,37a 
•    9,387       . 

S7377 

90 

3 

5738a 

XI  It. 


Kiwt9tf%  Table  gives  thedecreafe  of  Gravity  from  the  Pole  to  the  Equator 
£miiewhat  lefs  than  what  refuks  from  adual  Meafures,  but  this  Table  is  oi^ly 
calcalacedfcrdieCafeof  HoiaogeDcity}  andbe  informa  us  at  tbe  End  oi 
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the  Propofition  where  he  gives  this  Table^  that  fuppofing  the  Deofity  of  the 
Parts  ot  the  Earth  to  tacreafe  from  the  Circumference  to  the  Center^  the 
Piminution  of  Gravity  from  the  Pole  to  the  Equator  would  alio  increafe. 

XIV. 

Altho  Newton  feems  Inclined  to  believe,  from  the  ObfervadoBS  he  relates 
bi^«*thU*  >°  '^''^P*  ^^  ^°  ^^®  lengthning  of  the  Pendulum  occaftoned  by  the  Heat  ia 
diftr«A€cto  the  Regions  of  the  Eauator,  that  thefe  Differences  arnfe  from  the  diflRcrent 
Che  hcac  tc  Temparature  of  the  Places  in  which  the  Obfervations  have  been  made,  the 
trhJTMry  P^^  ^^^  ^^^  Attention  employM  in  preferving  the  fame  Degree  of  Heat 
climiithc  by  means  of  the  Thermometer  in  the  experiments  made  lince  NcwtaiU 
f^S£r^  Tiitie  on  the  Length  of  PenJulums  in  the  different  regions  of  the  Earth  proves 
|JJ^„  J^J**  that  thcfc  l^ifiFerences  do  not  arifc  from  this  Giufe,  and  that  the  De- 
Icftcn  cx>  creafe  of  Gravity  from  the  Pole  to  the  Equator  exceeds  the  Propprtioo  af- 
ocriineau    fign'd  by  Newton  in  his  Table. 

thlfitofc*  ^"  ^^^^  ^^^  Lengths  of  the  Pendulum  Correaed  by  the  Barometer  and 
aifkreactt  reduced  to  that  of  a  Pendulum  ofcillating  in  a  Medium  without  Refiflance 
can*  >c  ui(t  are  under  the  Equator,  439,  21  Lines, 

Uw^ng    A^  Portobello  Latitude,  9  Degrees,      439,  30  o,  09  Dfjhrenees. 

•f\hcpeA«  AtlitleGoave  Latitude,  18  Degrees,    439,  47  o,  26 

aaiampco   At  Paris  Latitude,  48''  50*         440,  67  i>  4^ 

A^«  in  A'  ^'^"^  Latitude,         66*  48™        441,  27  a,  06 

shofs  rc^i-  Nowthe  differences  proportional  to  the  Squaresof  the  Sines  of  the  Latitude, 
oai.  are  7, 24,  138,  206,  which  are  lefs  than  what  refults  from  Expenment 

XV. 

Method       At  the  End  of  Prop.  19.  6.  3.  Newton  (hews  how  to  find  the  Proportioa 
fivca  by     ^f  (h^  Axes  of  a  Planet  whofe  Denfity  and  diurnal  Rotation  are  known,  em* 
for  fi?4ini  P'oyingfor  Term  of  Comparlfon  the  Ratio  difcovered  between  the  Axes  of 
the  ratio  of  the  Earth ;  for  whether  the  Bulk  or  Ray  (r)  of  a  Planet  be  greater  or  Ids 
the  ttes  of  than  the  Bulk  or  Ray  (R)  of  the  Earth,  if  its  Denfity  (d)  be  «|ual  to  the  Deo- 
mj  pisact.   g^y  pj  ^j.  ^1^^  Earth,  and  the  Time  (t)  of  its  diurnal  Rotation  be  equal  to  ' 
the  Time  (T)  of  the  diurnal  Rotation  of  the  Earth,  the  fame  Proportion  will 
fubfift  between  the  centrifugal  Force  and  Gravity,  and  confequently  between 
its  Dis^meters  as  was  found  between  the  Axes  of  the  Earth :  But  if  its  di- 
urnal Rotation  is  more  or  lefs  rapid  than  that  of  the  Earth,  the  centrifugal 
Force  of  the  Planet  will  be  greater  or  lefs  than  the  centrifugal  Force  of  the 
Earth  and  confequently  the  Difference  of  the  Axes  of  the  Planet  will  be  great* 

er  or  lefs  than  the  difference  of  the  Axes  of  the  Earth  m  the  Ratio  of  ^to  >f^ 

(Cor.  2.  Prop.  4.)  and  if  the  Denfity  of  the  Planet  be  greater  or  lefs  than 
the  Denfity  of  the  Earth,  the  Gravity  on  this  Planet  will  be  greater  or  left 
than  the  Gravit)  on  the  Earth,  in  the  Ratio  of  d  r  to  DR,  ai^  the  Differ- 
ence  of  the  Axes  of  the  Planet  will  ^e  greater  pr  lefs  than  the  DiSerence  of 
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tlic  Axes  of  the  Earth,  in  Proportion  as  the  Gravity  on  the  Planet  it  left  or 
greater  than  thb  Gt-avity  bn  the  Earth  confequently  in  the  Ratio  -^  to^^i 
^erefore  if  the  Time  of  RotaHon  and  benfity  of  a  Planet  be  difierent  from 
-  ili?  A*^  ^^^^^*  ^^^  Difference  of  the  Axes  of  this  ttanet  compared  with 
Its  lefler  Axis,  is  to  ,i^  the  difference  of  the  Axis  of  the  Earth  compared 

w.ehit,lcflerA,I.....^^.»^„R_whlchgive,dTX^  for 

the  erpreffion  of  the  DiflferehCe  of  the  Axes  of  the  Planet 

xvt* 

Hence  the  Ditfcrence  of  the  diameters  of  Jupiter,  for  tnftance  whofc  di.  £?7tt 

umal  Revolution  and  Dcnfity  are  known  will  be  to  its  leffer  Axis  in  the  com-  nrtio  of  th« 

Mund  Ratioof  the  Squares  of  the  Times  of  the  diurnal  Revolution  of  the  ^^J}^ 

Earth  and  Jupiter  of  the  l>enritiesof  the  Earth  and  Jupiter,  atid  theDificrence  HIJ^^ 

of  the  Axes  of  tht  Earth  compared  with  its  Icflfer  Axis,  that  ti,  as  ^  X 

-—  X  —  to  I.  that  is>  as  I.  to  9  i  nccrly :  Therefore  the  Diameter  of 
49*     2*9  . 

Jupiter  fromEaft  to  Weft  is  to*its  Diameter  pafling  thfro*  the  Poles  as  lo  f 
to  9  1^  neerly.  Newtm  adds  that  in  this  Detelrmtnation  he  has  fuppofed  that 
the  Matter  of  Jupiter  was  Flomogeneoai,  btit  as  it  is  probable  on  account  of 
tHe  Heat  of  the  Sun  that  Jupter  may  be  dtnttr  towards  the  Regions  of  the 
Equator  than  towards  the  Pdl^^  thefe  Diameters  may  be  to  each  other  as 
latotT,  i3toi2,  or  even  as  14.  to  13,  and  that  thus  Theory  agrees  with 
Ob(erVatian,(inceObfervation  evinces  that  Jupiter  is  deprefled  towards  the 
Poles,  and  that  the  Ratio  of  his  Axes  it  lefs  than  thatot  lo^  to  pf  and  is 
confined  between  the  ratios  of  1 1  to  12  and  13  to  t4« 

jtvi  ft  ^  ^^y  '"'■ 

This  Method  that  Newton  takes  to  explaiii  a  Dcpreilion  tovrards  the  Poles  ^^{^"^ 
of  lupiter  lefs  than  that  which  rcfults  in  the  Cafe  of  Homogenity  feems  by  M«wton 
very  improbable,!  t  is  furprifing  th^t  in  Order  to  explain  the  flatnefs  of  the  Fi-  »hy  the  flat 
gure  of  Tunitcr,  he  has  had  rccourfe  to  a  Caufe  whofe  Effcft  would  be  much  JS^'',*^^,!^*^ 
more  fenHbly  perceived  on  the  Earth  than  in  Jupiter,  fince  the  Earth  is  much  piter  is  Uft 
nearer  the  Sun  than  Jupiter.  *h»n  ^^^ 

The  Propofition  of  Clairaut  that  the  Flatnefs  diminilhes  as  the  Denfity  in-  [J^y/'®"* 
creates  towards  the  Center,  furnifhes  a  natural  Explication  of  this  Phenome- 
non infuppofing  Jupiter  denfer  towards  the  Center  than  at  the  Surface,  an     whrthe 
Hypothefis  entirely  confident  with  the  Laws  of  Mechanicks.  ratio  of  the 

xvm.  ^  ««ooircf 

As  the  two  Principles  neceffary  for  determining  the  Axes  namely  the  „"^th  «d  * 
diurnal  Revolution  and  the  Denfity,  are  known  only  in  Jupiter,  the  Earth,  the  fan  cao 
and  the  Sun,  thefe  are  the  only  celeftial  Bodies  the  Proportion  of  whofe  Ax-  ^  *•"«*• 
^can  bo  difcovered.    How  this  Proportion  has  been  difcovered  in  the  Earth 
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and  Jupiter  hts  been  already  (hewn ;  the  Difference  of  the  Axes  of  the  Sim 
The  pimor  j^  ^  j^^  |^jp^  ^^^j^  j„  ^j^^  compounded  Ratio  of  the  Square  of  i  to  27  J  diur- 


■Kca  of  the 

fu  it  too 


t  nal  Revohition  of  the  Earth  to  that  of  the  Sun,  of  400  tp  looDcnfitjof 

the  Earth  to  that  of  the  Sun,  and  »|,  Difference  of  the  Diameters  of   the 

JJ^*^^^- Earth  compared  to  its  leffer  Axe,  to  i,  that  is,  as  ^Ij^  to  i,a  Difier- 
oMcrnd.    ence  too  inconftderable  to  be  obferved. 

Theory  0/  the  Precfjton  0/  the  Equlnoxet. 
I. 
icwM         Fofmany  Ages  it  had  been  thought  that  the  Axis  of  the  Earth  dor- 
^ottgh^fer  j„g  jf3  annual  Revolution  prcferved  the  fame  Pofition,  and  this  Suppofiti- 
SiaTfite"*  ^n  ^^  very  natural.    For  Theory  Ihews  that  this  Parallelifra  iboald  refak 
asit  of  the   from  the  two  known  Motions  of  the  Earth,  the  annual  and  diurnal  Motion ; 
*1?*'V^  and  in  Fa6k  for  a  Number  of  Years  this  Parallelifim  is  fenlibly  preferrei 
pvaiMHin!  ^"^  ^^^^  ^^^  C6ntinuauce«  and  accuracy  oi  Aftronomtcal  Obferrationsithts 
been  difcovered  that  the  Poles  of  the  Earth  are  not  always  direQed  to  the 
fam^  fixed  Stars,  and  of  Confequence  that  the  Axis  of  the  Earth  does  not 
always  remain  parallel  to  itfelf. 

n. 
SjVhe  /^^^  Motion  of  the  Axis  of  the  Earth  wasfirft  perceived  by  .Hj!^^. 
firftwbo  cbufi  and  afterwards  e(labli(hed  by  Ptolomey  who  fixed  this  Motion  to  a 
perceived  Degree  in  a  hundred  Years,  fo  that  the  entire  Revolution  of  the  Sphere  of 
o^'orSl*^'  the  fix^d  St^rs  from  whence  Ptolomey  derived  this  appearance,  was  cora- 
polet  of  Che  pleated  in  ^6000  Years ;  and  it  was  generally  believed  in  his  Time  thst 
c«rth.  at  the  Expifatiod  of  this  Revolution  called  the  great  7>tfr,  the  celeftial 
fix^^th?*'  B<*^»^5  would  return  to  their  primitive  Pofition. 

duration  of  The  Arabs  difcovered  that  Ptolomey  had  made  this  Motion  too  flow,  U/. 
thtt  rcvoiu. /«^^^/i^  fixed  it  to  a  Degree  in  72  Years,  and  Modem  Adronomen  by 
wMttUed  '^^*"S  '^^°  51 'annually  have  confirmed  the  Difcovery  of  Ullugbbeig\  fe 
thcVrctt  '  ^^^^  <he  Revolution  of  the  Poles  of  the  Earth  is  compleated  in  25920 
yeir.         Years, 

UJlugbbtif  jj^ 

^Txttit  ^^^  equinoctial  Points  change  their  Places  In  the  ftme  Time  and  by  the 
aiHgned  bj  fame  Quantity  as  the  Poles  of  the  World,  and  it  is  this  Motion  of  the 
Ftoiomrr  Equinoctial  Points  which  is  called  the  Preceflion  of  the  Equinoxes, 
▼olotion!^*'  Tho*  the  fixed  Stars  are  immovable,  at  lead  in  rcfpeft  of  us,  yet  as  the  com- 
Thitrcg'rer-  mon  interfedion  of  the  Equator  and  Ecliptic  Recedes,  it  is  neceflary  that 
fion  caufet  the  Stars  which  correfpond  to  thbfe  Points  Ihould  cominually  appear  to 
raoJ^a^r'  ^^^"Kc  ihdr  Places  ,  and  that  they  fhould  feemjo  advance  eftwarc^  from 
the  6xtA  whence  it  arrives,  that  their  Longitudes,  which.  Is.  reckoned  on  the  Ecliptic 
liart. 
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licamitie  BtfftmlttgQf  An'rs^  orthevepniJburrc^ionof  the  Equator  and 
Ecliptic,  continually  increafes,  and  the  fixed  Surs  appear  to  move  in  Con/i"   itit  th» 
fiMi//tf'i  but  this  MotioQ  is  only  apparent  and  acifes  trpm  the  Regreflion  of  ctof*  whjp 
the  ijquinoaid  PoiiUs  is  a.  oontf ary  Dircakuw  ?«  of  thT 

^«  tquaCor  aad 

Ir  CooTficpienqe  oF  thia  Regre^ion^  idl  the  GonftellatHont  oF  the  Zodiac  the  efti>tic 
liave  changed tbw  Flares  fince  the  Obfervntions.  of,  the  firftAftfonomers;  ^*'^^  J*"^ 
For  rhe  Conftellation  Jrkt^  for  ExanApfe»  which  in  tkn  Tune  of  Hipparchu^  Ihe^rmT 
cot  ref^ionded  to  the  vernal  Interfefijon  of  thfr  Equator  and  Ecliptic,  is  now  ftai  it  aid 
advanced  into  the  Sign  Tourus^  and  Taurus  has  pafibd  iJHo  Gtmini,  &c.  and  5jJ|^*2t  ** 
thus  they  have  taken  the  Place  of  each  other,  but  the  twelve  Portions  of  the  cMMia«i« 
Ecliptic  where  thefe  G>n(lellations  were  formerly  placed^  ftiU  retain  the  «i»  of  g^- 
fame  Names  they  had  m  the  Time  of /f//j>tfrfi&«A  Si!»**rd*^ 

^^*  that-  (lic^^ 

Before  Newton  the  phyfical  Caufe  of  the  Preceillon  of  the  Equinoxes  wa^ 

utterly  unkown,  and  we  {hall  now  proceed  to  ftiew  how  he  deduced  this  Mo«^ 
tion  from  his  Principle  of  univerfal  Gravitation. 

Wehave  feen  that  the  Figure  of  the  Earth  is  that  of  an  oblate  Spheroid^ 
Flat  towards  the  Poles  and  elevated  towards  the  Equator.     In  Order  to  ex« 
plain  the  Preceflionot  the  Equinoxes,  Ncwhn  premiies3  Lenunaa,from     Twiiaaa 
whence  he  deduces  (Prop.  39.  B.  3.)  that  this  Revolution  of  the  equinoctial  ^  "^^ 
points  is  produced  by  the  <;ombincd  ASions  of  the  Sun  and  ISdpon  on  the  pro-  Jl^^Je?* 
lubcrant  Matter  about  the  Earth's  Equator*  d«<c tUt 

VII.  aNdoo  fra 

In  the  firft  Lemma  he  fuppofes  all  the  Matter  by  which  the  Earth  con-^^^^J^I 
fidered  as  a  Spheroid  would  exceed  an  infcribed  Sphere,  to  be  reduced  to  a  vLrfai  crv% 
Ring  invefting  the  Equator,  and  collets  the  Sum  of  all  the  Efforts  of  the  tstiafcc 
Sun^  on  this  Ring,  to  make  it  Revolve  round  its  Axis  which  is  the  common 
Scftion  of  the  Plane  of  the  Ecliptic  wtfa  the  Pls^ne  paffing  thro'  the  Center 
of  the  Earth,  and  Perpendicular  to  the  ftraight  LineconneAing  the  Centera. 
of  the  Earth  and  the  Sun.  In  the  (econd  Lemma  he  inveiligates  the  Ratio, 
betv^een  the  Sum  of  all  thofe  Forces,  and  the  Sum  of  the  Forces  exerted  by 
the  Sun  on  all  the  protuberant  Parts  of  the  Earth,  exterior  to  the  infcribed 
Sphere.  In  the  third  Lenima  h^  compares  the  Quantity  of  the  Motion  of 
ibis  Ring,  placed  at  the  Equator,  with  that  of  all  the  Parts  of  the  Esirth  ukecfc 
as  a  Sphere. 

▼III. 
To  determine  the  Force  of  the  Sun  upon  this  Protuberant  Matter  aboul 
the  Equator  of  the  Earth,  iVirw/011  aflumes  for /^^^^,  that  if  the  Earth 
was  anihilated,  and  that  only  this  Ring  remained,  defcribing  round  the  Sun 
the  annual  Orb,  and  revolving  at  the  fame  Time  by  its  diurnal  Moition> 
found  its  Axe^  iadio^  (o  the  Ecliptic  in  m  An&le  of  23^  30%  the  Motion 
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of  the  Equinoftial  Points  would  be  the  fame,  whether  the  Ring  was  flui<l  ^ 
compofed  of  folid  Matter. 

Newton  after  having  inveftigated  the  Ratio  of  the  Matter  of  thb  fuppofed 
Ring,  that  is,  of  the  Protuberant  Matter  about  the  Equator,  to  the  Matter 
of  the  Earth  taken  as  a  Sphere,  and  having  found  it  [aflfuming  the  Ratio  of  the 
Axes  of  the  Earth]  to  be  as  459  to  52441 ,  he  proves  that  if  the  Earth  and  thi 
Ring  revolved  together  about  the  Diatneter  of  this  Ring,  the  Motion  (R)  of 
the  Ring  would  be  to  the  Motion  (T),  of  the  interior  Globe,  or  to  the  Mbrios 
of  the  Earth  round  its  Axis,  in  a  Proportion  compounded  of  the  Proportko 
459  ^^  52441  ^^  ^^^  Matter  in  the  Ring  to  the  Matter  in  the  Earth,  and  of 
the  Number  loooooo  to  the  Number  800000,  or  as  4590  to  419528,  (a) 
and  confequently  that  the  Motion  (R)  of  the  Ring  would  be  to  the  Moboo 
(R+T)  of  the  Ring  and  the  Globe^  in  the  Ratio  of  4590  to  4241 18. 

He  found  (Prop.  3a.  B.  3)  that  the  mean  Motion  of  the  Nodes  of  the 
Moon  in  a  Circular  Orbit,  it  20*,  ii",  46%  in  Antecedent ia^m  a  Sydereal 
•Year ;  and  he  proved  (Cor.  16  Prop.  66)  that  if  feveral  Moons  re- 
volved round  the  Earth,  the  Motion  of  the  Nodes  of  each  of  thofe  MOO0 
would  be  as  their  periodic  Times,  from  whence  he  concludes  that  the  Mo- 
Kewton  tion  fn)  of  the  Nodes  of  a  Moon  revolving  near  the  Surface  of  the  Earth 
cwifiaerithe  jn  23^  56™»  would  be  to  20*  11*  46*,  Motion  (N)  of  the  Nodes  of  osr 

«^^u^«hout  ^^^"  '"  ^  Y**^  ^  ^3^  5^^  ^^^  '^^^^  ^^  ^^^  Earth's  diurnal  Rotatko, 
theeqaator  to  27*  7^  43%  the  periodic  Time  of  the  Moon,  that  is,  as  1436  to  39343; 
of  the  e>«ih  and  by  the  Cor.  of  Prop.  66  the  fame  Proportions  hold  for  theMocioiref 
•*  *  f«g  of  the  Nodes  of  an  Affemblage  of  Moons  furrounding  the  Earth,  whether  thefe 
hlwtnttothe  Moons  were  feparate,  and  detached  from  each  other,  or  if  they  coahfced 
«f  lobe  of  the  fuppofing  them  liquified  and  forming  a  fluid  Ring,  or  that  the  Ring  be- 
tarih.  came  hard  and  inflexible. 

He  deduces  Therefore,  the  protuberant  Matter  about  the  Equator  of  the  Earth  beiif 
from  thii  confidered  as  a  Ring  of  Moons  adhering  to  the  Earth,  and  revolving  aioog 
iKiirer  withit,  fince  the  Revolution  (n)of  the  Nodes  of  fuch  a  Ring,  is  to  the 
that  the  Revolution  (N)  of  the  Nodes  of  the  Moon,  as  1436  to  39343,  (according  to 
attraaion  CoT.  1 6.  Prop.  66)  and  that  the  Motion  (R)  of  the  Ring  is  to  the  &m  of 
oolhe'i'ie.  the  Motions  (T+R)  of  the  Ring  and  the  Globe  to  which  it  adheres,  as 
vaiion >t the 4590  to  424118;  nxRis  to  N  X    T  +  R,  as  1436x4590  to 39343 

clH^cTthe    X  4241 1 8,   or  rjlriT-istoN,  as  1436x4590  to  39343x414118;  bat 

preccflton  of  "r"*^ 

the  equi-     it  is  demonftrated  that  the  Sum  of  the  Motions  T+R  of  the  Ring  and  the 
noxei.         Globe  to  which  it  adheres  is  to  the  Motion  (R)  of  the  Ring  as  the  Revolution 
(n)  of  the  Nodes  of  this  Ring  to  half  the  annual  Motion  [jP.]  of  the  Equi- 
noctial Points  of  the  Body  compofed  of  the  Ring  and  Globe  to  which  it  ad- 
fa)  The  rttio  of  tlie  fjnotioB  of  the  ring  to  the  motion  of  the  iotcrior  globe  affigacd  bj  Nnrtn, 
is  45^0  to  ^85123.  which ii  crioneout  as  ihaU  be  ihewa  hereafter. 
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l\crcs>(h)  wherefore  the  annual  Motion  (P.)  of  the  cquinodial  Points  of  the 
Bpdy  compofed  of  the  Ring  and  Globe  to  which  it  adheres^will  be  to  the  an- 
aual  Morioin  of  the  Nodes  (N)  of  the  Moon^  in  the  compounded  Ratio  of 
1436X4590X11  to  39343X4241 1 8. 

But  Newton  found  (Lem.  2.  B.  3.),  that  if  the  Matter  of  the  fuppofeJ 
Ring  was  fpread  all  over  the  Surface  of  the  Sphere  fo  as  to  produce  towards 
the  Equator,the  fame  Elevation  as  that  at  the  Equator  of  the  Earth,  the  Force 
of,  the  Matter  thus  fpread  to  move  the  Earth,  would  be  lefs  than  the  Force 
of  the  cquatora!  Ring  in  the  Ratio  of  2  to  5;  therefore  the  annual  Regrefs  of 
the  equinocfcial  Points  is  to  the  annual  Regrefs  of  the  Lunar  Nodes,  as  1436 
^590  X  2  X  2  t039343  X  4241 18X5,  and  confequently  in  a  Sydcreal  Year 
it  will  be  22* ,  50'  ,33*"  without  any  Regard  being  had  to  the  Inclination  of 
the  Axis  of  the  Ring,  which  Confideration  caufes  dill  a  Diminution  in  this 
"Motion  in  the  Ratio  of  the  Cbfine  [91706]  of  this  Inclination  (which  is  23 
|)  to  the  Radius  (i 00000.) 

The  mean  annual  Preceflion  of  the  Equinoxes  produced  by  the  Ac- 
tion of  the  Sun  Will  be  therefore  2i*  6^  nearly,  fuppofing  the  Earth  Homoge- 
neous and  the  Depreflion  towards  the  Poles  ?|y. 

Simpfon  found  from  his  Theory  21*  6*  ( Mijcellaneous  Tra^s)  D'Alambert 
43*  nearly  (Recbercbet  Sur  la  Preceffion  des  Equinoxes)  Euler  22*  (Mem,  de 
Berlin  Tom.  5.  1749^.  And  if  this  Quantity  is  greater  by  a  third  than  what 
Obfervation  indicates^  it  probably  arifes  from  the  Firth's  not  being  Homo- 
geneous, AS  was  fuppofed,  the  Refearches  of  Simpfon,  Euler,  and  D*Alam-  "^  \ 
bcrt  relative  to  this  Objeft  fhall  be  explained  hereafter/ 

IX.  Irrdgiilttities 

In  this  Manner  Newton  determined  the  mean  Quantity  of  tbe  Motion  '"  ^^  ™°^" 
of  the  cquinoftial  Points.     But  not  without  examining  the  different  Varic-^uin^^j,**" 
ties  of  the  Adion  of  the  Sun  on  the  protuberant  Matter  about  the  Equator  pointf  pro- 
fuppofed  to  be  reduced  to  a  Ring.  ducedby  the 

He  fhcwsin  Cor.  18,  19  and  20 of  Prop.  66  that  by  the  Aaion  of  the  •^^^'^^'^^^^^ 
Sun  the  Nodes  of  a  Ring,  fuppofed  to  encompas  a  Globe  as  the  Earth, 
would  reft  in  the  Svfigies,  in  every  other  Place  they  would  move  in  An^ 
tecedentiuy  ihty  would  move  fwifteft  in  the  Quadratures,  that  the  Incli- 
nation of  this  Ring,  would  vary,  that  during  each  annual  Revolution  of  the 
Earth,  its  Axe  would  Ofcillate,  and  at  the  end  of  each  Revolution  would 
return  to  its  former  Pofition,  but  that  the  Nodes  would'not  return  to  their  . 
former  Places,  but  would  ftill  continue  to  move  in  Antecedent ia. 

(b)  Newton  fappofe^  that  the  Snm  of  the  Motiom  of  the  Riogind  the  Globe  to  which  It  adheics 
it  to  the  Motion  of  tbe  Ring,  aB  the  V.evoiutionof  the  Nodes  of  this  Ring  i«  to  the  annnal  Mo- 
tion of  the  Eqnlnoaial  PoiotRof  tbe  Body  compofed  of  the  Riog  aud  Globe  to  which  it  adheres, 
ia  which  he  ia  mUtakea  as  Audi  be  ihewa  hereafter^ 
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The  greateft  Inclination  of  the  Ring  Qiould  hippcti  when  its  Nodes  irt 
of  ihe  fun^°  1"  ^h«  Svfigies,  afterwards  in  the  J^affage  of  the  Nodes  to  the  Quadratures, 
on  th€  pro.  this  Inclination  ihoold  dimirtifh,  and  the  Ring  by  its  Effort  to  change  it3 
tubt^?nt  Inclmatiofl,  i^preffes  a  Motion  on  the  Globe,  and  the  Globe  retains  th}aMo* 
riir^J«i^o°r*  "on,  till  the  Ring,  or  the  protuberant  Matter  about  the  Equator,  (for  it  is 
caofw  an  the  fame  Thing  according  to  Newton)  by  a  contrary  Effort  deftroys  thU 
annual  nvt^  Motion,  and  impreflfes  a  new  Motion  in  a  contrary  Diredion^ 
»"  ftf  Ih^  Hence  we  fee  that  the  Axis  pf  the  Earth  fliould  chanee  its  Inclination 
earth,  with  Refped  to  the  Ecliptic,  twice  in  its  annual  Courfe  and  return  twice 

If  I  he  ear  A  [q  its  fbrnaer  Pofition. 

J![i^ar!u  the  Newtofi  has  (hewn  in  Cor.  ai  of  Prop.  66  that  the  protuberant  Mat- 
polet  and  ter  about  the  Equator  making  the  Nodes  retrograde,  the  Quantity  of  this 
deprtffledttt  Matter  increafing,  this  Regreffion^  would  increale^  and  would  diminifli  whe« 
e«nato/thc  th»s  Matter  diminiflied  ;  hence  if  there  was  no  Elevation  towards  the  Equa* 
e<)ttiDoftial  toT,  there  would  be  no  Regreflion  of  the  Nodes^  and  the  Nodes  of  a  Globe, 
pointt  which  inflead  of  been  Elevated    towards  the  Equator   was  depreffed,  and 

Tince^in**'  ^onfcquently  would  have  its  protuberant  Matier  about  its  Poles,  would 
itftd  of  rt*  move  in  Oon/equentm, 

trof  adiftf .  And  he  adds,  (Cor.  aa  of  Prop.  66)  that  as  the  Form  of  the  Globe 
••wes'thc  ^"*^'^s  us  to  judge  of  the  Motion  of  the  Nodes,  lo  from  the  Motion  of 
JepTeffion  of  the  Nodes  we  may  infer  the  Form  of  the  Globe;  and  confequently  if  the 
the  earth  Nodes  move  in  Antecedentia^  the  Globe  will  be  elevated  towards  the  EqUa» 
'"Tes'*'  ^^  ^^^\  '^"^  ^"  *^*  Contrary  depreffcd,  if  the  Nodes  move  in  ConfequentM^ 
^-rle  mooa  which  is  a  further  Proof  of  the  Flatnefs  of  the  Earth  towards  the  roles. 

tontrihMet  ll. 

duCHofi^oT  ^^  ^^^^  hitherto  confidered  only  the  ASion  of  the  Sun  iu  explaiaii^ 
the  motioo  the  Preceffion  of  the  Equinoxes,  and  we  have  feen  that  in  Confcquence  of 
of theeqoin- this  A£)ion  the  equinoctial  Points  would  receede  annually  ai*  6*.  But 
•^^P*^"*"  the  Moon  by  her  Attraction  ASson  the  Earth  and  influence  very  fenfibly 
oftioVof  the  ^h»*  Phenomenon,  its  A<Slion  being  to  that  of  the  Sun  as  li  to  i  (c)  if  the 
moon  on  the  Inclination  of  its  Orbit  to  the  Equator  was  always  the  iame  as  that  of 
protuberant  f^^  Ecliptic"to  the  Equator,  the  Regreflion  thence  refulting  would  be  to  that 
Se  equator*  ^rifing  trom  the  Sun's  Action  as  2  »^  to  i.  But  becaufe  iis  Nodes  (hift  coiv- 
itmo.epow-  tinually  their  Places^ithappens  that  the  Inclination  of  its  Orbit  to  the  Equator, 
•rfui  than  on  which  depends  its  EffcSt  varies  continually,  fo  that  when  the  afcending 
fito!        *  Node  is  in  Aries^  the  Inclination  of  the  Moon^s  Orbit  to  the  Equator  a« 

(c)  The  Proportion  of  the  Foree  of  the  San  to  that  of  the  Mooo>  aflS«ned  by  Newton  it 
I  to  4,  481$.  which  he  alfo  affigns  for  the  Proportion  •f  the  Preceffion  ol  the  Equinoxes  pro- 
duced by  the  Son  to  that  p'-oduced  by  the  Moon  but  this  Proportion  dort  not  agree  w-th  the 
Theories  which  depend  on  the  Determination  of  the  Mafs  of  the  Mooo^  and  it  appears  from 
Compotacion  as  flisll  be  (hewn  hereafter^  that  the  Preceflion  of  the  Eqniooxea  prodnoed  by  the 
Son  and  that  produced  by  the  Moon  ere  not  ia  the  lame  Proportioa  ea  the  Fercei  ef  thoie  Lorn* 
tninutes. 
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WIMMs  k>  ti^  i,  but  wb^n  xh0  afccndiQg  Node  nine  Yt$n  tfrer»  is  irt 
lAbra  it  icarce  amounts  to  1 8.  ^  rn  each  Revolution,  which  renders  the 
PrecelHon  a  riling  from    the  A^ioit  of  the  Moon   very  unequal  during 
the  Space  of  1 8  Years^  and  Caufes  a  Nutation  in  the  Axis  of  ihc  Earth,  . 

whereby  its  Inclination  to  the  Ecliptic  varies  during  ihc  Revolution  of  ^h«the«i!!©r 
Nodes  of  the  Moon;  after  which  it  returns  to  its  former  Pofition.     Thisuic  earth 
Nutation  from   Theory,   amounts  to  ip*,  agrcable  to  Oblcrvation,  the  produced  b» 
mean   Freceffion  arifing  from  the  AiSlinn   of  the  Moon,  to  35*,  5,  conte-  ^^  ^^ 
qtiently  the  Preceflion  arifing  from  the  A<9ionof  the  Sun  to  i4»,  5,  and  the 
freateft  DiflFerence  between  the  true  Preceflion  ariHng  from  ihe  A£lioQ  of 
the   Moon^and  the  me^n  PrcctiTion  amounts  to  1 7  s  8^ 

Tbe$r;f  0/ the  Sbhing  ami  FU'voing  ^  the  SeM^ 

t.  »fht  Mcftt 

It  Isnry  cafy  lopcreetve  the  Conntdlon  bctiVeeh  the  Ebbing  and  Flow-  wtionof  ih« 
Ing  of  the  Sea  and  the  Preceflion  of  the  Equinoxes,     Newton  dcduc«::s  his  Ex-  J^?^  "^ 

fUcation  of  the  Ebbing  and  Flowing  of  the  Sea,  from  the  fame  Corollaries  oi  xhit  'a,  i^ 
^rop,  66^  from  whence  we  have  fecn  he  drew  hts  Explication  of  the  Precef-  de '  ^ced 
lion  of  the  Equinoxes  \  thofe  two  Phenomena  are  both  one  and  the  other  a  JjJ|  ^^^ 
tieceflary  Confequence  of  the  Auraftions  of  the  Sun  and  Moon  on  the  Parts  ^,  \^  \)^,|' 
vrbich  compofe  the  Earth.  df  tht  pre 

1^^  ccilionofiht 

Galiln  imagintd  that  the  Phenomena  of  the  Tides  inight  be  accounted  ^r ^c^^'^f 
for^  from  the  Motion  of  Rotation  of  the  Earth,  and  its  Motion  of  tranflation  tU^iUo  fcoA 
tx>uiid  the  SuiK    But  if  this  preat  Man  had  more  attentively  examined  tbe  «*2^"*  ^^^ 
Ctrcumftances  attending  the  Ebbing  and  Flowing  of  the  Sea,  be  would  have  flowUt^'o^ 
perceived  that  in  Confeqoence  of  the  diurnal  Motion  of  the  Earthy  the  $ea  the  fca^ 
indeed  would  rife  towards  the  Equator,  and  that  ihe  Earth  would  aflfume  the 
Form  of  a  Spheroid  Jeprefled  towards  the  Poles,  but  this  Motion  of  Rotation 
vrould  never  produce  in  the  Waters  of  the  Sea  a  Motion  of  Flux  and  Reflux^ 
as  Newton  has  dcmonftrated  Cor.  19.  Prop.  66.  Newton  Proves  in  this  famd 
Corollary,  applying  what  he  had  demonftrated  in  G)r.  5  and  6  of  the  Laws  of 
KlotJon,  that  the  Tranflation  of  the  Earth  round  the  Sun  has  no  Effe£k  on  the 
Motion  of  Bodies  at  its  Surface,  and  confequently  the  Motion  of  Tranflatioit 
of  the  Eatth  rc^iod  the  Sun^  cannot  Produce  the  Motion  of  Flux  and  Reflux 
of  the  Sea. 

On  etaminiiig  the  CirCumftances  which  attend  the  Ebbing  and  Plowing  of  end  ibwin  • 
the  Sea,  it  was  eafy  to  perceive  that  thofe  Phenomena  depended  on  the  Po-*f.*«  ^«»„ 
fition  of  the  Earth  wHH  Rtfpeft  to  the  Sun  and  Moon;  but  it  was  not  fo,  to  ^{[et^^on'of 
difcover  the  Manage  tboi!e  two  Luaiinariei  Produce  chofc  PhcnottieQa  and  um  m  tAd 
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in«<m  on  the  the  Quantity  that  each  contributes  to  their  Produdion:  we  fet  but  ttie  EfFefib 
vatcr8.  Jn  which  the  Aftions  of  ihofe  two  Luminaries  are  fo  confounded,  that  it  h 
only  by  the  Affiftance  of  Newton* s  Principles  we  are  enabkd  to  diftingutih  one 
from  the  other,  and  aflign  their  Quantity,  It  was  referved  for  this  great 
Man,  to  difco  ver  the  true  Cauie  of  the  Ebbing  and  Plowing  of  the  Sea,  and  to 
reduce  thofe  Caufes  to  Computation ;  we  (hall  now  trace  the  Road  whicb 
conducted  him  to  thofe  Difcoveries. 

IV. 

Rotd  which  ^^  begins  by  examining  in  Prop.  66,  the  Principle  Phenomena  which 
conducted  Ihould  Refult  trom  the  Motion  of  three  Bodies  which  attra6k  each  other 
Kewtonto  mutually  in  the  inverfe  Ratio  of  the  Squares  of  the  Diftances,  the  fmall 
•MDtitr'    ^^^^  Revolving  round  the  greater. 

thit  each  of     After  having  (hewn  in  the  firft  17.  Corollaries  of  this  Prop,  the  Irregulari- 

thofe  lomi  ties  whtch  the  greater  Body  would  Caufe  in  the  Motion  of  the  lefler,  wlsicii 

bute*to**1o*  '^^^'^  revolves  round  the  third,  and  by  this  Means  having  laid  the  Foundati- 

d«ce  thof^  on  of  the  Theory  of  the  Moon,  heconfiders  in  Cor.  18  feveral  fluid  Bodia 

phenomeiia.  which  revolve  round  a  third,  he  afterwards  fuppofes  that  thofe  fluid  Bodies 

all  become  contiguous  fo  as  to  form  a  Ring  revolving  round  the  central  Bo- 

dy,  and  proves  that  the  A£iion  of  the  greateft  Body  would  produce  in  the  Mb. 

tions  of  this  Ring  the  fame  Irregularities  as  in  thofe  of  the  folitary  Body  ta 

whofe  Place  the  Ring  was  fubftituted ;  infine  Cor.  19.  he  fuppofes  the  Body 

round  which  this  Ring  Revolves  to  be  extended  on  every  Side  as  Far  as  this 

Ring,  that  this  Body  which  is  folid  contains  the  Water  of  this  Ring  in  a 

Channel  cut  all  round  its  Circumference,  and  that  it  revolves  uniformly 

round  its  Axis,  he  then  proves  that  the  Motion  of  the  Water  in  this  Channd 

will  be  accelerated  and  retarded  alternately  by  the  AdHon  of  the  greater  Body 

and  that  this  Motion  will  befwifterin  the  Syngiesof  this  Water,  and  flower 

in  its  Quadratures,  and  finally  that  this  Water  will  Ebb  and  Flow  after  the 

Manner  of  the  Sea. 

Newton  applies  this  Prop.  66  and  its  Cor.  to  the  Phenomena  of  the  Sea 
(Prop.  24.  B.  3.)  and  proves  that  they  are  a  necelTarj  Confequence  of  the  com- 
bined Anions  of  the  Sun  and  Moon  on  the  Parts  which  compofe  the  Earth. 

v. 
He  afterwards  inveftigates  the  Quantity,  each  of  thofe  Luminaries  contri- 
bute, to  the  ProduQion  of  thofe  Phenomena.  As  this  Quantity  depends  on 
their  Kftances  from  the  Earth,  the  nearer  they  are  to  the  Earth,  the  greater 
the  Tides  Ihould  be,  Caeteris  Paribus,  when  their  A£lions,  confpire  together  : 
and  according  to  Cor  14.  Prop.  66,  thofe  EfFeds  are  in  the  Inverfe  Ratio  of 
the  Cubes  of  their  Diftances  from  the  Earth  and  the  fimple  Ratio  of  their 
NaflTes. 

Newton  examines  firft  the  Aftion  of  the  Sun  on  the  Waters  of  the  Sea 
becaufe  its  Quantity  of  Matter  with  Refpeft  to  that  of  the  Earth  is  known! 
He  obfcrvcs  that  the  Attraction  of  the  Sun  on  the  Earth  is  counterbrfanccd 
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'« to  the  Totality  by  the  centrifugal  Force  arifing  from  the  annaal  Motion  of 
the  Earth,  which  he  confidefs  as  uniform  and  circulart    But  what  is  true  as 
to  the  Totality  is  not  foad  to  each  particle  of  the  Earth,that  U^that  the  ccntri*- 
fugal  Force  of  each  of  ihof€  Panicles  cannot  be  (uppofcd  equal  to  the  Force 
with  which  the  fame  Particle  i^  AitraQed  by  the  Sun,  fincecach  Particle  has 
the  fame  centrifugal  Force,  and  the  Particles  of  the  Earth  which  are  nearer 
the  Sun  are  more  attra3ed  than  ihofe  which  are  remoter.     Thus  the  Dis- 
tance of  the  Earth  from  the  Sun,  being  22000  Scmidiameters  of  the  Earth, 
and  the  Law  of  Attraction,  the  inverfe  Ratio  of  the  Squares  of  the  Diftances, 
the  AttraQive  Force  correfponding  to  the  Point  of  the  Earth  neareft  the  Sun, 
to  the  Center  of  the  Earth,  and  to  the  Point  of  the  Earth  remoteft  from  the 
Sun,  will  be  nearly  as  11 001, 1 1000  and  10999,.  and  as  the  Sun's  AttraAion 
balances  the  centrifugal  Force  of  each  Particle  of  the  Earth,  this  Force  will 
be  Proportional  to  i  looO}  if  from  the  attractive  Force  of  the  Sun  on  each 
of  thoTe  three  Points,  the  centrifugal  Force  be  Subduded,  there  will  remain 
%  ,  o,— "i;  which  proves  that  the  Center  of  the  Earth  is  at  Reft  with  Refped 
to  the  Motions  of  the  Waters  of  the  Sea,  and  that  the  two  Extremities  of  the 
Diameter  of  the  Earth  direded  towards  the  Sun,  are  adluated  by  equal  Forces 
with  oppofite  Dire£lions,  whereby  the  Parts  tend  to  recede  from  the  Center 
jof  the  Earth. 

If  in  the  fame  Diameter  there  be  taken  two  Points  equally  diftant  from  the  p.^^  ^^^ 
Center,  thofetwo  Points  will  be  likewife  aduated  by  equal  Forces  with  op^-  of  theeb- 
]>ofite  Diredioos,  whereby  they  tend  to  recede  from  the  Center;  but  thislM"a '"^ 
Force  will  decreafe  as  the  Diitance  from  the  Center  of  the  Earth.  thisDi-^^^ 
ameter  of  the  Earth  dire&ed  to  the  Center  of  the  Sun  may  be  called  the  Solar 
Axis  of  the  Earth  Jf  we  now  confider  the  Equator  correfponding  to  this  Axe,it 
is  evident  that  each  Point  taken  in  the  Plane  of  this  Equator  may  be  fuppofed 
equally  diftant  from  the  Center  of  the  Sun,  and  coni^quently  that  none  of  the 
Points  of  this  Plane  are  afFeded  by  the  Inequality  between  the  centrifugal 
Porce  and  attra£live  Force,and  cqpfequently  their  Gravity  towards  the  Center 
of  the  Earth  will  not  be  diminiflied,  therefore  if  we  conceive  two  Canals 
full  of  Water  the  one  paifing  thro'  the  demi  folar  Axe,  and  the  other  thro* 
a  Ray  at  its  Equator,  which  communicate  at  the  Center  of  the  Earth,  the 
Water  will   afcend  in  the  firft  and  defcend  in  the  other,  this  will  happen 
Jboth  in  the  one  and  the  other  demi  iolar  Axe,  and  is  the  firft  Source  of  the 
Ebbing  and  Flowing  of  the  Sea. 

Each  Particle  of  Water  in  the  Canal  of  the  demi  folar  Axe  is  attra&ed    seeoad 
towards  the  Sun  in  the  Direftion  of  the  Canal,  but  this  Force  ads  on  the  foarce  of 
Particles  of  Water  in  the  other  Canal,  obliquelv,  it  therefore  fhould  be  w-^J^^^"* 
fol  ved  into  two,  one  perpendicular  to  the  Canal,  and  the  other  parallel  to  it.  ^^^^  ^^ 
The  iirfi  may  be  conudered  as  perfedly  deftroied  by  the  centrifugal  Force  ; 
but  the  other  Foioe  adds  to  the  Gravity  of  each  Partible  in  this  QinaU  this 


l^XX  SYSTEM    OF    THE 

fmalt  Force  <toei  not  exid  in  the  Caiml  of  the  demi  IbUr  hxt,  «nd  fur  thir 
Keaion  the  Water  will  defcend  in  rt»e  Canal  ot  the  lolar  Equator^  and  nS 
fuftain  that  of  the  fol^r  Axis  to  a  greater  Height.  Thk  is  the  fecond  Soaroe 
of  the  Ebbing  and  Flowing  of  the  Sea. 

From  whence  it  appears  that  the  Afcent  of  the  Waters  of  the  Sem  doei 

lK>t  arife  from  the  total  Aftion  of  the  Sun^  but  from  the  Inequalities  in  that 

A£Uon  on  the  Parts  of  the  Earth.     A^iftv/tii  obferves  that  in  Confequenccef 

this  Aftion  the  Figure  of  the  Earth  (abftracting  from  its  diurnal  Motion) 

ought  to  be  an  elliptic  Spheroid  having  for  greater  and  lefler  Axes  the  folar 

Axe  and  the  Diameter  oi  its  Equator,  and  determines  in  the  following  Man* 

Iter  the  Force  of  the  Sun  which  pioduces  the  difference  of  thofe  Axes. 

Ptt«miiiM      He  conft.lers  the  Figurt  o^  the  Elarth  (abftracting  from  its  dioinal  Motioi^ 

lioQof  the  fondered  Blliptic  by  the  Action  of  the  Sun,  as  a  ftmilar  Effect  to  the  Ftgne 

ftt'n*p!od«  ^^  ^^^  ^^^^  ^^^^^  Moon,  (abftracting  from  its  excentricity)  which  he  hal 

ing  thceievt  fhewo  (Prop.  66.  Cor.  5)  to  be  rendered  Elliptic  and^to  have  its  Center  w  the 

lion  or  cie    Center  of  the  Earth,  by  the  fame  Action.      He  demonfhated  (Prop.  2^ 

th^tm    ^-  3)  ^^^^  ^^  P^^^  (^^  ^^^^^  ^"^^^^  ****  *^°^"  towards  the  Sun,  b  is 

•fiKeret  kk  the  centiipetal  Force  (g)  which  draws  the  Moon  towards  the  Earth,  asthe 

two  poinrs    Square  of  the  periodic    Time  (tt)  of  the  Moon  round  the  Earth,  10  the 

'^'■"Sl!*"^  Square  of  the  periodic  Time  (T  V)  of  the  Earth  round  the  Sun,  aocordhig  » 

Vf^^^     Cor.  1 7  of  Prop.  66 ;  but  the  Inequality  (V)  in  the  A6ion  of  the  Sun  on  the 

Parrs  of  the  Earth  being  to  its  Action  (G),  asthe  Ray  (r)  of  theEtrthp 

to  tlie  Ray  (R)  of  its  Orbit,  and  the  Force  (G)  ot  the  Sun  which  rehunatlie 

Earth  in  its  Orbit,  being  to  the  Force  (g)  whtqh  retains  the  Meon  in  ttsOr« 

bit,  as  rj^r^  Ray  of -the  Earth's  Orbit  divided  by  the  Square  of  its  per* 

iodic  Time,  to  -^  Ray  of  tl^  Mopn^s  Orbit  divided  hj  the  Sqoiieef 

its  periodic  Time  (Cor.  2  Prop.  4),  VX  G  is  to  G  X  g»or  the  Ine- 
quality  (V)  in  the  Action  of  the  Sun  on  the  Parts  of  the  Fjirth,   is  to  the 

centripetal  Force  (g)  of  the  Moon  towarda  the  Earth  as  —^^^taJiJi^ 

Tl  It    > 

that  is,  as  the  Ray  of  the  Earth  divided  by  the  Square  of  its  perio- 
dic time  round  the  Sun  (tj^  )  to  the  Ray  of  the  Moon*s  Orbit^divided  bjtfaa 
Square  of  its  periodic  Time  round  the  Earth  ( — ) 

Wherefore  by  the  Compofition  of  Ratios,  g  xV  is  to  F  X  g,  or  the  Fbfce 
(V)  ot  the  Sun  dilturbing  the  Motion  of  Bodies  on  the  Surface  of  the 
llanh,  is  to  its  Force  (F)  with  which  it  difturbs  the  Motion  of  the  liboD. 

T'f  X  r         tt  X  b 
as  -"YJ4-"    to , -  —'-  oras  the  Ray  (r) of  the  Earth|  10  the  lUy  (b) rf 

|hc  Moon's  Orbit|  that  isi  as  (  to  60  i* 


*i'o  compare  now  thofe  two  P6rcc8  with  the  Force  of  Gravity  at  the 
Surface  of  the  Earth.  Since  the  Force  (F)  which  draws  ihc  Moon  towards 
the  Sun,  is  to  the  centripetal  Force  (g),  which  would  retain  the  Moon  in  an 
Orbir,  defcrihed  about  the  £arth  quiefcent  at  its  prefem  DiAance  (60  i  Se- 
mkfiametert  of  the  Earth)  as  the  Squarfe  of  27**.  7h.  43«.  to  365^.  6^.  9™.  or  as 
roOo  to  178725,  or  as  i  to  ^78  |;  jand  that  the  Force  which  retains 
the  Moon  in  Its  Otbit,  is  equal  to  the  Force  (7^)  which  would  retain  it  in 
ahO^bit  defcribed  labout  the  Earth  quiiefcent  in  Ihc  fame  periodic  Time, 
at  the  Diftante  of  60  Semidiam^tiers,  according  to  Prop.  60,  in  which 
tt  has  been  dertxonftrated  that  the  adual  Diftance  (60  j  Semidiameters) 
of  .thit  Centres  of  the  Moon  stnd  RaWh,  both  revolving  abowt  the  Sun, 
^W  at  thefani^  Time  about  ih^r  comiriion  Centre  of  Gravity^  is  to  the 
Tpartzhte  (j^  Seni?d}atti^t6rs)  of  thejr  Centres,  if  the  Moon  revolved  a- 
tbut  the  Earth  t[Aiefcfem  irl  the  frfme  periodic  Time,  as  the  Sum  (1+42) 
6'f  the  MalTes  of  «hc  Moon  and  ^nh,  to  the  firft  of  two  meaii  Propor- 
tronaffs  (42  f )  between  that  SuH^  and  the  Mafs  6f  the  Earth.  Confe- 
teiently  that  the  Force  (y)  i»hich  retains  the  Moon  in  its  Orbit  is  Icfs 
thih  the  Pprfc6  (g)  #hich  Woi/fd'  rttai'n  It  in  an  O'rbk  dcfccribcd  in  the 
fataie^o^ic  Time,  about  the  Earth  quielcent  at  the  Diftance  $0 4  Semi- 
diameters;  ini  the  Ratio  of  60  to  60  i,  (Cor.  2,  P.  4);  by  the*  Compofi- 
tion  of.  Ratios  Fxg  "^  to  gXV  or  Aie  Force  (F)  which  draws  the  Moon 
tbwafds  the  Sun,  is  to  ihe  eenlKpetal  Force  (»  which  retains  the  Moon  ia 
its 'OArt,  as  1x60  i  to  i78}JX<So-  but  this  Force  (y)  which  retains 
the  Moon  in  its  Orbif^  (In  approaching  the  Earth)  increafing  in  the  in-i 
terfc  Ratio 'of  Hic.Scjuare  of  the  Diilance,  is  to  the  Force  (G)  ofGra- 
"iityas  tt6'6oXl5oi.o«^lier^fore  ^X^  istoyXG,  or  the  Force  (F)  which. 
dr4ws  the;  Mooti  toworis  the  Suti,  is  to  {he  Fotce  (G)  of  Gravity  as' 
'' ^X6oi  tb*  *pX^X^oXi78'|t  o*"  as\i  to  638092,6. 

Fro!fi''*^h6nceA^i?w/o»  concludes  (Prop.  36.  B.  3,]  that  Chcc  the  Afcent 
6f  the  Waters  df  the  Sc»,  and  the  Elliptic  Figure  of  the  Lunar  Orbit  [ab-  Propbrtiott 
ftrafting  frdm  hs  Excentrlcity]  are  iimilar  Phenomena  arifing  from  the  Solar  ©f^*^*^ 
l^dfte,  and  thai  iii  defcending  towards  the  Surface  of  the  Earth  this  Force  ^  the  wa- 
,6^ded!ki'iri  the  Ratio  of  60/  to  i'.  the  Force  of  the  Sun  which  depreffes  ««"o^  **^* 
the  W^ter^bf  the  S|da  in  the  Quadratures,  or  at  the  Solar  Equator,  is  to  theJ^^^ofKa. 
Forceif  Grai^riyas  t  to  638092,6x60  jor  as  r  1038604600.     But  thisTuy, 
l*orce  b  doufcle  irt  the  Syfiges,  or  in  the  Direction  of  the  Solar  Axis  of  what  it 
IS  in  the  Quadratures,  and  afts  in  a  contrary  Direftion  [Cor.  6.  Prop.  66]^ 
wherefore  the  Sum  of  tlie  two  Forces  of  the  Sun  on  the  Waters  of  the  Sea, 
in  the  Quadratures  and  Syfigies,  will  be  to  the  Force  of  Gravity  as  3  to 
^8604600 or  as  I  to  12868200.  thofe  two  Forces  united  Compofe  the  total 
'Ijgf-ccwhichraif^th?  Waters  of  ttie  Sea  in  thcgglar  Canal,  thrir  EBkdt 
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being  the  Tame  as  if  they  w.erewholyemployM  in  raifing  the  Waters  intiif 
Syfigies^and  had  no  EKcSt  in  the  Quadratures. 

VI. 

Newton  after  having  mvefligated  the  Force  of  the  Sun  which  produces 

conelTd^    *^®  Elevation  of  the  Waters  in  the  Solar  Canal^  detei  mines  in  the  followtog 

from  hit     Manner  the  Quantity  of  this  Elevation.     He  confiders  the  Elevation  of  the 

^h«ory  th»t  Waters  of  the  Sea  arifing  from  the  Adion  of  the  Sun,  as  an  Effed   finular 

l^lheVttw  ^^  ^^®  Elevation  of  the  Equatorial  Parts  above  the  Polar  Parts  of  the  Earthy 

•f  the  fea  .  arifing  from  the  centrifugal  Force  at  the  Equator.  Now  the  centrifugal  Force 

t*  %  feet.     (C)  at  the  Equator  being  to  the  Force  of  Uravity  (G)  at  the  Surface  of  the 

Earth  as  1  to  289,  and  the  Force  of  the  Sun  (F)  excited  on  the  Waters  of 

the  Sea  being  to  the  Force  of  Gravity  (G),  as  i  to  1 2868200,  by  thie  Oxd- 

pofitlon  of  Ratios,  FxG  is  to  CxG,  or  the  Force  (F)  of  the  Sun  ezerced  on 

the  Waters  of  the  Sea,  is  to  the    centrifugal'  Force  (C)  at  the    Equator, 

as  1x289  toiXi286S200  or  as  i  to  44527  ;confequently  the Elevatici 

(85472   Feet)    at   the  Equator  produced  by  the  centrifugal  Force,   is  to 

the  Elevation  of  the  Waters  in  the  Solar  t^anal  produced  by  the  ABtitm  ot 

Sun,  as  1  1044527.  which  (hews  that  the  Elevation  of,  the  Waters  in  the 

Placed  direSly  under  the  Sun  and  in  thofe  which   are  direfky  oppofite  lo 

them  is  X  Foot,  11,  ^Inches.  "  ^  .   ^ 

ancf  flowing      The  fluid  Earth  would  prefer ve  a  Spheroidal  form  Its  longed  Diameter 
©f  the  fei     pointing  fo  the  S"n  without  any  Ebbing  or  Flowing  of  its  Waters,  if  it  had 
^h^^*»tof  "^  Motion  of  Rotation.     It  is  therefore  the  Rptation  of  the  Earth  round  its 
of*ro?ation   Axis  joined  to  its  oblong  Figure  which  caufes  alternatly,  a  Depreilioii  and 
of  the  etrth  ElevatLon  of  the  Waters  of  (he  Sea.  If  the  Axis  p^  Rotation  ?pd  the  Solar 
and  from     ^^jg  ^^.^^^  jj^g  fame,  the  Waters   of  the-  Sea'   woultf  have  no  Mqugi 
of  tVl^in  of  reciprocation,  becaufe   each  Poi^t  during  the  Rotation  of  the    ^jjth 
aodmoon.    would  be  condantly  at  the  fame  DiAance   from  the  Solar  Poles.      But 
as  ihofe  two  A)fcs  form  an  Angle,.lt  iseafy.to  perceive  that  each  Point  of  the 
Surface  of  the  Earth  approaches  and  recedes  alternatly  from  the  Solar  Poles 
and  that  luice  in  a  Revolution,.an4  the  W3ters  will  continually  rife  in  this 
Point  dining  its  Approach  to,  and  wi'l  f^'l  cpntinually  during  its  Recefs  from 
M  hd  £  thofe  Poles.     Ncwtcn  inveftigated  the  Relation  which  fubfifts  between  the 
•ftlmadng*^  Elcvaiion  of  the  Waters  in  any  Place  above  that  at  the  Solar  Equator  and 
theanioDof  their  Elevation  in  the  Solar  Canalj  and  found  that  the  Squarfof  theRacfius 
thtw^ter"    f^-l  '^  ^°  *'^^  Square  of  the  Sine  [ss]  of  the  Altitude  of  the  Syn  in   any 
of*t»I^'fealn  l^'^ic^*,  ^s  thcElcvaiion  [S]  of  the  Waters  in  the  Solar  Canal  to  their  Jlle- 
my  flice,    vation  [ss^]  in  that  Place. 

VIIL 

It  is  Manifeft  that  what  has  been  faid  with  Refpea  to  the  Sun  fliould  be 
applied  without  Reftridion  to  the  Moon  and  all  the  Phenomena  of  ibe  Tides 
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prove  evidently  that  the  Aftion  of  this  Luminary  on  the  Waters  Is  coniidera-    ^^  »• »« 
Wy  greater  than  that  of  the  Sun,  which  at  firft  Vi^w  (hould  feem  the  more  JJjf^i'^." 
furprifing,  as  the  Attractive  Force  of  the  Sun  arifing  from  Its  immenfe  Bulk  cioaof  iht 
is fo powerful  as  to  Force  the  Earth  to  Revolve  round  it,  whilft  the  Irregu-  »nooo  can 
garities  produced  in  its  Orbit  by  the  AQion  of  the  Moon  are  fcarce  fenfible,  f'gy^^/j* 
but  if  we  confid^r  thiii  the  Motion  of  the  Sea  proceeoes  from  its  Parts  be-  on  the  wa* 
ing differently  attrafted  from  thofe  of  the  reft  of  the  Earth,,  becaufe  their  «eiiof  the 
Fluidity  makes  them  receive  moreeafily  the  Impreflionsof  the  Forces  wfaich  f^'j^"^^* 
Aft  on  them,  it  will  appear,  that  the  A£iion  of  the  Sun  which  is  very  pow-  teraiioni  in 
ertulon  the  whol^  Earth  attrads  all  its  Parts  ahnoft  equally  on  Account  of  its  th«  motioa 
great  Diflance;  but  the  Moon  being  much  nearer  the  Earth  AQs  mqre  unev  *f  t*»c«wt*>* 
qually  on  the  different  Parts  of  our  Globe,  and  that  this  Inequality  (hould 
bpjnuch  more  fenfible  than  that  of  t}ie3un  ^  thefe  inequalities  being  in  the 
Inverfe  Ratio  of  tjbe  Cubes  of  th^   Diftances  of  the  Luminaries  from  the 
Earth,  and  in  the  flmple  Ratio  of  their  Quantities  of  Matter, 

The  Elevation  of  the  Waters  of  the  Ses^  arifing  from  the  A£tton  of  the 
Moon,  in  the  Direction  of  the  lunar  Axis,  s^bove  their  Height  d^t  the  lunar 
Exiu^toTf  being  once  determined,  the  Ekvation^f  th^  Waten  of  the  Sea 
in  any  Place; above  their  Height  at  the  lunar  Equator,  will  be  found,  for  in 
this  Cafe,  as  in  that  of  the  Sun,  th^  Square  of  the  Radius  (i)  is  to  the 
Square  of. the  Sme  [tt]  of  the  Altitude  pf  the  Moon  in  ^ny  Pl«<:e,  as  the 
Elevation  [L]  of  the  Waters  in  the  Piredlion  of  the  lunar  Axis,  above  their 
Height  at  the  lunar  Equator,to  their  Elevation  [tt  L]  abpve  the  fame  Height^ 
m  that  Place, 

IX.  r. 

From  the  Combination  of  the  Aftions  of  the  Sun  and  Moon  on  the  Waters  Tfce  wia- 
of  the  S^a  there  refult  two  Tides,'  viz.  the  folar  Tide^  and  hnar  Tides,  JStc's  wlf* 
which  are  produced  independently  of  each  other.      Thofe  two  Tides  by  be-  from  the 
ing  confounded  with  each  other  appear  to  Form  but  one,  but  fubjeft  tp  great  coojoiac  ac< 
Variations,  for  in  the  Syfigies  the  Waters  are  elevated  and  deprefl<?d  ;|t  i^e  f^\Jj^*^* 
fame  Time  by  both  one  and  the  other  Luminary,  and  in  the  Quadrat^rest  the  moop. 
Sun  raifes  the  Waters  where  the  Moon  depre(fes  them,  and  reciprocally  the. 
Sun  deprefles  the  Waters  where  the  Moon  raifes  them,  [one  being  in  the 
Horifon  when  the  other  is  at  the  Meridian]    (o  that  from  the  Aftions  of 
thofe  Luminaries  fometimes  confpiring  and  at  other  Times  oppofed,  there 
refult  very  fenfible  Variations  both   with  refpeft  to  the  Height  of  the 
Tides  and  their  Time. 

X. 

It  is  demonftrated  that  the  Elevation  of  the  Waters,  produced  by  the 
conjoint  A£tions  of  the  Sun  and  Moon,  is  fenfibly  equal  to  the  Sum  of 
the  Elevations  produced  by  theAftions  ofeach  feperately,  wherefore  the. 
whole  Elevation  produced  by  the  united  Anions  qf  the  two  Luminaries  will 
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be  Exprcflcd  by  ssS+ttL;  which  Ihews  that  the.  Elcvatiwi  of  the  Wa* 
ters  in  uny.  Place  wt!l  continually  tncreafe  until  they  attain  their 
greateft  Height,  and  then  it  is  high  Water,  after  which  it  will  continimlly 
decreafc  during  fix  Hours,  and  then  it  will  be  low  Water ;  the  Difier- 
cnce  between  thofc  two  Height^  i«  called  tl^e  Hehbt  tfibe  Tide  ;  froqi 
whence  it  appears  that  the  Height  of  the  Tides  depends  upon  a  great 
Number  of  Cvcumflances,  vit.  the  DecHnation  of  e^ch  Luminary,  the 
Age  of  the  Moon,  the  Latitudes  of  Ptaces  and  the  Diftancfc  of  the  two 
Luminaries  from  the  Centre  of  Ae  Earth. 

XT. 

To  examine  the  Variations  in  the  Height  of  the  Tides  according  to  all 
tliofe  Circuniftances,  let  us  fir  ft  lupppfe  the  Orbit  of  the  Moon  and  that 
of  the  Sun  in  the  Plane  of  the  Equator,  and  let  us  further  fuppofe  tlieiQ 
How  N«r-  P*^f*^^'y  Circular,  and  let  a  Plac^  be  chofen  at  the  Equator  j  19  which 
fwTwne  *  Cafe  w^e  may  fuppofe  8=1  and  t=i,  which  vriH  happen  at  the  appulfe 
t»  cfiimate  of  the  Luminaries  to  the  Meridian  in  the  Syfigei,  gnd  the  whole  Elevatnon 
onhfm^  will  be  exprcffed  by  S+L;  about  fix  Hours  after  s=o  and  t=o  nearly 
on  the^w^  and  the  Waters  will  have  no  Elevation  confequently  the  Height  of  the 
ten  «f  the  Tides  in  the  Syfigies  will  be  exprcflcd  by  S+L;  but  in  the  C^dratures 
**••  at  the  appulfe  oftlic  Moon  to  the  Meridian  trrx  and  s;=o,  and  thei  fi- 

le valion  of  the  Waters  will  be  exprefled  by  L,  aboqt  fix'  Hours  after 
8::=!  and  tsso  nearly,  and  the  Elevation  of  the  Waters  will  be  evprefled 
^.  by  Sand  the  Height  of  the  Tide  will  be  exprefled  byL— S^  confequently 
the  Heifi^ht  of  the  Tide?  in  the  Syfigies  and  Quadratures  will  be  as  S-^^L 
to  L — S.  if  therefore  the  Height  of  the  Tides  in  the  Syfigies  and  Quad- 
ratures at  the  Time  of  the  Equinoxes  was  determined  from  Ohfi^rvaiton,  on 
the  Coafi  of  an  Ifland  fituated  near  the  Equator,  in  a  de^p  Sea,  ^nd  open  on 
^very  Side  to  a  great  extent,  the  Ratio  of  L  toS,  the  Effeds  of  the  Forco 
of  th^  Sun  and  Moon,  or  the  Ratio  of  thofe  Forces  which  are  proportioi^ 
al  to  thofe  Effe^^s,  would  be  found. 

As  no  fuch  Obfervations  have  been  made,  Kewhn  employs  for  de- 
termining the  Ratio  of  thofe  Forces  the  Ol^fervations  m?^  by  Sturmy 
ihrte  Miles  below  Bf  iftol.  this  Author  relates  that  the  Height  of  the  Af- 
fcont  ot  the  Waters  ih  the  vernal  and  autumnal  ConjunSioii  and  Oppufiti- 
on  of  the  Sun  and  Moon,  amounts  to  about  45  Ffeet,  but  in  the  Qi^ra- 
turfs  to  25  only,  wherefore  L+S  is  to  L — S  as 45  to  aj  or  *s  g  to  5,  con- 
fequently 5L-|-5/=9^'-^9S,  or  I4S=4L  and  S  is  to  L  as  2  to  7.       '  ' 

To  reduce  this  Determination  to  the  mean  State  of  the  variable  Gratis- 
fiances ;  it  is  to  he  obferved  i*  that  in  the  Syfigies  the  conjoin^  Forces  of  th^ 
Sun  and  Moon  being  the  greateft,it  has  been  fuppofcd  that  the  correfpondiiig 
Tide  is'alio  the  greateft,  but  the  Force  impreffcd  at  that  Time  on  the  Se^ 
bting  incrcafed  by  a  new  Though  a  lefs  Force  ftill  a<fting  on  it  until  it  be* 
comes  too  weak  to  raife  it  any  more,  the  Tides  do  not  rife  to  their  greateft 
Height  b^t  feme  'if'ime  after  the  Moon  has  pa{fed  the  Syfigies,  Ntrvt^ 
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fom  the  Obfervatjons  of  Sturmy  concludes  that  tM  greateft  Tldefdlowt 
next  after  the  Appulfe  pf  the  Moon  to  the  Meridian  when  the  Moon  is  dii* 
tatit  from  the  Sun  about  xS^i.  the  Sun's  Force  in  this  Diftance  of  the 
Moon  from  Sy%ies  being  to  the  Force  [s]  in  the  ^yfigies,  as  the  Cofine 
[798(3^$]  pf  fjouble  this  Didance^  or  of  an  Angle  c^  37  Degrees,    to 
the  Radius  [loooooop]  in  the  Place  pf  L-f-S  in  the   preceding  Analogy 
^"^  79^^355  ^  ^^  ^^  ^  S^bAttuted.    In  the  Quadratures  the  conjorat 
Forces  of  the  Sun  and  Moon  bejng  leaft,   it  was  alfo  fuppofed  that  the 
Icafl  Tide  happens  at  t)iat  Time,  but  the  Sea  loofes  its  Motion  by  the  KcJaaioa 
fame  Degrees  that  it  acquir/9d  it,  fo  that  the  Tides  are  not  at  their  leaft  ^  ^^^*  <^* 
Height  until  f&me  Time  after  the  Moon  has  paflfedthe  Quadratures,  and  JhJ'S^'* 
Newton  from  the  fame  Obfervatious  of  Sturmy  (Coniclud^  that  the  leaA  ftatc  of  the 
Tide  follows  next  after  the  Appulfe  of  the  Moon  to  the  Meridian   when  ▼■»*•«€  dr 
the  Moon  is  diftant  from  the  Quadratures  18^  J.  Now  the  Sun's  Force  *«?!^"?^^' 
in  this  Diilance  of  the  Moon  from  the  Quadratures  being  to  the  Force 
[S]  in  the  Quadratures,  as  the  Cpfine  (7986355)  of  double  this  Diftance 
pr  of  an  Angle  of  37  Degrees,  to  Radius  (i  0000000)  in  the  Place  of 
L— -S  in  the  preceding  Analogy,   X, — o,   7986355S  is  to  be  Subfiitutf d. 

It  is  to  be  ooferved  2«  that  the  Orbit  pf  the  Mooo  was  fupppf^  to  Co- 
infide  with  the  Plane  of  the  Eqt^tpr,  but  the  Moon  is  the  Qu^^^tures^ 
pr  rather  18^  •  pad  the  Quadratures,  declines  from  the  Equator  bya« 
bput  2a^  X39>  now  th^  Fprce  of  the  Moon  in  this  diftance  from  the 
Equator  being  to  its  Force  (L)  in  the  Equator,  as  the  Square  of.  the 
Cpfine  (8570327  )  pf  its  Declination  22fi  13m,  to  K^kIius  (i 0000000)  in  the 
P|ace<rf  p-»p^  79863558  in  ^)|[5  preceding  Analogy  0,8570327!-^ 
0,798^35^8  isk  to  bjfi  Subi^tuted. 

It  18  to  be  obierved  30  that  the  Qrbits  pf  the  Sun  and  Mboa  were 
ftfpofed  to  be  perfeftty  Circular,  and  confequently  thofe  Luminaries 
to  beinth^r  mean  Diilances from  the  Earth,  ^xNtw^  d^monftrated 
that  the  lunar  Orbit  (abftra«Sing  from  its  Excentricity)  ought  to  be  an  Ellip- 
tic Figure,  having^its  Centre  in  the  Centre  di  the  Ear^h  and  the  ftiorteft  Dt<t 
ameterdreded  to  the  Sun;  and  determined  (Prc^.  28.  B.  3.)  the9latippf  this, 
(horti^  DiajKPtt^r  lo  the  k>rgeft  or  the  Diftance  of  the  Moon  from  the  Earth 
in  the  Sjfi^es  andQ^dratiires  to  be  as  69  to  70.  To  find  its  Diftance  when 
I?  i  ^&^  advanped  beyond  the  Syfigies,  and  when  18  |  Degrees  pafs- 
ed  by  tjie  Qjiadratures,  it  ts  to  beobferved  that  in  an  fillipfis  if  the  longeft 
Semidiam^er  be  exprefled  by  (a)  its  (horteft  by  [h]  and  the  Di^rence 
of  the  ^uares  of  the  longeft  and  ftiortell  Semidiabeters  by  [cc]  and  ttte 
Sine  of  the  Angle  which  any  Diameter  [y]  makes  with  the  longeft  SemidiS 

ameter  by    [s]    yy  =  '^  \z, — r~  wherefore  fuhftituting   fucceiliv^(y  \t\ 

this  Expreffion  69  for  [a^  70  for  [b]  fpr  [s]  3*73047  and  948^3236  the 
Sinesot  18  i  Degrees  anc  71  i  Degrees  :  thofe  Diftances  will  be  69,098747 
^  ^i?97345  ^o<l  ^^  ^^^  Dillance  will  be  69  i  as  equal  to  halt  the  %wr^ 
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Compulation  founded  on  the  Laws  of  Equilibrium,  wherefore  tne   gt€tl 
Spring  Tides  and  Neap  Tides  are  in  a  greater  Ratio  according  to  the  Ijasm  ' 
ot  Equilibrium  than  that  of  9  to  5. 

Betnoully  fuppofes  them  to  be  to  each  other  as  7  to  3,  confeqaently  rhu 

i».r*'^n^  the  Fo)ce  (L)  oi  the  Moon  is  to  the  Force  (S)  of  the  Sun  as  5  to  a.     A  pro- 

tiao^tngto  portion  which  anfwers  better  to  the  Obferved  Variations  in  the  durad*' 

Berfi6iilly.i  on  and  interval  of  the  Tides  (Variations  which  receive  no  AkeratioiftfroiB 

the  above  mentioned  fecondary  Caufes)  and  to  the  other  Theories  vriiicli 

depend  on  a  Determination  of  the  Force  of  the  Moon.     Hence  the  Denfitj 

of  the  Moon  is  to  the  Denfity  of  thq  Earth  as  7  lib  io,  the  Quantity  of  Mat- 

terinthe  Moon  is  to  the  Quantity  of  Matter  in  the  Earth  as  r  to  fo,  sad 

finally  the  accelerative  Gravity  at  the  Surface  of  the  Moon  is  to  the  accdcr- 

ative  Gravity  on  the  Surface  of  the  Earth  as  t  to  $. 

nv. 

.  If  the  iAoon^s  Body  were  Fluid  like  our  Sea  it  would  be  elevated  by  At 

Agurcof  the  Action  of  the  Earth  m  the  Parts  which  are  neareft  to  it  and  in  the  l^arts  op- 

moM.        poAte  tothefe,  and  Ifewton  enquires  into  the  Quantity  of  this  Elevafioo. 

He  obferves  that  the  Elevation  (8  ^  )  of  the  Earth  pix>duced  by  the  A6AMk 

of  the  Moon  would  be  to  the  Elevation  (E)  of  the  Moon  (if  it  had  the 

fame    Diameter   ais  the  Earth)  produced  by    the  Adion  of  the    Earth 

as  the  Quantity  of  Matter  in  the  Moon  fd  the  Quantity  of  Matter  io 

the  Earth,  or  as  1  to  ^yjSS.  and  the  Elevation  (E)  produced    by  die 

AcSlioo  of  the  Earth  in  the  Moon  if  it  had  the  fame  Diameter  as  the  Bardii 

is  to  the  real  Elevation  (x)  produ<!ed  in  the  Moon  by  the  Adion  of  tiiK 

.   Earth,  as  the  Diameter  of  the  Earfh  to  the  Dtakneter  of  the  Motm  or  ss 

365  to  100.  wherefore  by  the  Compofition  of  Ratios  8  ^  X  E  is  toExz 

or  the  Elevation  of  the  J&irth(8{)  piV>(luced  by  the  Adbion  of  the  Moca 

IS  to  the  real  Elevation  of  the  Moon  prodlitied  by  the  Adionof  cheEau^at 

<  X  365  to  39,788  X  too  or  as  it)8i  to  itoo  or  x  ^g^  Feet.  confeqiK^j 

the  Diameter  of  the  Moon  that  paflfes  through  the  Centre  of  the  Earthymuft 

exceed  the  Diameter  whi^hk  perpendicular  to  it  by  186  Feet  Hence  it 

\%,  that  the  Moon  always  turns  the  fame  Side  towards  the  EartSi. 

InElFe£t  La  Grange  in  his  Piece  which  carried  the  Prize  of  the  wjA 
Uffertof    Academy  of  Sciences  in  the  Year  1764,  fuppofing  with  Newhn  that  Ihc 
loherolda*   ^^°"  **  *  Spheroid  having  its  longed  Diameter  direftod  towards  the  fiitth, 
liga.e  of  ihff  has  found  that  this  Planet  fliould  have  a  libratory  or  ofcillatory  Motron  about 
»w)o.        its  Axis,  whereby  its  Velocity  of  Rotation  is  fometimes  accelerated  aiidother 
Times  retarded,  and  that  then  the  Moon  (hould  always  turn  the  fame  Side 
nearly  towards  the  Earth,  tliough  it  did  not  receive  in  the  Beginning  a  Mo- 
tion of.  Rotation  whoTe  Duration  was  equal  to  that  of  its  Revolution*    Li 
Grange  has  demonftrated  alfo  that  th^  Figure  of  the  Moon  might  be  fuch 
•  .^  the  Pre^ei&Qaof  its^  ecjmnoQial  Points  or  the  Ketrograda^icHx  of  tt|^ 
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I'  Nodes  of  the  tuoar  Equator*  would  be  equal  to  the  retrograde  Motion  oF 
I  the  Nodes  of  the  lunar  Orbit ;  and  in  this  Cafe  he  found  that  the  lun«r 
Axis  would  have  no  fenfible  Nutation.  The  Adion  of  the  Sun  in  all 
tbofe  Inquiries*  is  almoft  tnfenfible  with  refped  to  that  of  the  Earth ; 
it  is  the  Earth  which  produces  the  Motion  of  the  Nodes  of  the  lunar 
Equator*  by  admg  more  or  lefs  obliquely  on  the  lunar  Spheroid ;  hence 
the  Precei&on  of  the  lunar  Equator*  and  the  Law  of  the  Motion  pro- 
duced in  the  lunar  Spheroid*  di£Fer  very  much  frpm  that  which  is  obfervcd 
in  the  Equator  of  the  Earth.  The  Refearches  of  this  eminent  Mathe- 
matician of  Turin,  fhall'be  explained  hereafter. 

KV. 

Newton  having  (hewn  that  the  Tides  proceed  from  the  combined  Ani- 
ons of  the  Sun  and  Moon*  and  determined  the  Quantity  that  each  of  thofe 
I   Luminaries  contribute  to  their  Produdion*  enters  into  an  Explanation 
I    of  the  Ctrcumftances  which  attend  the  Phenomena  of  the  Tides. 

There  has  been  obferved  in  all  Times*  three  Kinds  of  Motions  in  the  Three  kinat 
Sea*   its  diurnal  Motion*  whereby  it  ebbs  and  flows  twice  a  Day,  the  *>^  ^'^ 
regular  Alterations  which  this  Motion  receives  every  Month*  and  which  ^mii  ob^ 
foUow  the  Polition  of  the  Moon  with  refped  to  the  Suu*   and  thofe  ienred  in 
which  arrive  every  Year  and  which  depend  on  the  Pofition  of  the  Earth  J^XIfca^ 
with  refped:  to  the  Sun. 

To  deduce  thofe  Motions  from  their  Caufe*  we  are  to  obferve  that  Diumil 
the  Sea  yielding  to  the  Force  of  the  Sun  and  Moon  imprefled  on  it  in  ▼«»*«»•• 
Proportion  to  their  Quantity*  acquires  its  greateft  Height  by  a  Force 
compounded  of  thofe  two  Forces ;  hence  this  greateft  Height  (even  ab<> 
ftrading  from  the  Force  of  Inertia  of  the  Waters)  (hould  not  be  im- 
mediately under  the  Moon*  nor  immediately  under  the  Sun*  but  in  an 
intermediate  Point*  which  correfponds  more  exadly  to  the  Motion  of 
the  Moon  than  to  that  of  the  Sun*  becaufe  the  Force  of  the  Moon  on 
the  Sea  is  greater  than  that  of  the  Sun.  To  determine  the  Pofition 
pf  this  Point*  it  is  manifeft  that  at  High- Water  in  anv  Place,  ssS+ttL 
is  a  Maximum,  and  at  Low- Water  a  Minimum  or  Ssds-\'Ltdt=zo,  But 
the  inftantaneous  Increment  (ds)  of  the  Sine  of  the  Altitude  of  the  Sun* 
is  to  the  correfponding  Increment  (dz)  of  the  Sun's  diurnal  Arc*  as  the 
Cofine  (vi — ^0  of  the  Altitude  of  the  Sun  to  Radius  (i)*  or  i/= 
*^i— «X^«  and  the  correfponding  Decrement  ( — dt)  of  the  Sine  of  the 
Moon*5  Altitude,  is  to  the  correfponding  Inc/ement  (dx)  of  the  Moon's 
diurnal  Arc*  as  the  Cofine  (Vi — tt)  of  its  Altitude  to  Radius  (i)*  or 
-^fczrfyXv^i — tt^^ZdzXyi — //,  dx  being  to  dz  as  29  to  30*  on 
account  of  the  Motion  of  the  Moon.  Subftituting  thofe  Values  of  ds 
and  dt  in  the  Expreffion  Sids-^-Ltdt^o,  we  will  have  ^/v^i— //=:||XL 

Xtyi — //,  or' — !_ i=-ii-.  from  whence  it  appears  that  at  the  Tinjc 
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of  high  and  low  Water  the  'Quantities  /|^i— /i  and  //t— ^i  are  alwajn 
in  the  conftant  Ratio  of  29  L  to  30 S^  or  of  20  X5  to  30X2  ;  but  the 
C2uantity    syi — u   can    never  exceed  f ;   confeqnentjy  #1^1-*^/  can 

never  exceed  ■^^^'  or  ^V ;  *"<•  of  courfc  one  of  the  Fadors  t  or  1^1— « 

*9X  5 
muft  be  always  very  fmalU  which  prwes  that  the  Moon  is  near  the 
Meridian  at  High-Waterf  and  near  the  Horizon  at  Low- Water. 

The  Waters  of  the  Sea  therefore  (hould  be  elevated  and  deprefled 
twice  in  the  Space  of  a  lunar  Day,  that  is  in  the  Interval  of  Time 
elapfed  between  the  Paflage  of  the  Moon  at  the  Meridian  of  any  Place, 
and  its  Return  to  the  fame  Meridian  ;  for  the  conjoint  Force  of  the 
Sun  and  Moon  on  the  Sea>  being  greateft  when  the  Moon  is  near  the 
Meridian^  it  ihould  be  equal  twice  in  24  Hours  49  Minutes  (a)»  whea 
the  Moon  is  near  the  Meridian  of  the  Place  above  imd  below  the  Ho- 
rizon \  wherefore  in  each  diurnal  Revolution  of  the  Moon  about  the 
Earths  there  £liould  be  two  Tides  diftant  from  each  other,  by  the  fiunc 
Interval  that  the  Moon  employs  to  pafs  from  the  Meridian  above  the 
Horizon  to  that  below  it,  which  Interval  is  about  1 2^*  Q,\^*  henoe  the 
Time  of  High- Water  will  be  lat^  and  later  every  Day. 

XVI. 

Since  Vi-^//  can  never  exceed  -^^y  and  confequently  the  Diftance  of 
the  Moon  from  the  Meridian  12  Degrees,  the  greateft  Elevarion  of  the 
Waters  in  any  Place  can  never  happen  later  than  4&.lunar  Minutes^  or 
50  folar  Minutes  after  the  Appulfe  of  the  Moon  to  the  Meridian^  if  tlie 
Waters  had  no  Inertia^  and  their  Motion  were  not  retarded  by  tfadr 
Fridion  againd  the  Bottom  of  the  Sea.  But  from  thofe  two  Caofes 
this  Elevation  ftill  happens  two  Hours  and  a  Half  or  three  Hours  lam 


(a)  Whilft  the  Heavens  (eem  to  carry  the  Sun  and  Moon  round  from  £aft  to  Weft  cvcit 
Day«  thofe  Luminaries  move  in  a  contrary  DircAion«  the  Sun  59  m.  %%.  ,3  the  Moon  13  d. 
35s.  in  a  Day,  confequently  after  iheir  ConjunAion  the  Moon  continually  recedes  nd. 


vim.  %6%.  ,7  from  the  Sun  towards  the  £aft  each  Day,  until  ihe  is  130 Decreet  from  tbe  Sim, or 
in  Oppofition.  after  whicli  being  to  tl)e  Weft  of  the  Sun,  (he  continuafly  approaches*  and  at 
lenecn  overtakes  him  in  29  Days  and  an  Half.  From  whence  it  appears  that  this  Planet,  the  Day 
of  die  new  Moon,  riles,  palTet  at  the  Meridian  and  (cis  about  the  iame  Time  as  the  Sun;  tbe 
following  Days  (he  riles,  pafles  at  the  Meridian,  and  fets  later  and  later  than  the  Sun,  (b  that  the 
mean  Quantity  of  the  Kecardation  of  one  rifmg  compared  with  the  following,  of  one  AppnHe  t» 
the  Meridian  compared  with  the  following,  &c,  is  about  49  Minutes.  SevenDays  and  One  chli^ 
after  the  CcnjunAion,  tbe  Moon  beir^  90  Degrees  to  the  Kaft  of  the  Sun,  or  in  its  firft  Qnaiter, 
ihe  riies  when  the  Sun  is  in  the  Meridian,  paiies  at  the  Meridian  when  the  Sun  (era,  and  feis  «t 
Midnight.  The  foU(  wing  Days  (he  comes  iboner  to  the  Meridian  than  the  Sun  to  the  oppofitc 
Meridian,  but  the  Ditference  concioually  decreaies  to  the  OppofKion,  and  then  ftie  ri(cs  when 
the  Sun  fets,  pafles  a:  the  Meridian  at  Midnight,  and  fets  when  the  Sun  ri(e$.  The  followirg 
Days  (he  comes  later  and  later  to  the  Meridian  than  the  Sun  Co  the  oppolifc  Meridian,  the  Di^ 
ference  incrcafing  to  the  laft  Quarter  when  the  Mcon  being  90  Degrees  to  the  Weft  of  the  Sor, 
riles  at  Midnight,  pafics  at  the  Meridian  at  Six  of  the  Clock  in  the  Morning  and  ftu  at  Kof  n, 
1  he  foliowiog  Days  ihe  ri^es,  pciiles  at  the  Meridian,  and  feu  fooner  than  the  Sun,  the  Interval 
decrcafing  to  Uie  Conjunction. 
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in  the  Ports  of  the  Ocean  where  the  Sei  is  open ;  for  the  Waters  m 
confequence  of  their  Force  of  Inertia  receiving  but  by  Degrees  their 
Motion^  and  retaining  for  fome  Time  the  Motion  they  have  acquired^ 
the  Motion  of  the  Sea  is  perpetually  accelerated  during  the  fix  Hours 
which  precedes  the  Appulfe  of  the  Moon  to  the  Meridian*  by  the  com-> 
bined  Adions  of  the  Sun  and  Moon  on  the  Waters,  which  increafes  in  pro- 
portion as  the  Moon  rifes  above  the  Horizon,  and  by  the  diurnal  Motion 
of  the  Earth  which  then  confpires  with  that  of  the  Moon.  This  Mo«  ^|,gt  ,„ 
tion  impreflfed  on  the  Waters  retains  during  fome  Time  its  Acceleration,  theCtoiet 
fo  that  the  Sea  rifes  higher  and  higher  until  the  diurnal  Motion  of  the  JjJjJxUe"'* 
Earth  which  becomes  contrary  after  the  Appulfe  of  the  Moon  to  the 
Meridian,  as  alfo  the  combined  Adions  of  the  Luminaries  which  be- 
comes weaker  and  weaker,  diminiihes  gradually  the  Velocity  of  the 
Waters,  in  confequence  of  which  they  fink.  It  is  eafy  to  perceive  that 
the  Fridion  of  the  Waters  againft  the  Bottom  of  the  Sea  Ihould  alfo 
contribute  to  retard  the  Tides. 

In  the  Regions  where  the  Sea  has  no  O>mmunication  with  the  Ocean, 
the  Tides  are  much  more  retarded,  in  fome  Places  even  la  Hours,  and 
it  is  ufual  to  fay  in  thofe  Places,  that  the  Tides  precede  the  Appulfe  of 
the  Moon  to  the  Meridian.  In  the  Port  of  Havre-de-gracef  for  Ex- 
ample, where  the  Tide  retards  9  Hours,  it  is  imagined  that  it  precedes 
by  3  Hours  the  Appulfe  of  the  Moon  to  the  Meridian ;  but  in  Reality, 
this  Tide  is  the  Efred  of  the  precedent  Culmination. 

The  Waters  falling  to  the  loweft  when  the  MoOn  is  near  the  Horizon,  Low-water 
her  Adion  on  the  Ses  being  then  nnoft  oblique,  it  is  manifeft  that  Low-  <^oes  not 
water  does  not  cxaftly  fall  between  the  two  High- waters  which  immedi-  b«IwOT  Ac 
ately  fucceed  each  other,  but  is  fo  much  nearer  to  that  which  follows,  as  two  Elera- 
the  Elevation  of  the  Pole  in  the  propofcd  Place  is  greater,  and  the  Moon  |j^JJfgJ^g|* 
has  a  greater  Declination ;  that  is,  in  proportion  to  the  Interval  between  IS^eed'' ^ 
the  riung  and  fetting  of  the  Moon  and  the  horary  Circle  of  fix  Hours  ^ch  other, 
after  her  CulminatiOT.  *^  ^^y* 

XVII. 

Thefe  are  the  principal  Phenomena  which  attend  the  Tides  depend-  The  men- 
ing  on  the  Pofition  of  the  different  Parts  of  the  Earth  in  its  diurnal  Re-  ^^  ^*" 
volution  with  refpeS:  to  the  Sun  and  Moon.    We  fliall  now  proceed  to  ""**°"'' 
explain  the  Variations  in  the  Tides  which  happen  every  Month,  and 
which  depend  on  the  Change  of  Pofition  of  the  Moon  with  RefpeS  to 
the  Sun  and  the  Earth. 

XVIIT. 

In  the  Conjunfdon  of  the  Sun  and  Moon,  thofe  Luminaries  coming  The  greit- 
to  the  Meridian  at  the  fame  Time,  and  in  the  Oppofition  when  one  eft  inlet 
comes  to  the  Meridian  the  other  coming  to  the  oppofite  Meridian,  they  JJIneVtna 
confpire  to  raife  the  Waters  of  the  Sea.    In  the  Qsadratures  on  the  fVtU  Moon. 
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The  leaft  in  contrary  the  Waters  raifed  by  the  Sun»  are  deprefled  by  the  Moon,  the 
the  Quadra-  w^^tcrs  under  the  Moon  being  90  Degrees  from  thofe  under  the  Son; 

confequently  the  greateft  Tides  happen  at  full  and  new  Moon,  and  the 

leaft  at  firft  and  laft  Quarter. 

The  great-  The  greateft  and  leaft  Tides  do  not  happen  in  the  Syfigies  and  Qga- 
^  »<*j««ft  dratures,  but  are  the  Third  or  the  Fourth  in  Order  after  the  Syfigies 
notprecUe-  ^^^  Quadratures,  becaufe  as  in  other  Cafes  fo  in  this,  the  Effe&  is  not 
ly  happen  the  greateft  or  the  leaft  when  the  immediate  Influence  of  the  Caofe  is 
Tim^Tana  g''c«*«ft  <""  '««ft-  ^^  ^^^  ^ea  was  pcrfedly  at  Reft  when  the  Sun  and 
why.  Moon  ad  on  it  in  the  Syfigies^  it  would  not  inftantly  attain  its  great- 

eft Velocity,  nor  confequently  its  greateft  Height,  but  would  acquire  it 
by  Degrees.  Now  as  the  Tides  which  precede  the  Syfigies  are  not  the 
greateft,  they  increafe  gradually,  and  the  Waters  have  not  acquired  their 
greateft  Height  until  fome  Time  after  the  Moon  has  palFed  the  Syfi- 
gies, and  ftie  begins  to  counteraS  the  Suu'S  Force  and  deprefs  the 
Waters  where  the  Sun  raifes  them.  Likewife  the  Tides  which  precede 
the  Qiiadratures  are  not  the  leaft,  they  decreafe  gradually  and  do  not 
come  to  their  leaft  Height  until  fome  Time  after  the  Moon  has  pafled 
the  Quadratures. 

XX. 

The  peat-       The  greateft  Height  of  the  Waters  which  by  the  fingle  Force  of  the 
o2  of  th^*"  Moon  would  happen  at  the  Moon^s  Appulfe  to  the  Meridian,  and  by 
Watenhap-  the  fingle  Force  of  the  Sun  at  the  Sun^s  Appulfe  to  the  Meridiaos  ab- 
P^"*  ^^^  ftrading  from  the  external  Caufes  which  retard  it ;   by  the  combined 
pu^  of  the  Forces  of  both  muft  fall  out  in  an  intermediate  Time,  which  corref- 
Moontothe  ponds  more  exa£tly  to  the  Motion  of  the  Moon  than  to  that  of  the  SuOf 
wwTft  ISe    wherefore  when  the  Moon  pafles  from  ConjunSion  or  Oppofition  to 
paflesfrora  Qjiadrature,  this  greateft  Height  anfwers  more  to  the  fetting.of  the 
iheSyfigiei  Moon.    The  Sun  in  the  firft  Cafe  coming  fooner  to  the  Meridian  than 
araturc^*"  *^^  Moon,  and  in  the  latter  the  Moon  coming  later  to  the  Meridian 
and  Uter     than  the  Sun  to  the  oppofite  Meridian ;    and  when  the  Moon   paftcs 
Moo^  wS"   ^^^"™  Quadrature  to  Oppofition  or  Conjunftion,  this  greateft  Elevation 
from\ff  **  anfwers  more  to  the  rifing  of  the  Moon.    In  the  firft  Cafe,  the  Moon 
Qu><initures  coming  fooner  to  the  Meridian  than  the  Sun  to  the  oppofite  Meridian, 
Syfi^iet.      ^"^  '"  ^^^  latter,  the  Moon  coming  fooner  to  the  Meridian  than  the 
Sun  {^).    '1  o  calculate  thofc  Variations  in  the  Time  of  High-water  which 
arife  from  the  refpe^ve  Pofitions  of  the  Sun  and  Moon,  let  us  fuppofo 
on  a  certain  Day,  the  Sun  and  Moon  to  be  in  Conjundion  at  the  Ap- 
pulfe of  the  Moon  to  the  Meridian  of  any  Place,  and  confequently  that 
it  is  High- Water  there  at  that  Inftant.     The  following  Day  at  the 

(b)  $ee  preceding  Note 
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Time  of  High-Water,  in  faid  Place,  the  Sum  of  the  Diftances  (z'+x*) 
of  the  Sun  and  Moon  from  the  Meridian  will  be  ia<i.  jom.  and  the  In« 
terval  between  the  two  Tides  will  be  exprefled  in  folar  Hours  by 
36od.+Arca^  Since  the  Arcs  z'  and  x'  are  very  fraall,  they  may  be  fiip- 

pofed  without  any  fenfible  Error  to  coincide  with  their  Sines  (yi //) 

Xvi — tt)  and  v^i— /z+v'i— //  maybe  fuppofed  equal  to  Sin.  la**.  30™. 
=0,  21643,  and  confequently  Vi — //=o,  21643— i^i-^/,  wc  may  fup- 

pofe  alfo  x=t  and  /=! :  after  thofe  Subflitutions  the  Equation  iiliUf'ss 

—  Xtt  ''^iH  be  transformed  into  i— /J         —■^X'— s  *nd  fubfti- 

30      S  0,21643— |/'i—/i    30     6 

tuting   -1  for  —  we  will  have  '   ^X^~'\ =^   which   gives  for 

"^     %  a  0,21643— V 1—1/     12  ** 

V\ — St  or  for  the  Sine  of  the  Arc  z'  required  15X0,21643=0,  15308 
I  or  2'=8<J.  48™.  or  35f  folar  Minutes,  fo  that  the  whole  Interval  is  24I1. 

35"-  ^ 

Let  us  now  fuppofe  on  a  certain  Day,  the  Sun  and  Moon  to  be  in 
Q^rature  at  the  Appulfe  of  the  Moon  to  the  Meridiaii  at  the  above 
mentioned  Place,  and  confequently  that  it  is  High- Water  there  at  that 
Inftant  ;  the  following  Day  at  the  Time  of  High-water  the  Sum  of  the 
Diftances  (z'+x')  of  the  Sun  and  Moon  from  the  Meridian  (if  it  be  the 
laft  Quadrature)  will  be  ^^i  Degrees,  and  the  Sum  of  the  Diftances 
I  (z-^z'J  of  the  Sun  from  the  Horizon  and  Meridian  being  90  Degrees^ 
jB— iif'rzi  2d.  30m,  that  is,  / — |/i — tf=o,  2 1  ^  and  |/i — //=/ — o,  2 1 643. 
But  in  this  Cafe  v^i — s/  may  be  fuppofed  =1  and  /=i,  wherefore 

=  '       ■     = 7—"= —  Which  gives  /=o,'^6q2o  anfwer- 

tyt — tt       yi — //     /— 0,21643       12  ^  *^  ^  ^* 

ing  to  2id.  40™.  or  to  i^.  265  Minutes,  fo  that  the  whole  Interval 
(36od.«fArcz)  is  25  Hours,  26f  Minutes. 

From  whence  it  appears  that  High- Water  ftiould  precede  the  Appulfe 
of  the  Moon  to  the  Meridian  whilft  ftie  is  pailing  from  the  Syfigies  to 
the  Quadratures,  and  ftiould  follow  the  Apf  ulfe  of  the  Moon  to  the 
Meridian  whilft  flie  is  pafling  from  the  Quadratures  to  the  Syfigies  ; 
that  the  greateft  Anticipation  or  Retardation  ftiould  be  about  50  folar 
Minutes^  and  that  the  Diftance  of  the  Sun  and  Moon  from  each  other  at 
the  Time  of  the  greateft  Anticipation  or  Retardation  is  about  57  De- 
grees. But  from  external  Caufes  High-Water  happens  in  the  Ports  of  the 
Ocean  three  Hours  later,  confequently  in  thofe  Ports  it  Ihould  precede 
the  third  lunar  Hour,  and  that  by  the  greateft  Interval  the  ninth  Tide 
after  the  .Syfigies,  and  this  greateft  Anticipation  being  repaired  in  the 
five  fubfequent  Tides,  it  ihould  follow  by  like  Intervals  the  third  lunar 
Hour,  whilft  the  Moon  is  paifing  from  the  Quadratures  to  the  Syfigies. 
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XXI. 

The  TidM  Finally,  all  other  Circumftanccs  being  alike,  the  Tides  are  greatefi  in 
are  gyetter^  jj^^  f^^^  AfpeSs  of  the  Sun  and  Moon,  when  they  have  the  Cune  De- 
bwTwlJcn'  clination,  when  the  Moon  is  in  Perigee  than  when  (he  is  in  Apogee. 
the  Moon  The  Forco  of  the  Moon  on  the  Waters  of  the  Sea  decreafing  in  the 
UiinS*  triplicate  Ratio  of  her  Diftance  from  the  Earth. 

Ihetsin  XXII. 

tC^"'  .        The  annual  Variations  of  the  Tides  depend  on  the  Diftance  of  the 

Varia'roni,  Earth  from  the  Sun,  hence  it  is  that  in  Winter  the  Tides  are  greater, 

the  Tides  *  all  Other  Circumftances  being  alike,  in  the  Syligies,  and  iefs  in  the  Q^- 

ITwintcf  draturcs  than  in  Summer,  the  Sun  being  nearer  to  the  Earth  in  Winter 

than  in  than  in  Summer.  • 

Summer.  XXIII. 

TheTidet       The  Effeds  of  the  Sun  and  Moon  upon  the  Waters  of  the  Sea  de- 

depend  on    p^pj  upon  the  Declination  of  the  Luminaries*  for  if  either  the  Sub  or 

l\mof t^^  Moon  was  in  the  Pole,  any  Place  of  the  Earth  in  defcribing  its  Paralki 

Sun  and      to  the  Equator,  would  not  meet  in  its  Courfe  with  any  Part  of  the 

Moon.        Water  more  elevated  than  another,  fo  that  there  would  be  no  Tide  in 

any  Place;  therefore  the  iydions  of  the  Sun  and  Moon  on  the  Watcn 

of  the  Sea  become  weaker  as  they  decline  from  the  Equator,  and  Netotw 

found  (Prop.  37.  B.  3.)  that  the  Force  of  each  Luminary  on  the  Sea 

decreafes  in  the  duplicate  Ratio  of  the  Cofine  of  its  Declination ;  hence 

it  is,  that  the  Tides  in  the  folflicial  Syfigies  are  Iefs  than  in  the  eqai- 

nodial  Syfigies,  and  are  gi^er  in  the  folfticial  Quadratures  than  in  the 

equinodial  Quadratures,  becaufe  in  the  folfticial  Quadratures  the  Moon 

is  in  the  Equator,  and  in  the  other  the  Moon  is  in  one  of  the  TpopiCs» 

and  the  Tide  depends  more  on  the  Adion  of  the  Moon  than  that  of  the 

Sun,  and  is  therefore  greateft  when  the  Moon's  Adion  b  greafeft. 

The  Spring  Tides  therefore  ought  to  be  the  greateft,  and  the  Neap 
Tides  the  leaft  at  the  Equinoxes,  and  becaufe  the  Sun  is  nearer  the 
Earth  in  Winter  than  in  Summer,  the  Spring  Tides  are  greateft  and  the 
Neap  Tides  the  leaft  in  Winter ;  hence  it  is,  that  the  greateft  Spring 
and  leaft  NeapTides  are  after  the  autumnal  and  before  the  Ternal  Equinox. 
Two  great  Spring  Tides  never  follow  each  other  in  the  two  neareft 
Syfigies,  becaufe  if  the  Moon  in  one  of  the  Syfigies  be  in  her  Perigee, 
ihe  will  in  the  following  Syfigie  be  in  her  Apogee.  In  the  firft  Cafe 
her  Adion  being  greateft  and  confpiring  with  that  of  the  Sun»  the 
Waters  will  be  raifed  to  their  greateft  Height;  but  in  the  latter  Cafe 
her  Adion  being  leaft^  the  Tide  will  be  Iefs. 

XXIV. 

The  Time  The  ebbing  and  flowing  of  the  Sea  depends  alfo  upon  the  Latitude  of 
ofthc^Sci  ^***  ^'*^* »  ^^^  *^  conjoint  Anions  of  the  Sun  and  Moon  changing  the 
depend  np-  Water  upon  the  Earth's  Surface  into  an  oblong  Spheroid,  one  of  the 
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;   Vertices  of  its  longer  Axii  defcribing  nearly,  the  Paralkl  on  the  Earth's  on  the  Uii 
I   Surface,  which  the  Moon,  becaufe  of  the  diurnal  Motion,  fecms  to  p^^^,^ 
defcribe,  and  the  other  a  Parallel  as  far  on  the  other  Side  of  the  Equator. 
The  whole  Sea  h  divided  into  two  oppofite  hemifpheroidal  Floods,  one 
;  on  the  North  Side  of  the  Equator,  the  other  on  the  South  Side  of  it,  which 
I   come  by  Turns  to  the  Meridian  of  each  Place  after  an  Interval  of  1 2 
Hours.      Now  the  Vertex  of  the  hemifpheroidal  Flood  which  moves 
on  the  fame  Side  of  the  Equator  with  any  Place,  will  come  nearer  to  it 
than  the  Vertex  of  the  oppofite  hemifpheroidal  Flood  which  moves   in- 
a  Parallel  on  the  other  Side  of  the  Equator ;  and  therefore  the  Tides  in 
all  Places  without  the  Equator,  will  be  alternately  greater  and  lefs ;  the 
greateft  Tide  when  the  Declination  of  the  Moon  is  on  the  fame  Side  of 
the  Equator  with  the  Place,  will  happen  about  three  Hours  after  the 
Appulfe  of  the  Moon  to  the  Meridian  above  the  Horizon,  and  the  leaft 
I  Tide  about  three  Hours  after  the  Appulfe  of  the  Moon  to  the  Meridian 
below  the  Horizon,  the  Height  of  the  Tide  in  the  firft  Cafe,  being  expreff- 
ed  by  a  Semidiameter  of  the  elliptic  Sedion  of  the  Spheroid  nearer  the 
tranfverfe  Axe  than  in  the  latter  Cafe,  and  confequently  is  greater ;  and  the 
Tide,  when  the  Moon  changes  her  Declination,  which  was  the  greateft  will 
be  changed  into  the  leaft,  for  then  the   hemifpheroidal    Flood  which  is 
oppofite  to  the  Moon,  moves  on  the  fame  Side  of  the  Equator  with  the 
Place,  and  therefore  its  Vertex  comes  nearer  to  it  than  the  Vertex  of 
the  hemifpheroidal  Flood  under  it.     And  the  greateft  Difference  of  thofe 
Tides  will  be  in  the  Solftices,  becaufe  the  Vertices  of  the  two  hemif- 
pheroidal  Floods  in  that  Caft  defcribe  the  oppoflte  Tropics,  which 
are  the  fartheft  from  each  other  of  any  two  parallel  Circles  they  can  de* 
fcribe.     Thus  it  is  found  by  Obfervation,  that  the  Evening  Tides  in  the 
Summer  exceed  the  Morning  Tides,  and  the  Morning  Tides  in  Winter 
exceed  the  Evening  Tides ;  and  we  learn  (Pro.  24.  B.  3.)  that  Sit  Plymouth, 
according  to  the  ObferVations  of  Coleprefs  this  Difference  amounts  to  one 
Foot,  and  at  Brijlol,  according  to  thofe  of  Sturmy  to  1 5  Inches.     Newton 
(de  Mundi  Syftemate,  page  58.)  found,  that  the  Height  of  the  Tides  de-  J^/^g^ 
creafes  in  each  Place,  in  the  duplicate  Ratio  of  the  CoHne  of  the  La-  accrwifcs  in 
titude  of  this  Place.    Now  we  have  feen,  that  at  the  Equator,  they  (he  dupli- 
decreafe  in  the  duplicate  Ratio  of  the  Cofme  of   the  Declination  of  ^f ^f  Jo^q^. 
each  Luminary^i  therefore  in  all  Places  without  the  Equator,  half  the  of  the 
Sum  of  the  Heights  of  the  Tides  Morning  and  Evening,  that  is,   their  Latitude. 
mean  Height  decreafes  nearly  in  the  fame  Ratio.     Hence  the  Diminu- 
tion of  the  Tides  arifing  from  the  Latitude  of  Places,  and  the  Declina- 
tion of  the  Luminaries  may  be  determined. 

XXV. 

The  Height  of  the  Tides  depend  likewife  upon  the  Extent  of  the  JfJ^f^^^ 
Zz%  in  which  they  are  produced,  whether  the  Seas  be  entirely  fepa-  depend  on 
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the  Extent  rated  from  the  Ocean^  or  communicate  with  it  by  a  narrow  Oiaimel ;  for  1 
of  tbeSeai.  jf  j^c  Seas  be  extended  from  Eaft  to  WeftpoDegrcci,  the  Tides  will  be  . 
the  fame  as  if  they  came  from  the  Ocean^  becaufe  this  Extent  is  fiiffideie 
that  the  Sun  and  Moon  may  thcrcl)y  produce  on  the  Waters  of  the  Sea 
their  grcatcft  and  Icaft  EfiFea;  but  if  thofe  Seas  be  fo  narrow,  that 
each  of  their  Parts  are  raifed  and  deprefled  with  the  fame  Force,  thcxe 
can  be  no  fenfible  £ffe£b,  for  the  Water  cannot  rife  in  any  one  Place 
without  finking  in  auother ;  hence  it  i$>  that  in  the  Baltsck^Suip  the 
Black  Sea,  the  CoTpian^Seaf  and  other  Seas  or  Lakes  of  leis  Extent, 
there  is  neither  Flood  nor  Ebb. 

XXVI. 

TheTidet       In  the  Ahditerranean-Seat  which  is  extended  from  Eaft  to  Weft  oriy 
in  the  Me-  5o  Degrees,  the  Flood  and  Ebb  are  fcarce  fenfible,  and  Euler  has  given 
^J^S^T  a  Method  for  determining  their  Quantity.      Thofe  fmall  Tides  are  M 
leoitble,       rendered  lefs  by  the  Winds  and  Currents  which  are  very  great  in  thi$ 
Sea;  hence  it  is,  that  in  moft  of  thofe  Forts,  there  are  fcarce  any  re- 
gular Tides,  except  in  thofe  of  the  Adriatick  Sea,  which  having  a  greater 
Depth,  the  Elevation  of  the  Waters  are  rendered  more  fenfible  ;  hence 
it  is,  that  the  Venetians  were  fhe  firft  who  made  Obfervations  on  tbe 
Tides  of  the  Mediterranean^  ^ 

xxvii. 

^hkh '  Befides  the  aflignable  Caufes  which  ferve  to  account  for  the  Phenomeat 

fluence'thc    ^f  the  Tides,  there  are  feveral  others  which  produce  Irregularities  ia 

Tides  that    thofe  Motions  which  cannot  be  reduced  to  any  Law,  becaufe  they  de- 

JJf^^^'*  pend  on  Circumftances  which  are  peculiar  to  each  Place  ;  fuch  arc  the 

Shores  on  which  the  Waters  flow,  the  Straits,  the  different  Depths 

of  the  &ea>  their  Extent,  the  Bays,  the  Winds,  iic.  fo  many  Caufes 

which  alter  the  Motion  of  the  Waters,  and  confequently  retard,   in- 

creafe,  or  diminifii  theTidest   and  are  not  reducible  to  Calculation. 

Hence  it  is,  that  in  fome  Places^  the  Flood  falls  out  the  third  Hour 

after  the  Culmination  of  the  Moon,  and  in  other  Places  the  lath  Hour; 

and  in  general,  the  greater  the  Tides  are,  the  later  they  happen,  becaufe 

the  Caufes  which  retard  them  ad  fo  much  longer. 

If  the  Tides  were  very  fmall,  they  would  immediately  follow  the 
Culmination  of  the  Moon,  becaufe  the  Adion  of  the  Obftacles  whidi 
retard  them  would  be  rendered  almoft  infenfible ;  this  is  partly  the  Reafen 
why  the  great  Tides  which  happen  about  the  new  and  full  Moon,  follow 
later  the  Appulfe  of  the  Moon  to  the  Meridian,  than  thofe  which  hap- 
pen about  the  Qi^adratures ;  the  latter  being  lefs  than  the  former. 

XXVIII. 

thc^witen^     -Bttfcr  relates  that  at  St.  Malos,  at  the  Time  of  the  Syfigies,    it  is 

9fcheSesu  High- Water  the  fixth  Hour  after  the  Appulfe  of    the  Moon    to   the 

K^eridian,  and  the  Retardation  increafes  more  and  more  until  at  Dun- 
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kerk  and  Oftendf  it  happens  at  Midnight.  From  this  Retardation  the 
Velocity  oF  the  Waters  may  be  determined,  and  EuUr  concludes  from 
thofe,  and  other  Obfervations,  that  they  move  at  the  Rate  of  eight 
Miles  an  Hour  ;  but  it  is  eafy  to  perceive,  that  this  Determination  can* 
not  be  generaL 

XXIX- 

The  Tides  are  always  greater  towards  the  Coafts  than  in  the  open  The  Tides 
Sea,  and  that  for  feveral  Rcafons ;    firft  the  Waters  beat  againft  the  "*^^'d$*t!^ 
Shores,  and  by  the  Re-adion,  are  raifed  to  a  greater  Height.     Secondly,  Coafts,  and 
they  come  with  the  Velocity  they  had  in  the  Ocean  where- their  Depth  ^^y- 
was  very  condderable,  and  they  come  in  great  Quantity,  confequently 
meet  with  great  Refiftance  whilft  they  flow  on  the  Shores ;  from  which 
Circumftance,  their  Height  is  ftill  encreafed.     Finally,  when  they  pafs 
over  Shoals,  and  run  through  Straights,  their  Height  is  greatly  encreaf- 
ed, becaufe  being  beat  back  by  the  Shores,  they  return  with  the  Force 
they  had  acquired  from  the  Effort  they  had  made  to  overflow  them. 
Hence  it  is,  that  at  Brijlol,  the  Waters  are  raifed  to  fo  great  a  Height 
at  the  Time  of  the  Syfigies,  for  the  Shores  on  this  Coaft,  are  full  of 
Windings  and  Sand-Banks,  againft  which  the  Waters  beat  with  great 
Violence,  and  are  much  impeded  in  their  Motion. 

XXX. 

Thofc  Principles  ferve  to  account  for  the  extraordinary  great  Tides  ExpUcailon 
which  are  obferved  in  feme  Places,  as  at  Plymoutby  Mount  St,  Michael^  phenomcni 
the  Town  of  Avrancbes  in  Normandy 9  &c.  where  Newton  fays,  the  Wa-  of  the 
ters  rife  to  40  or  50  Feet,  and  fome  Times  higher.  Tide*. 

It  may  happen,  that  the  Tide  propagated  from  the  Ocean,  arrives  at 
the  fame  Port  by  different  Ways,  and  that  it  paflfes  quicker  through  fome 
of  thofe  Ways  than  through  the  others ;  in  this  Cafe,  the  Tide  will  ap- 
pear to  be  divided  into  feveral  Tides,  fiicceeding  one  another,  having 
very  different  Motions,  and  no  ways  refembling  the  ordinary  T^des.  Let 
us  fuppofe^  for  Example,  that  the  Tides  propagated  from  the  Ocean, 
arrive  at  the  fame  Port  by  two  different  Ways,  one  of  which  is  a  readier 
knd  eafier  Paflage,  fo  that  a  Tide  arrives  at  this  Port  through  one  of 
thofe  Inlets  at  the  third  Hour  after  the  Appulfe  of  the  Moon  to  the 
Meridian,  and  anotiier  through  the  other  Inlet,  fix  Hours  after,  at  the 
9th  Hour  of  the  Moon.  When  the  Moon  is  in  the  Equator,  the  Morn- 
ing and  Evening  Tides  in  the  Ocean  being  equal,  in  the  Space  of  24 
Hours,  there  will  arrive  four  equal  Tides  to  this  Port,  but  one  flowing 
in  as  the  other  ebbs  out,  the  Water  muft  ftagnate.  When  the  Moon  de- 
clines from  the  Equator,  the  Tides  in  the  Ocean  are  alternately  greater 
and  lefs,  confequently  two  greater  and  two  lefler  Tides  would  arrive  at 
this  Port  by  Turns,  m  the  Space  of  24  Hours.  The  two  greateft  Tides 
would  make  the  Water  acquire  its  greateft  Height  at  a   mean  Time 
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betwixt  them*  and  the  two  lefler  Would  make  it  fall  loweftf  at  a  meaa 
Time  between  ibofe  two  leaft  Tides,  and  the  Water  would  acqiiire  at 
a  mean  Time  betwixt  its  greateft  and  leaft  Height,  a  mean  Hei^t ; 
thus  in  the  Space  of  24  Hours,  the  Watery  would  rife,  not  twice^  as 
ufual,  but  once  only  to  their  greateft  Height,  and  fall  loweft  only  once. 
If  the  Moon  declines  towards  the  Pole  elevated  above  the  Honzon» 
its  greateft  Height  would  happen  the  third,  the  fixth,  or  the  Qtb  Hour 
after  the  Appulfe  of  the  Moon  to  the  Meridian ;  and  if  the  Moon  de- 
.  dines  towards  the  oppofite  Pole,  the  Flood  would  be  changed  inta 
Ebb. 

XXXI. 

Explication       All  which  happens  set  Batjbam  in  the  Kingdom  of  Tonquin,  in  the 
^mfttSa    Latitude  of  20^.  50">.  North.     The  Day  in  which  the  Moon  paflfes  the 
attending      Equator,  the  Waters  have  no  Motion  of  flux  and  reflux  :    as  the  Moon 
'^^B^fhT     removes  from  the  Equator,  the  Waters  rife  and  fall  once  a  Day*  and 
fn  the  King-  come  to  their  greateft  Height  when  the  Moon  is  near  the  Tropics  ;  with 
4om  of        this  DiflFerence,  that  when  the  Moon  declines  towards  the  North-Pole, 
Tunquin.     jj^^  Waters  flow  in  whilft  the  Moon  is  above  the  Horizon,  and^bb  out 
whilft  ihe  is  under  the  Horizon,  fo  that  it  is  High- Water  at  the  fetting 
of  the  Moon^  and  Low- Water  at  her  rifmg.      But  when  the  Moon  de- 
clines towards  the  South-Pole,    it  is   High- Water   at  the  rifing,    and 
Low- Water  at  the  fetting  of  the  Moon-;  the  Waters  ebbing  out  dur- 
ing the  whole  Time  the  Moon  is  above  the  Horizon. 

The  Tide  arrives  at  this  Port  by  two  Inlets,  one  from  the  Cbiwfe 
Ocean,  by  a  readier  and  ftioner  Paflfage  between  the  Ifland  of  Letu9M 
and  the  Coaft  of  Cant9n,  and  the  other  from  the  Indian  Ocean,  between 
the  Coaft  of  Cocbin-Cbina  and  the  Ifland  of  Borneo,  by  a  longer  and  le& 
readier  Paflfage ;  but  the  Waters  arrive  fooner  l^y  the  readieft  andihortefr 
Paflage ;  hence  they  arrive  from  the  Cbineji  Ocean  in  fix  Hours,  and 
from  the  Indian  Ocean  in  1 2  Hours,  confequently  the  Tide  arriving  the 
third  and  ninth  Hour  after  the  AppuKe  of  the  Moon  to  the  Meridian, 
there  refult  the  above  Phenomena. 

xxfii. 

At  the  Ett-       At  the  Entrance  of  Rivers,  there  is  a  Difference  in  the  Time  of  the 

Sws  the    Tides  flowing  in  and  ebbing  out,  arifing  from  the  Current  of  the  River, 

Ebb  laA<     which  running  into  the  Sea,  retards  its  Motion  of  flux,  and  accelerates  its 

th"^Fi  ^d?  ^^^^'^'^  ^^  reflux,  confequently  makes  the  Ebb  lafl  longer  than  the  Flood, 

ud  why/    ^ht<^^  ts  confirmed  by  Experience ;    for  Sturmius  relates,  that  above 

BrtftoU  at  the  Entrance  of  the  River  Oundal,  the  Tide  is  five  Hours 

flowing  in,  and  feven  Hours  ebbing  out.     Hence  it  is  alfo^  that  all  other 

Circumftances  being  alike,  the  greateft  Floods  arrive  later  at  the  Mouths 

of  Rivers  than  elfewhere* 
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XXXIII. 

ft  has  be^  found,  as  has  been  already  mentioned,  that  the  Tides  AtthePolei 
tdepend  on  the  Declination  of  Ihe  Luminaries,  and  the  Latitude  of  ihe  J^J*  "^ 
I'lace;  hence  at  the  Poles  ^here  is  no  diurnal  ebbing  and  flowing  of  the  Tideibut 
Waters  of  the  Sea  ;  for  the  Moon  being  at  the  fame  Height  above  the  ^^^  " 
Horizon  during  24  Hours,  cannot  raife  the  Waters ;    but  in  thofe  Re-  thTReToTu- 
gions,  the  Sea  has  a  Motion  of  flux  and  reflux  depending  on  the  Revo-  tion  of  the 
kition  of  the  Moon  about  the  Earth  every  Month;    in  confequence  of  JJ^^,^"' 
which  the  Waters  are  at  the  lowed  when  the  Moon  is  in  the  Equa- 
tor, becaufe  (he  is  then  always  in  the  Horizon  with  refped  to  the  Poles ; 
and  as  the  Moon  declines  either  towards  the  North  or  South  Pole,  the 
Sea  begins  to  ebb  and  flow,  and  when  her  Declination  is  greatefl,  the 
Waters  are  raifed  to  their  greateft  Height  at  the  Pole  towards  which  flie 
declines;   and  ai»  this  Elevation,  which  does  not  exceed  ten  Inches,  is 
produced  but  by  a  very  flow  Motion,  the  Force  of  Inertia  ^ncreafes  it 
very  little,  confeqaently  is  fcarce  fenfible, 

xxxiv. 
It  IS  only  at  the  Poles  that  the  Waters  have  no  diurnal  Motion  ;  in  But  k  is 
the  Frigid-Zonfc,  there  is  one  Tide  every  Day  inftead  of  two,  as  in  the  p"{j/^'^* 
Torid-Zone,  and  in  our  Temperate-Zones  ;  and  it  is  eafy  to  ihew,  that  there  is  no 
this  Piaiffage  of  two  Tides  to  one,  is  not  effe£ted  fuddenly,  but  like  all  ^'»*"["»* 
other  EfFefts  of  Nature,  is  produced  gradually.     For  we  have  feen,  that  ?^ 'f^  ^Vi- 
the  Morning  and  Evening  Tides  in  our  Temperate-Zones  are  unequal,  «d-Zone 
not  only  as  to  their  Height,  but  alfo  as  to  the  Time  of  their  Duration  ;      j  *[*°°* 
that  the  remoter  the  Place  is  from  the  Equator,  the  greater  is  this  In-  there  are 
equality  between  the  two  Tides  which  immediately  fucceed  each  other,  pot  two  as 
both  as  to  their  Height  and  the  Time  of  their  Duration,  for  the  greateft  Re^orlf^f 
Tide  (hould  laft  longer  than  the  leaft ;  and  notwithftanding  which  they  the  Earth. 
both  ceafein  12^24™.  nearly;  therefore,  in  thofe  Regions  where  the  Moon 
after  her  Appulfe  to  the  Meridian  above  or  below  the  Horizon,  returns 
to  it  in  this  Interval,  the  leaft  Tide  will  entirely  vanifti,  and  there  will 
remain  but  the  greateft  Tide,  which  alone  will  fill  up  the  Intcr\^al  of 
12^  24™. 

XXXV. 
The  Force  ot  Ihe  Sun  and  Moon  are  (ufficient  to  produce  the  Tides,  why  the 
but  $ttt  ihcapable  of  producing  any  other  fenfible  Effea&  here  l>elow  ;  Sun  and 
for  the  Force  (S)  of  the  Sun  in  its  mean  Diftance,  being  to  the  Force  ^^^^^'^ 
fCrj  t)f  Gravity,  as  t  to  12868200,  and  the  Force  fSJ  of  the  Sun  being  Tides,  pro- 
to  the  Force  (LJ  of  the  Moon,  as  i  to  4,4615,  by  the  Compofition  of  ^"hcr'fcnr- 
Ratios  LXS  is  to  5'XG,  or  the  Fofc*e  {LJ  of  the  Moon  in  her  mean  lUeMUu 
Diftance,  is  to  the  Force  (G)  of  <3ravity,  as  4,4815  to  12868200,  or  here  below, 
w  1  to  2871400.      And  fince  S+L  is  to  L  as  5,4815  to  4,4815,  S+L 
XL  is  to  ixG  or  the  Sum  of  the  Forces  (S'\-L)  of  the  Sun  and  Moon 
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when  they  confpire  together,  and  in  their  mean  Diftances  from  the  Earthy 
is  to  the  Force  (G)  of  Gravity  as  5,4815X1  to  4,4815X2871400, 
or  as  I  to  2347565,  and  the  Sum  of  the  greateft  Forces  of  the  Lu- 
minaries, or  at  their  lead  Diftance  from  the  Earth,  is  to  the  Force  of 
Gravity,  as  i  to  2(332890.  From  whence  it  appears,  that  ihofc  Forces 
united,  cannot  deflccl  the  Direflion  of  Gravity,  nor  confequently  the 
Pendulum,  from  the  true  Vertical  the  loth  Part  of  a  Second,  nor  caufe 
a  Variation  in  the  Length  of  the  Pendulum  beating  Seconds,  which 
would  exceed  the  5^5  of  a  Line,  i^c 

THEORY  of  the  Refraction  oJ  Light. 

I. 

Explication  nT*  H  E  EffeQs  which  Bodies  exert  on  each  other  by  their  Attra^on,^ 
of  the  Re-  JL  become  fenfible  only  when  it  b  not  abforbed  by  the  Attradion  of 
L?^t°d€rfv  *^®  Earth,  and  it  appears  that  this  mutual  AttraSion  of  Bodies  becomes 
ca\om^the  fenfible  only  when  they  are  almoft  contiguous^  «nd  that  then  it 
PrincWeof  aSs  in  a  Ratio  greater  than  the  inverfe  Triplicate  of  the  Diftances. 
AttrtOion.  ^^^  ^j^^  Atmofphere,  or  the  Mafs  of  Air  encompafling  the  Elarth,  afik- 
ing  on  Light  in  a  very  fenfible  Manner,  it  is  certaiuj  that  if  Attradioa 
be  the  Caufe,  it  (hould  follow  this  Ratio. 

The  Advantage  of  the  Principle  of  AttraSion  confifts  in  having  00 
Need  of  any  Suppofition  but  only  the  Knowledge  of  the  Phenomena, 
and  the  more  accurate  are  the  Obfervations  and  Experiments^  the  eafier 
it  is  to  apply  this  Principle  to  their  Explication.  . 

II. 

It  is  well  known,  that  Light  traverfing  Mediums  of  difFerenl  Deo- 

fities,  changes  its  Diredion.     Snellsu/,  and  after  him  Dtfcartes,  found 

from  Experiment,  that  the  Sine  of  Incidence  and  that  of  Refra£tion  are 

The  Sine  of  always  in  a  conftant  Ratio;    znA  Newton  employs  the  14th  and  lift 

Md  RefAc-  SeSion  of  the  firft  Book  of  the  Principia  in  explaining  the  Reafon  why 

tioD  are  al-*  ^^ofe  Sines  fliould  be  in  a  condant  Ratioi  and  proving  that  this  Ratio 

ways  in  a      depends  on  the  Principle  of  AttrJa3ion.    It  is  in  this  Explication  we 

SS^"*'       fliall  follow  iV^w/(;«. 

Every  Ray  of  Light  which  enters  obliquely  into  any  Medium*  is  to  be 
confidered  as  a  Body  aded  on  at  the  fame  Time  by  two  Forces,  in  order 
to  apply  to  the  Explication  of  their  Effe3s  the  Principles  of  Mechanicks; 
Defcartes  and  Fermat  confidered  Light  as  a  Body  of  a  fenfible  Magnitude 
on  which  the  Mediums  ad  after  the  fame  Manner  as  they  appear  to  do  on 
other  Bodies:  and  finding  that  the  Mediums  which  Light  traverfes,  pro* 
duce  in  them  EfFe£b  quite  contrary  to  thofe  which  ihould  refult  from 
the  Principles  of  Mechanicksy  they  invented  each  an  Hypothefis  in  or- 
der to  reconcile,  in  this  Cafe,  the  Laws  of  Mechanicks,  which  are  in* 
conteflable,  and  the  phificial  EfFeds  which  are  almoft  as  certain. 
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m. 
It  is  well  known>  that  the  denfer  the  Mediums  are,  the  greater  Re- 
fifiance  Bodies  which  penetrate  them  meet  with  in  feparating  their  Parts. 
N0W9  in  this  Cafe>  the  Angle  of  Refradion  is  greater  than  the  Angle  of 
Incidences  becaufe  the  vertical  Velocity  of  the  Body  being  diminiflicd 
by  the  Refiftance  of  the  Mediums,  the  horizontal  Velocity  influences  '^^  ^***. 
nu)re  the  Diredion  of  the  Diagonal  which  the  Body   in   obeying   the  ^ofBodici 
two  Forces  into  which  its  Motion  is  refolved,  defcribes  ;  hence  it  is*  that  of*  fcnfiblc 
when  the  Refiftance  of  the  Medium  is  infurmountable,  the  Body,  inftead  ^*«g»^^»^«- 
of  penetrating  the  Medium,  returns  back  by  its  Elafticity,  and  the  Pro- 
portion between  this  Refiftance  and  the  vertical  Velocity  of  the  Body 
may  be  fuch,  that  the  Body  would  lofe  all  its  vertical  Velocity,  and 
would  Aide  on  the  Surface  of  the  Medium  if  it  had  no  Elafticity,  and 
if  the  Surface  of  the  Medium  was  a  perfedly  fmooth  Plane. 

IV. 

Now  quite  the  contrary  happens  to  the  Rays  of  Light,  the  denfer  the  ThcLawi 
Medium   is  which  they  traverfe,  the  more  the  Sine  of  Incidence  ex-  onffL?^ht' 
ceedt  that  of  Refradion;  therefore  the  vertical  Velocity  of  the  Rays  is  difiercnc^ 
increafed  in  this  Cafe,  which  is  quite  the  Reverfe  of  what  the  Laws  of  ^'J?'?  ^^!^ 
Mechanicks  feem  to  indicate.  cf  afenfibie 

DefcarUSi   in  order  to  reconcile  them  with  Experiment,    which  he  Magnkudc. 
could  not  evade,  maintained,  that  the  denfer  the  Mediums  were,  the 
eafier  Faflage  they  opened  to  Light ;  but  this  Manner  of  accounting  for 
this  Phenomenon  was  rather  rendering  it  doubtful  than  explaining  it. 

Fitrtnatj  finding  the  Explication  of  Defcartes  impoffible,  thought  it 
more  advifable  to  have  Recourfe  to  Metaphificks,  and  the  final  Caufes. 
He  afferted,  that  fince  Light  does  not  arrive  to  us  by  the  ftiorteft  Paf-  S^Sffewtes 
fage,  which  is  the  ftraight  Line,  it  was  becoming  the  Divine  Wifdom,  and  Fcrmat. 
it  ihould  arrive  in  the  ftiorteft  Time ;  this  Principle,  once  allowed,  it 
followed,  that  the  Sines  of  Incidence  and  RefraSion  are  to  each  other  as 
the  Facilities  of  the  Medium  to  be  penetrated. 

V. 

It  is  eafy  to  fee  how  Attraftion  folves  this  Difficulty;   for  this  Prin- 
ciple evinces,  that  the  progreflive  Motion  of  Light,  not  only  is  not  lef;> 
retarded  in  the  more  denfe  Medium,  as  Defcartes  pretended,  but  is  really 
accelerated^  and  that  by  the  Attraftion  of  the  more  denfe  Medium  when 
it  penetrates  k.    It  is  not  only  when  the  Ray  has  arrived  at  the  refrad- 
ing  Medium  and  at  the  Point  of  Incidence  that  it  afts  on  it ;  the  Incur-  y^f^^^^^j^^^ 
vation  of  the  Ray  commences  fome  Time  before,  and  it  increafes  in  accoumr* 
proportion  as  it  approaches  the   refrading  Medium,  and  even  within  Tor  every 
this  Medium  to  a  certain  Depth.  ftincT»i. 

Attrad'ton  accounts  for  every  Circumftance  attending  Light  in  its  tendiMthe 
Paflagc  through  one  Medium  into  another  j  for  the  vertical  Velocity  of  ^^"^^^ 
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the  Ray  is  increafed  in  the  more  denA  Medittm>  which  il'triverTcs  until 
it  arrives  at  the  Point  where  the  fuperior  and  inferior  Parts  <rf  this  Mcdi- 
um  ad  with  equal  Force  on  it,  then  it  continues  to  advance  with  the 
acquired  Velocity  until  being  on  the  Point  of  quitting  it>  the  fopcrior 
Parts  of  this  Medium  attrad  it  with  a  greater  Force  than  the  inferior 
Parts.  The  vertical  Velocity  of  the  Ray  is  diminilhed  thereby,  and  the 
Curve  it  defcribes  at  its  Emerfion,  is  perfedly  equal  and  fimilar  to  the 
one  it  defcribed  at  its  Incidence,  (the  Surfaces  which  bound  the  refrad* 
ing  Medium  being  fuppofed  parallel)  and  the  Pofition  of  this  Curve  b 
diredly  oppofite  to  that  of  the  firft.  In  fine,  the  Ray  pafles  thrcM^ 
Degrees  of  Retardation  which  are  in  the  fame  Ratio,  and  in  the  fanae 
inverfe  Order  as  the  Degrees  of  Acceleration  which  it  palled  through 
at  its  Incidence. 

Vf. 

NewtoHf  who  Was  as  fuperior  in  the  Art  of  makingEzperiments  ai 
in  that  of  employing  them,  found  on  examining  the  Deviation  iX  die 
Rays  of  Light  in  different  Mediums,  that  the  Attradion  exerted  ob 
the  Particles  of  Light  follows  the  Ratio  6f  the  Denfity  of  thofe  Me^ 
diums,  if  we  elcept  thofe  which  are  greafy  and  Ihlphurous.  Since  theft 
the  diiFerent  Denfities  of  thofe  Mediums  is  the  Caufe  of  the  Refra&oo 
of  Light,  the  more  homogeneous  Bodies  are,  the  more  tranfparent  they 
will  be ;  and  thofe  which  are  moft  heterogeneous  will  be  leuft  ib| 
for  the  Light  in  traverfmg  theiti,  being  perpetually  refleded  in 
different  Diredions  within  thofe  Bodies,  the  Qs^titity  <>■  Light  whidi 
arrives  to  us  is  thereby  diminifhed ;  hence  it  is,  that  when  the  Sky  is 
clear,  the  Stars  are  fo  diflindly  perceived,  but  when  clouded,  the  Rap 
are  intercepted,  and  cannot  reach  the  Earth. 

Vfi. 

Newton  alfo  found,  that  evei-y  Ray  of  Light,  hotvever  fmall,  is  com- 
pofed  of  feven  Rays,  which  as  long  as  they  are  united  continue  whit^,  but 
refume  their  natural  Colour  when  they  are  feparated,  and  thai  thofe 
Rays  have  not  all  the  fame  Degree  of  Refrangibility,  that  is,  in  paffing 
through  ohe  Medium  into  another  of  different  Denfity,  are  inAe£led 
feme  more  and  others  lefs;  fo  that  when  they  pafs  through  a  Lensi 
thofe  Rays  do  not  all  meet  the  Axe  at  the  fame  Diflance,  but  foroe 
nearer  and  others  farther  off,  and  thus  fohm  as  matiy  diflind  Pidures 
of  the  ObjeS  as  there  are  Colours,  'fhe  Eye  Only  perceives  the  moft 
vivid,  but  as  the  Pidures  are  not  equal,  the  greatell  form  round  thofe> 
feveral  coloured  Cirvlcs,  whi,ch  is  called  the  Crown  of  Aberration.  This 
Aberratibn  is  quite  diflinft  from  that  which  arifes  from  the  Defed  of 
Reunion  of  the  Rays    caufed  by  the  fpherical  Figure  of  the  Lenfes. 

The  Aberration  of  Refrangibility  in  the  Rays  of  Light  is  tiot  ienfibic 
when  their  Refraflion  is  inconfiderable ;  now  the  Rays  parallel  to  th^ 
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cptic  Ax€  of-  a  Lens^  and  thofe  at  a  fmalfDiflance  from  this  Are^  are 
^ry  little  inflefied,  and  the  Pidure  they  form  may  be  confidered  as 
fimple^  as  not  being  furrounded  by  any  coloured  Circles.     Hence  it  is, 
that  Arcifts  are  under  the  Neceflity  of  giving  to  the  objeSivc  Glafs  an 
Aperture  of  a  very  fmall  Number  of  Degrees  of  the  Sphere  of  which 
this  Glafs  forms  a  Part,  and  confequemly  of  incrcafing  the  focal  Di- 
itance  of  this  Glafs*  and  the  Length  of  the'Tetefcope,  as  often  as  they 
change  the  Proportion  of  the  objcdlve  and  ocular  Glaflesy  in  order  to 
Increafe  its  magnifying  Power.     Thofe  Obftacles  to  the  Perfeflion  of 
refraSing  Telefcopes  arifing  from  the  Nature  of  Light,  and  the  Laws  • 
of  Refradion,  Newton  was  on  the  Point  of  removing  ;•  an  Fxpcrimcnt^ 
he  made  opened  the  Way  which  leads   to  this  Difcovcry,   but  he  did  u^  j,^ 
not  purfue  it:    the  Experiment  is  as  follows:    At  often  at  Light  f  tra-  Mechodftr' 
nnrfing  different  Mediumt J  it  Jo  eorre&edhy  contrary.  RefraBions^    that  it  combing 
emergetb  in  Linet  parallel  to   tboft  in  wbicb  it  wot  Incident,   continuet  \^^^^^  ^ 
ener  after  wbite.     Optics*  Firft  B.  Part  IL  Exp.  8.  arifiogfrom 

Eulerin  1747*  meditating  on  this  Subjea,4kmonftrated,  that  this  AflVr-  J*^^<*'^*f5?' 
tion  was  falfe,  and  confequently  that  the  Experiment  was  ill  made.  Mr.  Do^  lity  ^^f^c' 
hnd,  an  eminent  Englijb  Optician,  well  verfed  in  the  Theory  and  Praflice  ^,ay»  wm 
of  his  Art,  repeated  thisExperimeBt  after  the  fame  Manner  that  Newton  '^ifto^*''**- 
defcribed  it  ;  he  conftruded  for  this  Purpofe,  with  two  Plates  of  Glaf^, 
a  Kind  of  Port-folio,  which  being  filled  with  Water,  formed  a  Prifm  of 
Water,  that  by  clofing  or  opening  the  Glaflfes,  was  fufceptible  of  all 
Kinds  of  Angles;  he  plunged  into  the  Water  of  this  Prifm,  whofe  Angle 
was  turned  doMmwards,  another  Prifm  of  Chryftal,  whofe  Angle  was 
turned  upwards,  and  by  moving  the  Plates  of  Glafs,  he  found  that  In- 
clination which  was  neceflary  to  make  the  Objcds  obferved  through  t\  e 
two  Prifms  of  Water  and  Glafs  appear  exadly  at  the  fame  Height  as  they 
did  to  the  naked  Eye ;  it  was  then  manifeft,  that  the  Refradion  of  one 
Prifm  was  deftroyed  by  the  Refradionof  the  other,  yet  the  Objefls 
were  tinged  with  various  Colours,  which  was  quite  contrary  to  what 
Newton  had  aflerted.  Mr.  Dolond  afterwards  tried,  by  moving  the  Plates 
of  his  Prifm  of  Water,  whether  there  was  not  forae  poffible  Proportion 
between  the  Angles  of  the  two  Prifms  capable  of  deftroying  the  Colours, 
and  found  that  there  was  fuch  a  Proportion,  which  widely  differed  from 
that  which  deftroys  the  abfolute  RefraSion.  The  ObjeSs  not  coloured 
viewed  through  the  Prifms  thus  combined,  not  appearing  at  the 
fame  Height  as  when  viewed  by  the  naked  Eye.  From  whence  it  was 
eafy  to  conclude,  that  the  Aberration  of  the  Rays  arifing  from  their 
different  Degrees  of  Refrangibility,  might  be  correSed  by  employing 
tranfparent  Mediums  of  different  Denfities,  and  that  the  Rays  would  be 
refradedfbut  in  a  different  Manner  from  what  they  would  be*  in  paff- 
ing  through  one  Medium*    Mr«  Doknd  in  1 759,  difcovered  a  Method 
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anfwerlng  this  Purpofe,  wffich  he  has  employed  with  Succersin  the  Goa- 
ftrudion  of  achromatic  Telefcopes,  and  the  moft  eminent  Matfaemmti* 
cians  have  fince  exerted  all  their  Skill  in  inveftigating  the  diflFerent  Com- 
binations for  the  focal  Diftances^  and  the  Quantity  of  Curviture  rcqui- 
fite  to  corred  at  oncet  the  Aberration  arifing  as  well  from  the  diffcreBt 
Degrees  of  Refrangibility  of  the  Rays,  as  from  the  circular  Figure  ^f 
the  Lenfes.     Thofe  Refearches  Ihall  be  explained  hereafter. 

VIII. 

ThcPrin-  The  Principle  of  Attraftion  ferves  to  explain  why  the  Refradion  ia 
Attraftion  <^hanged  into  Refledion  at  a  certain  Obliquity  of  Incidence,  when  the 
fmes  to  ex-  Rays  of  Light  pafs  through  a  more  denfe  Medium  into  a  lefs  denfe  one; 
itf^  a^  ^^^  '"  ^^^  Paflage  of  a  Ray  through  a  more  denfe  Medium  into  anodicr 
» changed  ^^^^  '^  ^^^^f  ^^^  Curve  it  defcribes  it  infleded  towards  the  more  deofe 
inco  Rcfltc«  Medium  it  has  pafled  through ;  now  the  Proportion  between  its  Obli- 
^^''*  quity  and  the  Force  which  draws  it  towards  this  more  denfe  MedfOB 

may  be  fuch,  that  its  Diredion  mav  become  parallel  to  the  Surface  of  the 
Medium  which  it  quitSy  before  it  nas  paflfed  the  Limits  within  which  the 
Attradion  of  this  Medium  is  confined ;  and  in  this  Cafe,  it  is  very  eaiy 
to  fee,  that  it  ihould  return  toward  the  refrading  Medium  it  had  quit- 
ted, defcribing  a  Branch  of  a  Curve  equal  and  fimiiar,  to  the  Carve 
which  it  defcribed  in  pafling  through  this  Medium,  and  reafliune  after 
having  again  entered  this  Medium  the  fame  Inclination  it  had  before  it 
quitted  it.' 

The  Adion  of  the  Medium  which  Ifight  traverfes,  may  give  the 
Rays  the  Obliquity  they  require  in  order  to  be  refleded,  and  ms  the 
more  the  Mediums  diiFer  in  Denfity  the  lefs  is  the  Obliquity  of  lad- 
dence  requifite  that  the  Rays  may  be  refleded,  the  Rays  will  be  reflefteJ 
at  the  leaft  Obliquity  of  Incidence  when  the  contiguous  Space  or  refrafi- 
ing  Medium  will  be  purged  of  Air,  and  when  the  Vacuum  will  be  moft 
perfed.  And  fo  it  happens  in  the  Air«Pump,  in  which  the  more  the  Va- 
cuum is  increased,  the  quicker  a  Ray  is  refleded  at  the  fuperior  Surface 
of  a  Prifm  placed  therein.  The  Refraftion  is  therefore  changed  into 
Reflexion  at  different  Incidences,  according  to  the  Denfity  of  the  different 
Mediums,  Diamond  which  is  the  moft  brilliant  Body  known,  cerates  an 
entire  Refledion  when  the  Angle  of  Incidence  is  only  30  Degrees,  and 
it  is  according  to  this  Angle  Jewellers  cut  their  Diamonds,  that  they 
may  lofe  the  leaft  Quantity  of^the  Light  they  receive. 

IX. 

It  is  eafy  to  perceive,  that  when  a  Ray  of  Light  pafTes  through  a  left 
denfe  Medium  into  a  more  compaS  one,  the  Refradion  cannot  be 
changed  into  Refledion  let  the  Obliquity  of  Incidence  be  ever  fb  great, 
for  when  the  Ray  is  on  .  the  Point  of  quitting  the  lefs  denfe  Medium, 
the  other  Medium  which  is  contiguous  to  it,  begins  to  ad  on  it»  and 
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increafes  continually  its  vertical  Velocity,  the  Rays  of  Light  therefore 
in  their  Paffage  through  the  different  Couches  of  the  Atmofphere,  whofe 
Denfity  x:ontinually  increafes  in  approaching  the  Earth,  are  more  and 
more  curved;  in  confequence  of  which  the  celeftial  Objeds  appear 
more  elevated  than  they  really  are,  and  that  by  How  much  the  more 
their  Rays  are  curved  from  their  Entrance  into  the  Atmofphere  until 
they  arrive  to  us,  the  Eye  receiving  the  Impreflion  of  Light  in  the  Di- 
redion  which  the  Rays  have  when  they  enter  the  Eye. 

This  apparent  Elevation  of  the  heavenly  Bodies  above  their  true  Refn^tcn 
Height,  is  called  Aftronomical  Refradion,  and  is  greateft  near  the  Ho-  L^^Ji^'A^^ 
rizon,  where  repeated  Obfervations  prove,  that  it  amounts  to  33';  hence  thTLBy!^ 
it  is,  that  in  our  Climates,  the  Sun  appears  to  rife  3  Minutes  fooner,  and 
fet  3  Minutes  later  than  it  really  does,  whereby  the  artificial  Day  is  in- 
creafed  6  Minutes  by  the  Effed  of  Refraftion.     This  EffeS  gradually 
increafes  in  advancing  towards  the  Frigid- 2^ne,  and  at  the  Pole,  by  the 
Refra6lion  alone,  the  Day  becomes  36   Hours   longer ;   hence  it  is  alio 
that  the  Sun  and  Moon  at  their  riling  and  fetting  appear  oval,  the  infe- 
rior Margin  of  thofe  Luminaries  being  more  re&afted  than  the  fuperior 
one,  or  appear  higher  in  Proportion. 

Newton  has  (hewn  how  to  determine  the  Law  according  to  which  Rule  for 
Refra6tion  varies  from  the  Zenith  to  the  Horizon ;    from  his  Theory  it  ^"^''^g  5^« 
refults,  that  the  Radius  (R)  is  to  the  Sine  of  8 yd.  as  the  Sine  of  (z)  ft anydif! 
the  Diftance  from  the  Zenith,  to  the  Sine  of  (z — 6r)  of  this  fame  Di-  tancc  from 
ftance  diminiihed  by  fix  Times  the  Refradion  at  this  Diftance,  where-  ^^  ^'"''*- 
fore  R — Sine  87  :  Sine  87=:Sine  z — Sine  (z^^r)  :  Sine  (z — 6r) ; 
and  R — Sine  87  :  Sine  z — Sine  (z — 6rj  =  Sine  87  :  Sine  (z — 6r) ;  but 
jR— Sine  87  is  to  Sine  z— Sine  (z—6r)  as  3d.xCof.  88 «  to  6rX Cof. 
^2— 3ry,  Differences  of  the  Arcs  multiplied  by  .the  Cofines  of  the  Arcs, 
which  are  the  arithmetical  Means  between  90  and  87,  and  between 
z  and  z — 6r,     Therefore  the  Sine  of  88^.  |,  that  is  of  90^.  diminiftied 
by  the  Triple  of  the  horizontal  Refra£lion,  is  to  the  Sine  of  the  Diftance 
z  diminiflied  by  the  Triple  of  the  Refradion  at  that  Diftance,  as  the 
horizontal  RefraAion,  is  to  the  Refradion  at  the  Diftance  z,  and  as  the 
Cofine  of  88d.  i  to  the  Cofine  of  the  Arc  z  diminiflied  by  the  Triple 
of  the  Refra^on ;  therefore  the  Refradton  a«  the  Diftance  z,  is  equal 
to  the  horizontal  Refraftion  multiplied  by  the  Tangent  of  z  diminiflied 
by  the  Triple  of  its  Refradion,  the  whole  divided  by  the  Tangent  of 
88d.  2i"».  from  whence  it  appears,  that  the  Refra^iont  are  proportional 
^0  tbi  Tangents  of  the  Diftancesfrom  the  Zenith  dimini/hed  by  three  Timet 
the  Refrafficn. 

Example.  Lett  the  Refradlon  at  the  Diftance  of  45  Degrees  from  the 
Zenith  be  req^ired^  which  is  known  to  be  about  i^.  the  Tangtnt  of 
88<l.  2i««.  is  to  the  Tangent  of  44(1.  57"^.  as  the  horizontal  Refraflion 
33"*«  is  to  57',  the  Refraftion  at  45  Degrees  Diftance  from  the  Zenith. 
By  this  Rule  the  following  Table  was  conftruded. 
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THEORY  of  the  Secondary  Planets. 


THE  firft  Phenomenon  which  the  Secondary  Planets  offer  to MtB- 
ral  Philofophers,  is  their  Tendency  towards  their  Priming 
obferving  the  fame  Law  as  the  primary  Planets  towanls  the  Sun.  T^ 
Tendency  has  been  fufBciently  eftabliflied  in  treating  of  the  P""'*''^ 
nets,  abftraaing  at  firft,  as  was  necel&ry  in  order  to  fimplify  the  QuclW 
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from  all  the  Irregularities  which  the  Planets^  by  their  mutual  Attradions 
produce  in  each  others  Motions*  or  which  arife  from  the  Adion  of  the 
Sun.  Having  afterwards  examined  the  Irregularities  in  the  Motions  of 
the  primary  Planets ;  but  the  Irregularities  in  the  Motions  of  the  lecon- 
dary  Planets  deferve  particularly  to  be  confidered*  in  order  to  (hew  after 
a  more  fatisfadory  Manner,  the  Univerfality  of  the  Principle  of  At- 
tradion,  and  the  Harmony  of  the  Syftem  to  which  it  ferves  as  a  Bails. 

The  different  Kinds  of  Motions  obferved  for  many  Ages  in  the  Moon* 
and  the  Laws  of  thofe  Motions  difcovered  by  eminent  Aftronomers, 
fumifhed  Newton  the  Means  of  applying  his  Theory  with  Succefs  to  this 
Planet.  This  great  Man,  who  had  made  fo  many  Difcoveries  in  the 
other  Parts  of  the  Syftem  of  the  World,  was  refolved  not  to  leave  this 
Part  unexamined ;  and  though  the  Method  he  has  purfued  on  this  Occa- 
iion,  is  lefs  evident,  and  lefs  fatisfadory  than  the  Method  he  employed 
in  explaining  the  other  Phenomena ;  we  are  however  much  indebted  to 
him  for  having  made  it  the  Objed  of  his  Inquiry. 

II. 

It  is  eafy  to  perceive,  that  if  the  Diftance  of  the  Sun  from  the  Earth  Manner  of 
and  the  Moon,  was  infinite  with  the  refped:  to  their  Diftance  from  each  *»^«U5  J®" 
other,  the  Sun  would  not  difturb  the  Motion  of  the  Moon  about  the  Earth ;  f^eauality 
becaufe  equal  Forces,  whofe  Diredions  are  parallel,  which  ad  on  any  of  m 
two  Bodies,  cannot  afFeS  their  relative  Nlotions.    But  as  the  Angle  JiTsuiJuon 
formed  by  the  Lines  drawn  from  the  Moon  and  the  Earth  to  the  Sun,  the  Earth 
though  very  fmall,  cannot  be  efteemed  as  haying  no  Quantity,  from  this  ^  *« 
Angle  therefore  is  to  be  deduced  the  Inequality  of  the  Aftion  of  the     *^"* 
Sun  on  thefe  two  Bodies. 

Taking  therefore,  as  Newton  has  done,  (Propof.  66.)  in  the  ftraight  The  Force 
Line  drawn  from  the  Moon  to  the  Sun,  a  Line  to  exprefs  the  Force  ?^J^^j? 
with  which  the  Sun  attrads  it;  let  this  Line  be  conlidered  as  the  Dia-  [woothenT 
gonal  of  a  Parallelogram,  one  of  whofe  Sides  will  be  in  the  ftraight 
Line  drawn  from.the  Moon  to  the  Earth,  and  the  other  a  Line  drawn  from 
the  Moon  parallel  to  the  ftraight  Line  which  joins  the  Sun  and  the  Earth,  One  urges 
it  is  evident,  that  thofe  two  Sides  of  the  fame  Parallelogram  will  ex-  ^^'J^c 
prefs  two  Forces  which  mighrt  be  fobftituted  for  the  Force  of  the  Sun  Earth, 
on  the  Moon ;   and  that  the  firft  of  thofe  two  Forces  which  urges  the 
Moon  towards  the  Earth,  will  neither  accelerate  nor  retard  the  Defcrip- 
tion  of  the  Areas,  nor  confequently  prevent  her  from  obferving  the  Law 
oi  Kepler,  viz.  the  Areas  proportional  to  the  Times,  but  will  only  change  ^as^S*? 
the  Law  of  the  Force  with  which  the  Moon  tends  towards  the  Earth,  Dircftion  of* 
and  confequently  will  alter  the  Form  of  her  Orbit.     As  to  the  fecond  ^^^^^f^^ 
Force,  that  which  afts  in  a  Direftion  parallel  to  the  Ray  of  the  Orbit  thclEarth 
of  the  Earth,  if  it  was  equal  to  the  Force  with  which  the  Sun  aSs  on  to  the  Sun* 
the  Earth,  it  is  eafy  to  perceive  that  it  would  produce  no  Irregularity  in 
the  Motion  of  the  Moon ;   but  thofe  Forces  arc  only  equal  in  thofe 
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Points  of  the  Moon's  Orbits  where  her  Diftance  from  the  Sun  beooaiei 
equal  to  the  Diftance  of  the  Earth  from  the  Sun  at  the  fame  nrtnie» 
which  happens  in  the  Qyadratures ;  in  every  other  Point  of  her  Orbh 
thofe  two  Quantities  being  unequal^  their  Difference  expreflfes  the  pcrtur- 
bating  Force  of  the  Sun  on  the  Moon,  not  only  preventing  her  from  <fo. 
icribing  equal  Areas  in  equal  Times^  but  alfo  from  moving  always  in  the 
fame  Plane. 

III. 

We  find  in  Prop.  66  of  the  firft  Book,  only  the  general  Expofitioii  of 

the  Manner  of  eftimatipg  the  perturbating  Forces  of  the  Sun  on  the 

Moon :     But  in  Prop.  25  of  the  third  Book^  we  find  the  Calcuklioo 

Mfafurc       which  determines  their  Quantity  ;  we  learn  that  the  Part  of  the  Force 

of  the        of  the  Sun  which  urges  the  Moon  towards  the  Earthy  is  in  its   meaa 

Mitiirbatrng  Quantity,  the  ^yVjv  of  ^^e  Force  with  which  the  Earth  z&s  on  her 

the  Sun.  vfhtn  ftie  is  in  her  mean  Diftance.  The  other  Part  of  the  fame  Force 
of  the  Sun  which  ads  in  a  Diredion  parallel  to.  the  Ray  of  the  Orbit  at 
the  Earth,  is  to  the  firft  Part,  as  the  Triple  of  the  Cofine  of  the  Ang^e 
formed  by  the  ftraight  Lines  drawn  from  the  Moon  and  the  Earth  to  die 
Sun. 

IV. 

Newton  employs  this  Determination  of  the  perturbating  Forces  (Prop. 
26,  27,  28,  29.)  for  computing  the  monthly  Inequality  in  the  Moon's 
Motion,  called  her  Variation,  whereby  Ihe  moves  fw^fter  in  the  firft  and 
Accelert-     third  Quarter,  and  flower  in  the  Second  and  Fourth, "and  which  becomes 
tion  of  the   moft  fcnfible  in  the  OSants  or  45  Degrees  from  the  Syfigies. 
bcd%^*£"      AVw/(?«,  to  determine  this  Inequality,  abftrads  from  all  the  reft  ;  he 
Moon  pro-    further  fuppofes  the  Moon's  Orbit  to  be  circular,  if  the  Sun  was  away, 
Ui*rFo7      ^"^  ^^  inveftigates  the  Acceleration  in  the  Area  which  the  Moon  dc- 
fcribes,  produced  by  that  one  of  the  two  perturbating  Forces  which  aSs 
in  a  Direftion  parallel  to  the  Ray  drawn  from  the  Earth  to  the  Sua 
He  found  that  the  Area  defcribed  by  the  Moon  in  fmall  equal  Portions 
of  Time,  to  be  nearly  as  the  Sum  of  the  Number  219,46,  and  the 
verfed  Sine  of  double  of  the  Moon's  Diftance  from  the  neareft  Quadra- 
ture, (the  Radius  being  Unity) ;    fo  that  the  greateft  Inequalky  in  the 
Areas  defcribed  by  the  Moon,  arrives  in  t*he  OSants  or  45  Degrees  from 
the  Syfigies,  where  this  verfed  Sine  is  in  its  Maximum,  v 

Tf^h'^f'^"  To  determine  afterwards  the  Equation  or  CorreSion  in  the  mean 
rerd/rs  ihc  Motion  of  the  Moon  arifing  from  this  Acceleration  of  the  Area  defcrib- 
<  .hit  of  the  cd  by  the  Moon,  he  has  Regard  to  the  Change  in  the  Form  of  the  lunar 
rJmraifi^X  Orbit,, produced  by  the  pcrlurbating  Force.  He  inveftigates  the  Quan- 
Utwccn  the  tity  which  the  perturbating  Force  would  render  the  Line  pafTirg  through 
the  Quadratures  longer  than  that  which  traverfcs  the  Syfigies.     The 
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I  PiU  whieh' he  employs  in  folving  this  Prohleixiy  are  the  Velocities  of  Syfigief 
Ibe  Moon  in  thofe  :two  Points,  which  he  bad  (hewn  how  to  determine  [^*en''thc 
ill  the  foregoing  Propofitioni  and  the  centripetal  Forces  correfponding  Qcnara- 
lo  the  fame  Points^  which  are  both  one  and  the  other  compounded  of  ^^'^^ 
the  Force  with  which  the  Moon  tends  towards  the  £arth»  and  the  per-^ 
Inrbating  Forces  of  the  Sun,  which  in  the  Syfigies  and  Quadratures  ad 
in  the  Diredion  of  the  Ray  of.  the  Orbit  of  the  Moon.  Now  the  Cur- 
vatures in  thofe  Points,  being  ih  the  dired  Proportion  of  the  Attradons, 
and  in  the  Inverfe  of  the  Squares  of  the  Velocities,  by  this  Means  he 
obtaines  the-Ratio  of  the  Curvatures,  and  irom  thence  deduces  the  Ratio 
of  the  Axes  of  the  Orbit,  affuming  for  Hypothefis,  that  this  Curve  is 
an  Ellipfe,  having  its  Centre  in  the  Centre  of  the  Earth,  if  the  Sun  be 
fuppofed  to  have  no  apparent  Motion  round  the  Earth ;  but  when  Re« 
gard  is  had  to  this  Motion  of  the  Sun,  becaufe  the  lefTer  Axe  of  the 
Ellipfe  ts  alfo  carried  about  the  Earth  with  the  tame  Motion,  as  being 
always  direSed  towards  the  Sun,  that  it  is  a  Curve  whofe  Rays  are 
the  fame  as  thofe  of  the  Bllipfe,  but  the  Angles  they  form  are  in- 
creafed  in  the  Ratio  of  the  periodic  Motion  of  the  Moon  to  its  fynodical 
Motion.  The  firft  of  thofe  Motions  being  that  in  which  the  Moon  is 
referred  to  a  fixed  Point  in  the  Heavens ;  the  other  in  which  (he  is  com- 
pared with  the  Sun.  By  the  Means  of  thofe  Suppofitions,  Newton  found 
that  the  Axe  which  pafles  through  the  Quadratures,  is  greater  than  that 
which  pafles  through  the  Syfigijs  by  ^V* 

VI. 

He  afterwards  computes   in  the  fame  Hypothefis  of  the  Moqp's  Or-  Compwu- 
bit  being  circular,  if  the  Sun  was  away,  by  the  Principle  of  the  Areas  variation* 
proportional  to  the  Times,  the  Equation  or  CorreSion  in  the  mean  Mo-  of  the 
tion  of  the  Moon  refulting  not  only  from  the  Acceleration  found  in  the  Moon. 
foregoing  Problem,  her  Orbit  being  fuppofed  circular,   but  from  the 
new  Form  of    this  Orbit.       From  the   Combination    of   thofe    two 
Caufes,  he  finds  an  Equation  or  CorrcQion  which  becomes  mod  confi- 
derable  in  the  OSants,  and  then  amounts  to  35m.  10'  when  the  Earth 
IS  in  its  mean  Diftance ;  and  in  the  other  Points  of  the  Earth's  Orbit, 
is  to  35m.  10',  in  the  inverfe  Ratio  of  the  Cube  of  the  Diftance  from 
the  Sun,  becaufe  the  ExpreflTion  of  the  perturbating  Force  of  the  Sun, 
which  is  the  Caufe  of  all  thefe  Irregularities  of  the  Moon,  is  divided 
by  the  Cube  of  the  Earth's  Diftance  from  the  Sun.     This  CorreQion  in 
the  other  Points  of  the  Moon's  Orbit,  is  proportional  to  the  Sine  of 
double  of  the  Diftance  of  the  Moon  from  the  neareft  Quadrature. 

VII.. 

Newton  pafles  from  the  Examination  of  the  Variation  of  the  Moor,  ^JJ^^f^ 
to  that  of  the  Motion  of  the  Nodes,  (Prop.  30,  31.)     In  this  Inquiry  Motion 
he  fuppofes  the  Moon's  Orbit  to  be  circular  if  the  Sun  was  away,  and  ^  ^J^^ 
attributes  to  the  Force  of  this  Luminary  no  other  Effect  than  to  change 
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this  circular  Orbit  into  an  Etlipfey  whore  Centre  is  m  the  Centre  of  the 

Earth,  or  rather  into  the  Curve  whofe  Conftnidion  we  have  already 

Which  of    atven  by  the  Means  of  an  Ellipfe.     Of  the  two  perturbating  Forces  of  the 

SjbJiSr''  Sun,  that  which  urges  the  Moon  towards  the  Earth,  aaing  in  the  Plane 

Forces  of    of  the  Orbit,  cannot  produce  any  Motion  in  this  Plane ;  he  thercfoit 

theSttahe    ©nly  confiders  that  Force  which  aSs  parallel  to  the  Line  drawn  {rooi 

^^^^      the  Earth  to  the  Sun,  which  he  had  mewn  to  be  proportional  to  the 

Cofin^  of  the  Angle  formed  by  the  Lines  drawn  from  the  Moon  and 

the  Earth  to  the  Sun,  and  we  fliall  now  explain  how  he  employs  tfab 

Force. 

At  the  Extremity  of  the  little  Arc  which  the  Moon  defcribes  in  ai^ 
fmall  Portion  of  Time,  he  ukes  one  equal  to  it,  which  would  be  that 
which  the  Moon  would  defcribe  if  the  perturbating  Force  of  the  Mooa 
ceafed  to  ad  on  her ;  and  at  the  Extremity  of  this  new  Arc,  he  draws 
a  Line  parallel  to  that  which  joins  the  Centre  of  the  Earth  and 
the  Sun,  and  he  determines  the  Length  of  this  ftraight  Ltne»  by  the 
Meafure  already  determined  of  the  Force  which  a£b  in  the  fame  Di- 
redion  as  it ;  which  being  done,  the  Diagonal  of  the  Parallel<q;rain» 
one  of  whofe  Sides  is  the  little  Arc  which  the  Moon  would  defcribe  if 
the  perturbating  Force  ceafed  to  ad,  and  the  other*  the  Arc  the  Mooa 
would  defcribe  if  this  Force  aded  alone*  is  the  real  Arc  the  Moon  wouU 
defcribe.  There  remains  therefore  no  more  to  be  done  than  to  deter- 
.  mine,  how  much  the  Plane  which  would  pafs  through  this  fmall  Arc 
and  the  Earth,  differs  from  the  Plane  which  paflfes  through  the  firft  Side 
and  theoEarth. 

The  two  Sides  already  mentioned,  being  produced  until  they  meet 

the  Plane  of  the  Orbit  of  the  Earth,  and  having  drawn  from  their  Points 

of  Concourfe  with  this  Plane*  two  ftraight  Lines  to  the  Centre  of  the 

Earth,  the  Angle  which  thofe  two  ftraight  Lines  form,  is  the  Motion  of 

the  Node  during  the  fmall  Portion  o(  Time  which  the  Moon  employs  ia 

defcribing  this  rniaH  Arc,  which  we  have  been  coniidering.    And  N^w^ 

ton  finds  that  the  Meafure  of  this  Angle,  and  confequently  the  Velocity 

or  the  inftantaneous  Motion  of  the  Node,  is  proportional  to  the  Pro- 

Ltw  of  the   ^"^  ^^  ^^^  Sints  of  three  Angles,  which  exprefs  the  Diftance  of  the 

Motion  of    Moon  from  the  Qjiadrature,  of  the  Moon  from  the  Node,  and  of  the 

thcKodw.  Node  from  the  Sun. 

VIll, 

and  ftoKcf  I^  follows  from  hence,  that  when  one  of  thofe  three  Sines  becomes 
fipn  of  [he  negative,  the  Motion  of  the  Nodes  which  before  was  retrograde,  be- 
b  oSi  comes  dired.  Wherefore  when  the  Moon  is  between  the  Quadrature 
Kerolution.  ^nd  the  neareft  Node,  the  Motion  of  the  Node  is  dired ;  in  all  other 
Cafes,  its  Motion  is  retrograde,  but  the  retrograde  Motion  exceeding 
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the  dired  Motion^  it  happens  that  in  each  Revolution  of  the  Moon^  Ac  the  End 
the  Nodes  are  made  to  recede.  R^JXtlon 

When  the  Moon  is  in  the  Syiigies^  and  the  Nodes  in  the  Qjiadratures>  the  Nodet 
that  is,.  90  Degrees  from  the  Sun,  their  Motion  is  33"  10'"  37*^  li'^,  recede, 
wherefore  the  horary  Motion  of  the  Nodes  in  every  other  Situation,  is  Formula 
to  33"  10'"  27iv  12^,  as  the  Produa  of  the  three  Sines  already  mention*  th^hl)S^ 
ed  to  the  Cube  of  Radius.  Motionof 

IX.  the  Nodes 

Suppofing  the  Sun  and  the  Node  to  be  in  the  fame  Situation  with  sscuaiitoii. 
refpea   to  the  fixed  Stars,  whilft  the  Moon  paffes  fuCccffively  through  -^     .* 
its  feveral  Diftances  with  refpeS  to  the  Sun.     Newton  invcftigates  (Prop.  tionofthV 
32.  B.  III.)  the  horary  Motion  of  the  Node,  which  is  a  Mean  between  meaoMoti* 
ail   the  different  Motions   refulting  from  the   foregoing  Formula,  and  ^^  ^^ 
this  mean  Motion  of  the  Node  is  16"  33'"  i6'v  36^,  when  the  Orbit  is 
fuppofed  circular,  and  the  Nodes  are  in  Quadrature  with  the  Sun ;  in 
every  other  Situation  of  the  Nodes,  this  Motion  is  to  16"  33"'  16*^  36^, 
as  the  Square  of  the  Sine  of  the  Diftance  of  the  Sun  from  the  Node, 
is  to  the  Square  of  the  Radius.    If  the  Orbit  of  the  Moon  be  fuppofed 
to  be  an  Ellipfe,  having  its  Centre  in  the  Centre  of  the  Earth,  the  mean 
Motion  of  the  Nodes  in  the  Quadratures  is  only  16"  16'"  37*^  42^,  and 
in  any  other  Situation  of  the  Nodes,  it  depends  like  wife  on  the  Square 
of  the  Sine  of  the  Diftance  from  the  Sun*. 

In  order  to  determine  for  any  given  Time,  the  mean  Place  of  the 
Nodes,  Newton  takes  a  Medium  between  all  the  mean  Motions  already 
mentioned.  He  employs  in  this  Inquiry,  the  Quadrature  of  Curves^  and 
the  Method  of  Series.  By  this  Means  he  finds  that  the  Motion  of  the 
Nodes  in  a  fydereal  Year,  fliould  be  19®  18'  i"  23'",  which  only  differs  • 
3'  from  that  which  refults  from  aftronomical  Obfervations. 

Xb 

The  fame  Curve  the  Quadrature  of  whofe  Area  determines  the  mean  Determuia- 
Velocity  of  the  Nodes,  ferves  alfo  for  finding  the  true  Place  of  the  J^uePuSf. 
Nodes  for  any  given  Time,  (Prop.  33.  B.  III.)  of  the 

The  Refult  of  his  Computation  is  as  follows :  Having  made  an  Angle  Nodes  for 
equal  to  the  Double  of  that  which  expreffes  the  Diftance  of  the  Sun  ximir'* 
from  the  mean  Place  of  the  Nodes,  let  the  Sides  of  this  Angle  be  to 
each  other,  as  the  mean  annual  Motion  of  the  Nodes,  which  is  19*  49' 
3"  5S'"»  to  the  Half  of  their  true  mean  Motion,  when  they  are  in  the 
Qs^dratures,  which  is  cfi  31'  2"  i'",  that  is>  as  38,3  to  i,  which  being 
done,  and  having  completed  the  Triangle  which  will  be  given,  fince  this 
Angle  and  its  two  Sides  are  given,  the  Angle  of  this  Triangle  oppofite  to 
the  leaft  of  thofe  Sides,  wilfexprefs  with  fufficient  Accuracy,  the  Equa-* 
tion  or  Corredion  in  the  mean  Motion  of  the  Nodes  for  determiniidg 
*c  true  Motion  required* 


cxn 
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XI. 
From  the  Inveftigation  of  the  Motion  of  the  Nodes,  Newton  pafflcs 
(Prop.  34.  B.  III.)  to  the  Determination  of  the  Variation  in  the  Incli- 
nation of  the  Orbit  of  the  Moon.  By  employing  that  one  of  the  two 
perturbating  Forces  of  the  Sun  which  does  not  ad  in  the  Plane  of  the 
Orbit  of  the  Moon,  he  obtains  the  Meafure  of  the  horary  Variation  ia 
the  Inclination  of  the  Orbit  of  the  Moon ;  this  Variation^  when  the 
Orbit  is  fuppofed  circular,  being  to  the  horary  Motion  of  the*  Nodes, 
33"  10'"  3»v  I2^j  (the  Nodes  being  in  the  Quadratures,  and  the 
Moon  in  the  Syligies)  diminiftied  in  the  Ratio  of  the  Sine  of  the  In- 
clination of  the  Orbit  of  the  Moon  to  the  Radius :  as  the  Produd  <rf 
the  Sine  of  the  Diftance  of  the  Moon  from  the  neareft  Q^iadrature,  the 
Sine  of  the  Diftance  of  the  Sun  from  the  Nodes,  and  the  Sine  of  the  Di- 
ftance of  the  Moon  from  the  Nodes  to  the  Cube  of  Radius.  And 
thxi  Quantity  diminiflied  by  ^V  is  the  Variation  correfpondtng  to  tfc? 
Orbit  rendered  elliptic  by  the  perturbating  Force  of  the  Sun. 

XII. 

The  horary  Variation  of  the  Inclination  of  the  Orbit  of  the  Mmb 
being  thus  determined,  Newton  employing  the  fame  Method^  and  the 
fame  Suppofitions  by  which  he  found  the  true  Place  of  the  Nodes 'ftr 
any  given  Time,  determines  (Prop.  35.  B.  III.)  the  Inclination  of  tk 
Orbit  for  any  given  Inftant  of  Time  ^  the  Refult  of  his  Computation  s 
as  follows. 

Let  there  be  taken  from  the  fame  Point  of  a  flraight  Line^  -aflm- 
ed  as  a  Bafe,  three  Parts  in  geometrical  Proportion,  the  firft  ezpreff- 
ing  the  leaft  Inclination,  the  third  the  greateft ;  let  there  be  afterwards 
drawn  through  the  Extremity  of  the  Second,  a  Line  making  with  this 
Bafe  an  Angle  equal  to  double  the  Diftance  of  the  Sun  from  the  No^ 
for  the  propofed  Motion  let  this  Line  be  produced  until  it  meets  the 
Semicircle  defcribed  on  the  Difference  of  the  firft  and  third  Lines  ia 
geometrical  Proportion ;  which  being  done,  the  Interval  comprifed  b^ 
tween  the  firft  Extremity  of  the  Bafe,  and  the  Perpendicular  let  fall  finoo 
the  common  Sedion  of  the  Circle  and  the  Side  of  the  Angle  juft  men- 
tioned, will  exprefs  the  Inclination  for  the  propofed  Time. 

From  hence  is  deduced  the  Moon's  Latitude  corre6ted  ;  for  in  a 
Right-angled  fpherical  Triangle  is  given,  befides  the  Right-angle,  the 
Hypothenufe,  viz.  the  Moon's  Diftance  from  the  Node,  the  Angle  at 
the  Node,  viz.  the  Inclination  of  the  Plane  of  the  Moon's  Orbit  to 
the  Plane  of  the  Ediptic,  confequently  the  Side  oppofite  to  this  Angic» 
which  exprefles  the  Latitude  correftcd,  will  be  be  alfo  given. 

But-  there  is  a  more  fimple  Method  for  finding  the  Latitude  of  tie 
Moon  correftcd.  For  the  mean  Latitude  being  computed,  the  Indina- 
tion  of  the  Moon's  Orbit  to  the  Ecliptic  being  fuppofed  conftant  and 
equal  to  5^.  9'.  8''.  the  Equation  or  Correaion  of  the  Latitude  will  be 
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8^  50'^  multiplied  by  the  Sine  of  double  the  Diftance  of  the  Moon  from 
the  Sun  lefs  the  Diftance  from  the  Node. 

XIII. 

Newton,  after  having  expofcd  the  Method  by  which  he  calculated  that  w^ti  New- 
Inequality  in  the  Moon's  Motion,  called  her  Variation,  and  the  Method  JJj^fj^JJ*a,,j 
he  had  followed  in  de;termining  the  Motion  of  her  Nodes,  and  the  Va-  tothe^her 
nation  of  the  Inclination  of  her  Orbit  to  the  Ecliptic,  gives  an  Account  'n-egMJari- 
of  what  he  fays  he  deduced  from  his  Theory  of  Gravitation,  with  re-  Moons'^^ 
fpea  to  the  Motion  of  the  Apogee,  the  Variation  of  the  Excentricity,  Motion. 
and  all  the  other  Irregularities  in  the  Moon's  Motion.     It  is  in  the  Scho- 
lium of  Prop.  35.  B.  III.  he  delivers  thofe  Theorems,  which  ferve  as  a 
Foundation  to  the  Conftrudion  of  the  Tables  of  the  Moon's  Motion. 
The  Subftance  of  which  is  as  follows. 

XIV. 

The  mean  Motion  of  the  Moon  fliould  be  corre3ed  by  an  Equation  Annual 
depending  on  the  Diftance  of  the  Sun  from  the  Earth.  This  Equation  or  ^"i^*?!' 
Corredion,  called  the  annual  one,  is  greateft  when  the  Sun  is  in  his  Peri-  ^ion  of  the 
gee»  and  leaft  when  in  his  Apogee.  Its  Maximum  is  11 '  5 1  "$  and  in  the  other  Moon,  of 
Cafes,  it  is  proportional  to  the  Equation  of  the  Centre  of  the  Sun.   It  is  to  ^^^f^^? 
be  added  to  the  mean  Motion  of  the  Moon  in  the  fix  firft  Signs,  counted  Noaei. 
from   the  Apogee  of  the  Sun,    and  to  be  fubtra^ted  in  the  fix  other 
Signs. 

The  mean  Places  of  the  Apogee  and  of  the  Nodes  fhould  be  alfo  each 
correded  by  an  Equation  of  the  fame  Kind,  depending  on  the  Diftance 
of  the  Sun  from  the  Earth,  and  proportional  to  the  Equation  of  the 
Centre  of  the  Sun.  The  Elquation  of  the  Apogee  in  its  Maximum  is 
19'  43'',  and  is  to  be  added  from  the  Perihelion  to  the  Aphelion  of  the 
Earth  ;  the  Equation  for  the  Node  is  to  be  fubtraded  from  the  Aphe^- 
lion  to  the  Perihelion  of  the  Earth,  and  in  its  Maximum  amounts  to 
9' 24". 

XV. 

The  mean  Motion  of  the  Moon  requires  a  fecond  CorreSion,  depend-  Fjrft  fencr- 
ing  at  once  on  the  Diftance  of  the  Sun  from  the  Earth,  and  on  the  Situ-  ^  %^- 
ation  of  the  Apogee  of  the  Moon  with  refped  to  the  Sun ;   this  Equa-  m^^Mo^ 
tion,  which  is  m  the  direft  Ratio  of  the  Sine  of  double  the  Angle  ex-  tion  of  th« 
preffing  the  Diftance  of  the  Sun  from  the  Apogee  of  the  Moon,  and  in  ^®®°* 
the  inverfe  Ratio  of  the  Cube  of  the  Diftance  of  the  Sun  from  the 
Earth,  is  called  the  Semeftrial  Equation ;  it  is  3'  45''  when  the  Apogee 
of  the  Moon  is  in  Odants  with  the  Sun,    and  the  Earth  is  in,  its  mean 
Diftance.    It  is  to  be  added,  when  the  Apogee  of  the  Moon  advances 
from  its  Quadrature  with  the  Sun  to  its  Syfigie :  and  is  to  be  fubftraded 
when  the  Apogee  paffes  from  the  Syfigie  to  the  Quadrature. 
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xvr. 
The  mean  Motion  of  the  Moon  requires  a  third  Correflion,  depend* 
ing  on  the  Situation  of  the  Sun  with  refpeS  to  the  Nodesy  as  aifo  on 
the  Diftance  of  the  Sun  from  the  Earth  ;  this  Corredion  or  Equation, 
which  Newton  calls  the  fecond  Semeftrial  Elquation,  is  in  the  dired  Ra- 
tio of  the  Sine  of  double  the  Diftance  of  the  Node  from  the  Sun,  and 
in  the  inverfe  Ratio  of  the  Cube  of  the  Diftance  of  the  Earth  from  the 
Sun  :  it  amounts  to  47"  when  the  Node  is  in  Odant  with  the  Sun  and 
the  Earth  in  its  mean  Diftance ;  it  is  to  be  added  when  the  Sun  recedes 
in  Antecedentia  from  the  neareft  Node>  and  is  to  be  fubtraded  when 
the  Sun  advances  in  Confequentia. 

XVII. 

After  thofe  three  firft  Equations  of  the  Moon's  Motion,  follows  that 
which  is  called  her  Equation  of  the  Centre  ;  but  this  Equation  cannot 
be  obtained  as  that  of  the  other  Planets,  by  the  Help  of  one  Table,  be- 
caufe  her  Excentricity  varies  every  Inftant,  and  the  Motion  of  her  Apo- 
gee is  very  irregular.  In  order  therefore  to  obtain  the  Equation  of  the 
Centre  of  the  Moon,  the  Excentricity  and  the  true  Place  of  the  Apogee 
of  the  Moon  is  firft  to  be  determined,  which  is  effeded  by  the  Help  d 
Tables  founded  on  the  following  Propofition. 

A  ftraight  Line  being  taken  to  exprefs  the  mean  Excentricity  of  the 
Orbit  of  the  Moon,  which  is  5505  Parts  of  the  looooo  into  which  the 
mean  Diftance  of  the  Moon  from  the  Earth  is  fuppofed  to  be  divided ;  at 
the  Extremity  of  this  ftraight  Line  aflfumed  as  a  Bafe,  an  Angle  rs 
made  equal  to  double  of  the  annual  Argument,  or  of  double  the  Diftance 
of  the  Sun  from  the  mean  Place  of  the  Moon  once  correded>  as  has 
been  already  direded.  The  Length  of  the  Side  of  this  Angle  is  after- 
wards determined  by  making  it  equal  to  ii72|,  half  the  Difference  be- 
tween the  leaft  and  greateft  Excentricity.  The  Triangle  being  then  com- 
pleted, the  other  Angle  at  the  Bafe,  exprefles  the  Equation  or  C6r- 
region  to  be  made  to  the  Place  of  the  Apogee  already  once  corredcd; 
and  the  other  Side  of  the  Triangle  which  is  oppofite  to  the  Angle  made 
equal  to  double  of  the  annual  Argument,  will  exprefs  the  Excentricitj 
correfponding  to  the  propofed  Time.  The  Equation  of  the  Apogee  be- 
ing added  to  its  Place  already  correded,  if  the  annual  Argument  be  lels 
than  90,  or  between  180  and  270,  or  being  fubtraded  in  every  other 
Cafe,  the  true  Place  of  the  Apogee  will  be  obtained,  which  is  to  be 
fubduSed  from  the  Place  of  the  Moon  correfted  by  the  three  Equations 
already  mentioned,  in  order  to  have  the  mean  Anomaly  of  the  Moon. 
With  this  Anomaly,  and  the  Excentricity,  the  Equation  of  the  Centre 
by  the  ufual  Methods  will  be  obtained,  and  confequently  the  Place  of 
the  Mopn  correftcd  for  the  fourth  Time. 

The  Equation  of  the  Centre  may  be  obtained  without  fuppofing  the 
Excentricity  variable^  or  a  Motion  in  the  Apogee,  by  applying  to  double 
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of  the  Angle  at  the  Moon  fubtended  by  the  mean  Excentricity^  or  to  the 
mean  Equation  of  the  Centre,  the  Equation  80' Sin  (2Dif.^© — m.  An^) 
erpreiling  the  Variation  produced  by  the  Change  of  Excentricity,  and  Li- 
bration  of  the  Apogee. 

XVIII. 

The  Place  of  the  Moon  correSed  for  the  fifth  Time,  is  obtained  by  T***  ?^ 
applying  to  the  Place  of  the  Moon  correded  for  the  fourth  Time,  the  ^"Jc**" 
Equation  called  the  Variation  which  was  already  found,  to  be  always  in  Moon^s 
the  direft  Ratio  of  the  Sine  of  double  the  Angle  expreffing  the  Diftance  ^*?^^?; 
of  the  Moon  from  the  Sun,  and  in  the  invcrfe  Ratio  of  the  Cube  of  the  I'aifJn.*" 
Diftance  of  the  Earth  from  the  Sun ;  this  Equation,  which  is  to  be  add- 
ed in  the  firft  and   third  Quadrant  (in  counting   from  the  Sun)    and 
fubtraded  in  the  fecond  and  fourth  is  35'  10"  when  the  Moon  is  in  Odant 
with  the  Sun,  and  the  Earth  in  its  mean  Diftance. 

XIX. 

The  fixth  Equation  of  the  Motion  of  the  Moon  is  proportional  to  Sixth  Eqw- 
the  Sine  of  the  Angle  which  is  obtained  by  adding  the  Diftance  of  the  ^'^°* 
Moon  from  the  Sun,  to  the  Diftance  of  the  Apogee  of  the  Moon  from 
that  of  the  Sun.    Its  Maximum  is  2'   20",  and  it  is  pofitive  when  this 
Sum  is  lefs  than  180  Degrees,  and  negative  if  this  Sum  be  greater. 

XX. 

The  feventh  and  laft  Equation,  which  gives  the  true  Place  of  the  Screnth 
Moon  in  its  Orbit,  is  proportional  to  the  Diftance  of  the  Moon  from  Equation. 
the  Sun ;  it  is  2'  20''  in  its  Maximum. 

XXI. 

It  is  fcarce  poftible  to  trace  the  Road  which  could  have  conduced  ThcMcthod 
Newtsn  to  all  thofc  Equations,  except  fome  Corollaries   of  Prop.  66.  ro^3J^,Jfc 
where  he  Ih^ws  how  to  eftimate  the  perturbating  Forces  of  the  Sun.     It  of  in  inveO- 
is  eafy  to  perceive,  that  of  thofe  two  Forces,  the  one  which  afts  in  the  *«g*'>"?  *• 
Diredion  of  the  Ray  of  the  Orbit  of  the  Moon,  being  joined  to  the  corfealom 
Force  of  the  Earth,  alters  the  inverfe  Proportion  of  the  Square  of  the  hw  not  w 
Diftances,  and  confequently  fliould  change  not  only  the  Curvature  of  the  SJpcovered. 
Orbit,  but  alfo  the  Time  which  the  Moon  employs  in  defcribing  it : 
Bat  how  did  Newton  employ  thofe  Alterations  of  the  central  Force,  and 
Dvhat  Pxinciples  did  he  make  ufe  of  to  avoid  or  furmount  the  extreme 
Complication  and  the  Difficulties  of  Computation  which  occur  in  this 
Inquiry  is  what  has  not  as  yet  been  difcovered,  at  leaft  after  a  fatis- 
£adory  Manner. 

We  find,  it  Is  true,  in  the  firft  Book  of  the  Principia^  a  Propofition 
concerning  the  Motion  of  the  Apfides  in  general,  by  which  we  learn, 
that  if  to  a  Force  which  a^  inverfely  as  the  Square  of  the  Diftance, 
another  Force  which  is  inverfely  as  the  Cube  of  the  Diftance  be  joined, 
the  Body  will  defcribc  an  EUipfe  whofe  Plane  revolves  about  the  Centre 
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of  the  Forces.  In  the  Corollaries  of  this  Propofition,  Newton  extends  his 
Conclufion  to  the  Cafe  in  which  the  Force,  added  to  the  Force  which 
follows  the  Law  of  the  Square  of  the  Diftance,  does  not  vary  in  the 
'J'riplicate,  but  in  the  Ratio  of  any  Power  of  the  Diftance. 

If  therefore  the  perturbating  Force  of  the  Sun  depended  on  the  Di- 
ftance of  the  Moon  from  the  Earth  alone,  by  the  Help  of  this  Propofi- 
tion,  the  Motion  of  the  Apfides  of  the  Moon  could  be  determined ; 
but  as  the  Diftance  of  the  Moon  from  the  Sun  enters  into  the  Expreffion 
of  this  Force,  it  is  only  by  new  Artifices,  and  perhaps  as  difficult 
to  be  found  as  the  Determination  of  the  entire  Orbit  of  the  Moon :  the 
Propofition  of  Newton  concerning  the  Motion  of  the  Apfides  in  general, 
can  be  applied  to  the  Moon.  Senfible  of  which,  the  firft  Mathema* 
ticians  of  the  prefent  Age,  have  abandoned  in  this,  as  in  every  other 
Point  that  regards  the  Theory  of  the  Moon,  the  Road  purfUed  by  the 
Commentators  of  Newton,  and  have-refumed  the  whole  Theory  firom 
its  very  Beginning ;  they  have  inveftigated  in  a  direft  Manner,  the  Paths 
and  Velocities  of  any  three  Bodies  which  attrad  each  other  mutually. 
The  Succefs  which  has  attended  their  united  EiForts  (hall  be  explained 
hereafter. 

XXH. 

Theory  of        It  is  manifeft,    that  the  Satellites  of  Jupiter,  confidered  feparatelj, 
S-^'jupftcr**  ^^^'^  ^^  affeded  by  the  three  Forces  which  aduate  them,  in  the  fame 
and thofe of  Manner  as  the  Moon;  but  their  Number  introduces  a  new  Source  of 
Saturn.         Inequalities,  not  only  each  of  them  is  attraSed  by  Jupiter  and  the  Sun, 
but  they  attrad  each  other  mutually,  and  this  mutual  Attrafkion  (hoiiM 
produce  very  confiderable  Variations  in  their  Motions ;  Variations  fo 
much  the  more  difficult  to  be  fubjeSed  to  exaft  Computations,  as  they 
depend  on  their  different  Pofitions  with  refpeft  to  each  other,  which 
their  difFerent  Diftances  and  Velocities  continually  alter.     However,  the 
Laws  of  their  Motions  difcovered  by  Bradley,  JVargentin  and  Maraldi, 
have  enabled  the  eminent  Mathematicians  of  this  Age,  to  furmount  thofe 
Difficulties,  and  to  apply  the  Solution  of  the  Problem  of  the  three  Bo* 
dies  to  the  Inveftigation  of  the  Inequalities  of  the  Motions  of  thofe  Sa- 
tellites, with  almoft  the  fame  Succefs  as  they  had  already  done  to  thofe 
of  the  Moon. 

As  to  the  Satellites  of  Saturn,  Aftronomers  have  not  been  able  to  de- 
termine the  Phenomena  of  their  Motions  with  any  Degree  of  Accuracy 
on  Account  of  their  great  Diftanee ;  hence  the  Theory  of  thofe  Planets 
is  reduced  to  ftiew,  that  the  Forces  with  which  they  aft  on  each  other, 
or  that  with  which  the  Sun  aSs  on  them,  and  dirfurbs  their  Motions, 
are  very  inconfiderable  when  compared  with  the  Force  with  which 
they  teird  towards  their  principal  Planet ;  and  that  this  Attradion  is 
inverfely  proportional  to  the  Squares  of  the  Diftances. 
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THEORY    of  tbe    CoMtTs. 
I. 

THOUGH  the  Comets  have  in  all  Ages,    drawn  the  Attention  of  ThePerrpa- 
Phiiorophersy    yet  it  is  only  fince  the  laft  Century  and  even  ^nce^^j^^^j^j*^"^ 
Newtofii  they  can  be  faid  to  be  known.  Senfca  fcemed  to  have  forefcen  the  comeu  u 
Difcoveries  which  one  Day  would  be  made  concerning  thofe  Bodies,  but  Meceon. 
the  Germ  of  the  true  Principles  which  he  had  Town,  were  (lifled  by  the 
DoSrine  of  the  Peripateticks>  who,  tranfmitting  from  Age  to  Age,  the 
Errors  of   their  Mafter,   maintained  that  the  Comets  were  Meteors  or 
traniient  Fires.  / 

II. 
.    Several  Aftronomers,    but  particularly  7/VAo,  proved  this  Opinion  tOTichopro?. 
be  erroneous,  by  (hewing  by  their  Obfervations,  that  thofe  Bodies  were  *<*  ^^^  i*»«y 
fituated  far  above  the  Mooh,  they  deftroyed  at  the  fame  Time,  the  folid  rb^vcX'^^ 
Heavens,    invented  by  the  fcholaftic  Philofophers,   and  propofed  Views  Mooo. 
concerning  the  Syftem  of  the  World,  which  were  much  more  conforma- 
ble to  Reafon  and  Obfervation.   But  their  Conjedures  were  yet  very  far 
from  that  Point,  to  which  the  Geometry  of  Newton  alone  could  attain. 

in. 
DefcarteSf  to  whom  the  Sciences  are  fo  much  indebted,  did  not  fucceed  Defcattet 
better  than  his  Prcdeceffors   in   his  Enquiries  concerning  the  Comets ;  J?^"**'*^,, 
he  neither  thought  of  employing  the  Obfervations  which  were  fo  eafy  nctswander- 
for  him  to  colled,  nor  Geometry  to  which  it  was  fo  natural  to  have  Re-  ingfrom 
courfe,  and  which  he  had  carried  to  fo  great  a  Point  of  Perfedion ;    he  y^[|"  '* 
confidered  them  as  Planets  wandering  through   the  different  Vortices, 
which,  compofed  according  to  him,  the  Univerfe  ;  and  did  not  imagine 
that  their  Motions  were  regulated  by  any  Law. 

IV. 

Newton,  aided  by  his  Theory  of  the  Planets,  and  by  the  Obfer-  Newton  <t;f- 
vations  which  taught  him  that  the  Comets  defcended  into  our  planetary  covered  that 
Syftem,  foon  perceived  that  thofe  Bodies  were  of  the  fame  Nature  rcvowT^'* 
with  the  Planets,  and  fubjed  to  the  fame  Laws.  about  the 

Every  Body  placed  in  our  planetary  Syftem,  fliould,  according  to  the  f^^'b'gSid'to 
Theory  of  Newton,  be  attraSed  by  the  Sun,  with  a  Force  reciprocally  thcVame 
proportional  to  the  Squares  of  the  Diftances,   which  combined  with  a  Laws  m the 
Force  of  Projeftion,  would  make  it  defcribe  a  Conic  SeQion  about  the  ^^*""*- 
Sttn  placed  in  the  Focus.     According  therefore  to  this  Theory,  the  Co- 
nets  fliould  revolve  in  a  Conic  Sedion  about  the  Sun,  and  defcribe  Areas 
proportional  to  the  Times. 

V. 

Calculation  and  Obfervation,  the  faithful  Guides  of  this  great  Man, 
w^bled  him  to  verify  his  Conjedure.  He  folved  this  iSne  Aftronomico- 
geometrical  Problem.    Three  Places  of  a  Comet  which  is  fuppofed  to 
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He  deter-  move  in  a  parabolic  Orbit»  defcribing  round  the  Sun  Areas  proportional 
OrbiVo?a  to  the  Times,  being  given,  with  the  Places  of  the  Earth  in  the  Ecliptic 
Comet  from  correfponding  to  thofe  Times,  to  find  the  Vertex  and  Parameter  of  thb 
three  obfer-  Parabola,  its  Nodes,  the  Inclination  of  its  Plane  to  that  of  the  Edipticy 
▼atiom.  ^^^  jj^^  Paflageof  the  Comet  at  the  Perihelion,  .which  are  the  Ele- 
ments neceflfary  for  determining  the  Pofition  and  Dimenfions  jof  the 
•Parabola. 

This  Problem,  already  of  very  great  Difficulty  m  a  parabolic  Oibitt 
was  fo  extremely  complicated  in  the  Ellipfe  and  Hyperbola,  that  it  wai 
necefTary  to  reduce  it  to  this  Degree  of  Simplicity.  Befides  the  Hypo- 
pothefis  of  a  parabolic  Orbit,  anCwered  in  Pradice,  the  fame  ^das  that 
of  the  Ellipfe,  becaufe  the  Comets  during  the  Time  they  are  viiiblet 
.defcribing  but  a  very  fmall  Portion  of  their  Orbit,  move  in  ▼ay 
excentric  EUipfes,  and  it  is  demonfirated  that  the  Portions  of  fuch  Curves 
which  are  near  their  Foci,  may  be  coofidered  without  any  fenfible  Eow 
.as  parabolic  Arc$. 

VI. 

Rules  for  '^^^  Refult  of  his  Solution  .of  this  important  Problem  is  as  follows. 
determining  From  the  obferved  Diftances  of  the  Comet  from  the  fixed  Stars,  v?bofe 
^eEkmenu  |>ig},(  Afcenfions  and  Declinations  are  known,  deduce  the  right  Afcenfi- 
a  omet.  ^^  ^^^  Declination,  and  from  thence  the  Longitude  of  the  .Comet  re- 
duced to. the  Ecliptic,  and  its  Latitude,  correfponding  to  each  Obfer- 
Ptelimmary  ▼^tion:  Compute  the  Longitude  of  the  Sun  at  the  Time  of  each  Obfer- 
Compuuci-  vation,  take  the  Difference  (A,  A',  A")  between  the  Longitude  of  the 
^"**  Comet  and  that  of  the  Sun,  correfponding  to  each  Obfervation,  which 

is  the  Elongation  of  the  Comet  reduced  to  the  Elcliptic.    Compote 
a)fo  theDiftance  {BjB',B")  of  the  Earth  from  the  Sun  at  the  Timei^ 
.each  Obfervation. 
FiitT  Ht-      Thofe  preleminary  Calculations  being  performed,   afluming  by  Coa- 
poTH£f i«.  je^re,  the  Diftances  ^Y  and  Z)  of  the  Comet  from  the  Sun,  reduced 
to  the  Ecliptic  at  the  Time  of  the  firft  and  fecond  ObfervatioD»   deter- 
mine tbe  true  Diftances  by  the  Means  of  the  two  following  Proportions, 
,as  tbe  ajfumed  Dijiance  (x  or  X)  of  tbi  Comet  frem  tbe  Sun  in  the  firft  er 
fecond  Objervationy  is  to  tbe  Sine  of  tbe  obferved  Elongation,  (A  «r  A')  fo  is 
tbe  Diftance  (B or  W)  of  tbe  Eartb  from  tbe  Sun  at  tbe  Time  of  Jbe  firft 
cSnet.       ^'' A^^^  Obfervation^  to  tbe  Sine  of  tbe  jingle  (C  or  O)  contained  by  tbe 
ftraigbt  Lines  drjxwnfrom  tbe  Eartb  and  tbe  Sun  to  tbe  Comet,      Add  ibis 
Angle  (C  or  C)  to  tbe  Elongation  (A  or  M)  tbeir  Sum  will  be  tbe  Supplement 
of  tbe  Jingle  of  Commutation  (D^r  D^.   And  tbenfn  as  tie  Sine  of  tbe  Angle 
of  Elongation  (A  or  A' )  is  to  tbe  Sine  of  tbe  Angle  of  Commutation  (D  or  D'), 
Jo  is  tbe  Tangent  of  tbe  obferved  geocentric  Latitude  of  tbe  Comet  corref 
Hciiocemric  ponding  to  tbe  firft  or  fecond  Obfervation,    to  tbe  Tangent  ^f  tbe  cerref- 
I^t»^«*     ponding  beliocentric  Latitude  of  tbe  Comet  (E  or  £')• 
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Each  of  the  curt   Diftanccs   Y  and  Z  divided   by  the  Cofinc  of  the  VeOor 
correfponding  heliocentric  Latitude  E  and  E'  gives  the  true  Diftances  of  ^*^'' 
the  Comet  from  the  Sun. 

Find  the  Angle  contained  by  thofe  Diftances  thus  :  Add  to,  or  fub« 
firad  from  the  Places  of  the  Earth,  the  correfponding  Angles  of  Com- 
mutation (D,  D')  which  will  give  the  two*  heliocentric  Longitudes  of  the 
Comety  whofe  Difference  (F)  is  the  heliocentric  Motion  of  the  Comet 
in  the  Plane  of  the  Ecliptic.  Then  fay.  As  Radius 9  is  to  the  Co/tne  of  the 
Motion  (F)  of  the  Comet  in  the  Ecliptic^  fo  is  the  Cotangent  of  the  greatefl 
of  the  two  beliocentric  Latitudes^  to  the  Tangent  of  an  Arc  X.  Subftrad 
this  Arc  X  from  the  Complement  of  the  leaft  heliocentric  Latitude,  and  2Jfco°mct 
call  the  Remainder  X'.  Then  the  Cofine  oftbefirji  Arc  X,  will  be  to  tbe  iniuOrbiu 
Cofine  of  the  fecond  Arc  X',  as  tbe  Sine  of  tbe  greatefi  of  tbe  two  Latitudes ^ 
to  the  Cofine  of  tbe  Angle  contained  hji  the  two  veflor  Rays  of  tbe  Comet, 

Which  being  done,  determine  the  Place  of  the  Perihehon  by  the  fol- 
lowing Rule  :  fubftrad^  the  Logarithm  of  the  leaft  vedor  Ray  from  that 
-of  the  greateft,  take  half  the  Remainder,  to  whofe  Charaderiftic,  10  be- 
ing added,  it  will  be  the  Tangent  of  an  Angle,  from  which  fubduding 
'4<o,  the  Logarithm  of  the  Tangent  of  the  Remainder,  added  to  the  Log. 
of  the  Cotangent  of  j  of  the  Motion  of  the  Comet  in  its  Orbit,  will  be  the 
Logarithm  of  the  Tangent  of  an  Angle,  to  which  ^  of  the  Motion  of  the 
Comet  in.  its  Orbit  being  added,  the  Sum  will  be  the  Half  of  the  greateft 
true  Anomaly,  and  their  Difference  will  be  Half  the  leaft  of  the  two  true  '^^J^^' 
Anomalies.  Double  thofe  Quantities  to  obtain  the  two  true  Anomalies, 
which  will  be  both  on  the  fame  Side  of  the  Perihelion,  when  their 
Difference  is  the  whole  Motion  of  the  Comet,  but  on  different  Sides  of 
it,  when<  it  is  their  Sum,  which  is  equal  to  the  whole  Motion  of  the 
Comet. 

Find  the  Perihelion  Diftance  by  adding  twice  the  Logarithm  of  the  Perihelion 
Cofine  of  the  greateft  of  the  Halfs  of  the  two  true  Anomalies,  to  that  ^«ft«»ce. 
of  the  greateft  of  the  two  veSor  Rays,  which  will  be  the  Logarithm 
of  the  Perihelion  Diftance  required. 

Determine  the  Time  which  the  Comet  ftiould  employ  in  defcribing 
the  Angle  contained  by  the  two  veftor  Rays,  by  the  following  Rule  : 
To  the  conftant  Logarithm  1,9149328,  add  tbe  Logarithm  of  tbe  Tangent  ^[JJJJ'^ 
rf  half  of  each  true  Anomaly,     Add  tbe  Triple  of  this  fame  Logarithm  of  nioycd  in 
tbe  Tangent  to-  tbe  conftant  Logarithm  1,4378116,  tbe  Sum  of  tbe  two  delcribjng 
Numbers  correfponding  to  thoje  two  Sums  of  Logarithms^  will  he  tbe  exa^  cont^cd . 
Number  of  Days  correfptmding  to  each  true  Anomaly  in  a  Parabola  whofe  by  the  iwo 
perihelion  Difiance  is  I.     Take  tbe  Logarithm  of  the  Difference  or  Sum  ▼caorRayi. 
9f  thofe  two  Numbers y  according  as  the  two  Anomalies  are  fituated  on  tbe 
fme'Side,  or  on  different  Sides  of  the  Ptribelion.     To  this  Logarithm  add 
Ihe  4  •/  tbe  Log.  of  the  perihelion  Difiance,  tbe  Sum  will  be  Log.  of  tbe 
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Time  the  Cinet  Jbould  employ  to  defer ibe  tb^  Angle  contained  if  tbe  t^m 
ve^or  Rays. 

If  the  Time  thus  found,  docs  not  agree  with  the  obferved  Time, 
another  Value  is  to  be  aflumed>  for  the  curt .  Diftance  (2)  oorref- 
ponding  to  the  fecond  Obfervation,  retaining  the  afiuined  Difiance  (Y) 
correfponding  to  the  firft*  and  the  heliocentric  Liongitude  and  I^stitndc 
of  the  Comet  from  thence  deduced^  and  all  the  Operations  indicilad 
in  the  foregoing  Articles  being  repeated,  another  ExpreiCon  will  be 
found  for  the  Interval  of  Time  between  the  two  Obfervatioos.  Which 
if  it  approaches  nearer  the  obferved  Time»  the  fecond  Value  af- 
fumed  for  the  Diftance  (Z)  is  to  be  preferred  to  the  firft ;  if  oot,  a  thiri 
Value  is  to  be  afTumed  for  this  Diilance,  and  by  the  Increafe  or  De- 
creafe  of  the  Errors,  the  Value  to  be  afliimed  for  it^  fo  that  the  Inter* 
val  of  Time  calculated  may  agree  witb  the  obferved  onef  will  eafily 
be  difcovered^  and  confequently  a  Parabola  will  be  found,  which  anfwcn 
the  two  firft  Obfervations,  which  may  be  called  Jirft  Hypotbefis. 

This  Parabola  anfwering  the  two  firft  Obfcrvaiions.  would  be  the  Or- 
bit fought  if  it  anfwered  likewife  the  third  Obfervation;  but  as  thitfle* 
ver  happens,  another  Parabola  is  to  be  found  which  anfwers  the  two 
firft  Obfervations,  by  increafing  or  diminifhing,  at  wiil»  the  art 
Diftance  (Y)  preferved  conftant  in  the  firft  Hypothefis,  and  preferviif 
it  ftill  conftant,  but  varying  the  fecond  afliimed  Diftance  (7!i)  until  thb 
fecond  Parabola  is  obtained. 

The  third  Obfervation  calculated  in  thofe  two  Parabolas,  will  Aev 
which  of  them  approaches  neareft  the  true  Orbit  fought.  To  calculate 
this  third  Obfervation  in  each  Hypothefis,  the  Time  of  the  Pafl&ge  «f 
the  Comet  at  the  Perihelion,  the  Inclination  to  the  Ecliptic,  aod  the 
Place  of  the  Nodes  of  each  Parabola  is  firft  to  be  determined. 

To  determine  the  Time  of  the  Paflage  of  the  Comet  at  the  Periheliofib 
find  the  Number  of  Days  correfponding  to  one  of  the  two  true  AuomaliQ; 
for  Example,  to  that  which  correfponds  to  the  firft  Obfervation  in  the 
Parabola  whofe  perihelion  Diftance  is  i,  as  before  direded,  the  LogaritlHi 
of  this  Number  of  Days  added  to  |  of  the  Logarithm  of  the  perihelioB 
Diftance,  will  be  the  Logarithm  of  the  Interval  of  Time  elapfed  be- 
tween the  fifft  Obfervation  and  the  Paflage  of  the  Comet  at  the  Peri- 
helion, which  is  to  be  added  to  or  fubtraded  from  the  Time  of  the  Ob- 
fervation, according^  as  it  was  made  before  or  after  the  Paflage  of  the 
Comet  at  the  Perihelion. 

To  determine  the  Place  of  the  Node,  fay.  As  the  Sine  of  tbe/ec9ni 
Arc  X'  is  to  tbe  Sine  of  tbefirfi  Arc  X,  fo  is  the  Tangent  of  tbe  Motiose  ef 
tbe  Comet  in  tbe  Ecliptic 9  to  tbe  Tangent  of  an  Angle  (R).  Tben  tbe  Radi^ 
iusy  is  to  tbe  Sine  of  tbe  leafi  Latitvdcy  as  tbe  Tangent  of  tbe  Angle  R, 
to  tbe  Tangent  (f  tbjs  Difiance  from  tbe  N^de.    By  the  Means  of  this  DiA 


\ 
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unci  from  t^«  ftode,  and  the  helk>centric  Longitude  of  the  Come^  the 
heliocentric  Longitude  of  the  Node  is  obtained.  With  which  and  the 
Di (lance  m«i(«ired  on  the  Orbit  of  the  Comet,  the  Place  of  the  Perihcli-  incUnicicn. 
nonisJDIeteniiin^d.*'  To  findthi*  Diftanc^ fay;  As  tbe^ine of;A^gle  R,'  to 
JBLaiiuif  fiiiftbii  Difiukt^  Miujfured  hn  ibe'Ecliptrcy'  tcthe  Diflafit)t  required. 
>  T6' determine  the  Inclination  faiyi  AMbe  RttdiUi'U  U  tb>^^Sine  of  tbe 
-An^h  R,  .yfc  //'  tbeCofine  q/  tbi  ha/  Latitude^ '  Tb  7»f  €ofin)^  of  tbe  Angle  ,  . 
.$f  iMHn^iiri.  \    I  -^  i      ''  |    ••>»»!»'■'••».   ■  '•    •  ^       \   . 

-     The  Ekhientsof  each  Parabola  being  dttermrried,"  the  Place  of  tHe 
vComet'  fecn.  frohi'  the  Earth,  arifwreririg  tO'  the  ^hird  Obftti^iitibn,  is'  t:drfi-         '     ' 
•piftediii»eaoh,  fejr  the  followjfrt^Ruiesi    «  •   ^     ^^  ;     ;  ;    i  >    1       .    . 

«n.FiTife,Takie«K^  Logarkhitt  bf  thfe  DJfferttice  betw€(*tt  t^cTiW^  tf  ' 
j|fae4thiM  Obftirviatribiv  0tid  the  Time  xif'  the  PafTage*  of  thisi  'iJoitifet  'fe't    .  /      ; 
She  Perilielictoer  filbtwft  tf^iri  h-^  of  tlnii  liJo^rtthm  ^6f  the  J^^ririclibh 
j&ifiincev  the  fitemdinde'r  ^in  be  (he' Logarithm  of  the  DiflVr^n^^' &e^  Ruksfor 
V^m  the  Time  oC'the  ihirti  Obfervdtibn  attd  the  Time!  Hf  '(he'Pafl^  finding  the 
of ^thc^Gomet  tt 'the  PeHh^Iioff'  of  the  PArtfbota,  whclfe  perihellHh'Dr-  L^n'^^^^j^''^ 
fiance  i»  ti'^Sckondly,  Find  the  tr^e^'Anbrnaly  correfpi^ilding  'to 'this  anTLc'i-* 

ih^Taftg<?nt  of  batf  the  tfue  .Apon24ly>  and  A  tbft  Xinie  ertlplc^edi  in 
'#&rihing^it->  Xhir^ly^.\^^bepitilB: Motion  of  the  S^mt^  i^-ilitea*.  add 
llii«  triie.Anfv^iy  to  fjbe  Place  of  the  Perihelicirn>>ii  the.  third \Obrerva> 
H^fl.W.a^  B|fid^aft^r-.tJ\p  ]Rafla$e\<rf,  the  C5oratet\ftt.Jhi»^'PefiJieliont*But 
fuhtraa  U:froip  tjb^,PIj^^l<rf.Ae^Pi^rrficK<>»if  ib^iObfef^^^  wAaitMe 
be(brj^uh)i  P^go-^fitiK.tJ^  ^«ffibe)ioni.!ucAE9d^iwhri^<  t)i«'.MDiiQni  6f  the 
Comet  is  retrograde,  add  the  true  Anomaly  to  thp.&ldC^  ofiith«!Eeii]ie'- 
lion,  if  the  Obfervation  was  made  .l^^re  the  Paflage  at  the  Perihelion ; 
h^  A^btHLa^f  it  frono  th<e. Blacis  of ^the 'Pet iholiopv<lf*tth«i  Qbf:;rvstionr^'as 
tirade  after  t]|^e  P^flage  at  the  PeribelioD ;/  by  this  Mea^>  the.  ti  ne  he- 
ii^p^W,Jf0.ngUu4e.p/,thie  Cqinei  ia  W  Or^bit  k^  obtKbaed.  ^FottrthJ)(, 
TaW  the  DiffM^9ce.jbfietY^/9fn.this,LonQitiid«»|mllha^  the  afcendlng 
tJp^  yifhicte  Y'"''  *>«'*^'*Wf  Argumfidt  ^(i^^^Miki^i^ M  '  thb  Cfftnei. 
Fif<i4jr,jiay,.^/j&#j/?«^/V  *^  ^^  ii^.Orfir^^fabe.J'nffimatifif^frfrth  Tangent 
of  the  Argument  of  Latitude ^  to  tbe  Tangent  of  tits  Argument  meafured  on  tbe 
EcifHf^ ;  whieh  added  to  the  true  Plape  ofthe  Nodeigijesthe-heliocentTTc 
LAjS^'^uii?  rc^wb/Rd  to  t))€*Ec|iptic:'  SiXttily,  fa^,  'As  the%adius  if  Jo  ^e  $ine 
of  tb^  ,Argufnmi  of  Latitude,  fois\tbe  Sine  of  tbe.  Inclination  of  the  Orbit 
of  tbi-Cametyiotbe  Sitie  cf  its  biliocMric  Latitude,  y^rhkti';  v/htn  the  Mo- 

one  x>fr«l]iire^didci4c  «acprc(&dJ>|i..uidJtiicotkerby-iiiZ-U-i  c4ea]atc|lie(H5T«itbe^etife 

■^       54»«o77  

(H),  find  tira  mean  Ptoportlonab  between  H-J —   ^^  H—  — «»*  ^"^'^  ^^'"''  ' 

54,3077  54j«077 

cocc  wiU  be  the  Value  of  /. 
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tion  of  the  Comet  is  dired;»  is  North  or  Fouth»  according^  as  the  Argir« 
ment  of  Latitude  is  lefs  or  greater  than  fix  Signs ;  and  When  the  Mo- 
tion of  the  Comet  is  retrograde,  it  i^  North  or  South  accocding  as  the 
Argument  of  Latitude  is  greater  or  lefs  than  fix  Signs.  Seventhfyy  AM 
the  Logarithm  of  the  Cofme  of  the  heliocentric  Latitude  to  the  Log.  of 
the  periheUon  Diftance,  and  fuhtrad  ffx>m  this  Sum  the  Log.  of  doubk  of 
the  Cofme  of  half  the  true  Aoocnaly,  the  Remainder .  will  be  the  Lo- 
garithm of  the  curt  Diftanc^  correfpendtng  to  the  third  Obierrfttioii. 
Eighthly,  Take  the  Difference  between  the'LogafiAmftof  the  cart  Di<- 
(lance,  and  that,  of  the  Diftanre  of  the  Earth  from  the  SttO».add  to  to 
the  CharaSerifttc  of  this  Difference,,  and  it  will  be  the  Logarithm  of  the 
Tangent  of  an  Aiiglie ;  from  which  fubtra&  45^  and  to  the  Logarithm 
of  the  Tangent  of  the  Remainder^  add  the  Logarithm  of  the  Taageat 
of  the  Complement  of  half  the  Angle  of  Commutation,: the.  Sam  wiH 
be  the  Logarithm  of  the  Tangent  of  an  Arc,  which  add  to  this  Omb- 
plement,  if  the  curt  DiAance  of  the  Comet  from  the  Sun  exceeds  the 
Diftance  of  the  Earth  from  the  Sun,  but  fubtrad  from  this  Complex- 
ment  if  the  Diftanceof  the  Comet  be  lefs  than.that  of  the  Earth  ;  iaofw 
der  to  obtain  the  Angle  of  Elongation,  which  added  to,or  fubtraSed  from 
the  true  Place  o(  the  Sun,  according  as  the  Comet  feen  from  the  Earthy 
is  to  the  Eaft  or  to  the  Weft  of  the  Sun,  will  give  the  geocentric  Lon- 
gitude of  the  Comet.  Ninthly,and1a(Hy  fay,  Ar  the  iine  ^f^theAkgk  •/ 
Commutatioftf  if  to  tbr  Sim  of  the  Angli  $f  Elohgatiwif  fi  h  the  Tangemi 
pf  the  heliocentric  Latitude  if  the  Comet  to  tlie  Tangent  of  its  geocemtrk 
Latitude.  The  Longitude  and  Latitude  thus  found  oueht  to  agree  with 
the  obferved  ones,  if  the  Parabola  obtained  was'  really  the  Orbit  de* 
fcribed  by  the  Comet 

VII.  -/'^  '     '    . 

Example.  Let  it  be  propofed  to  find  the  Elements  of  the  Parahofai  de- 
fcribed  by  the  Comet  which  was  obferved  in  Europe.^  the  beginning  of 
March  1 742,  with  a  very  remarkable  Tail,coming  with  extraordinary  Rs" 
pidity  from  the  fouthern  Hemifphere,  and  aftetrwards  advancing  towards 
the  North  Pole,  its  heliocentric  Motion  beiHg  retrognkief  and  i^  Veto* 
city  and  Splendor  decreaiing  to  the  6th  of  Aftfj^,  wheft  it  difappearedL 
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I   SuppofittoiH  Y=:o,879,   Z  =0,957  of  the  mean  Didance  of  the  FmrHr. 
Earth  from  the  Sun  =1,    then  Angle  C  =i05<>  42'  48",  C=6i®  31'  o"f  '<»TMEiis. 
C4-A=i64«  9^  52'V  and    C-fA'zziiSoj'  17^   wherefore  Angle  D=  «««wn- 
150  50''^  8'Vii«d.  Angle  D'a£6io.5o' 43'',  confcquently  the  heliocentric  wdi^^^^ 
Latitudes,  Ph=i do  ^l'  42"  North  and  £'2=530  3'  38",  and  the  Log.  ot  ^udcof  [he 
thewedor  Ray^y  *v=:9,954455  V'=:o,i92t59.  .    Comet. 

'  Th«  Aiigk  of  'Commutation  0=150  50'  8'^  being  added  to  5*  140^ 
27'44'<,  and  Angle  I>=6io  50'  43"  fubtrafted  from  71  40  27'  16",  the 
correfppnding  Longitudes  of  the  Earth,  gives  the  heliocentric  Longitudes 
of  :tbe  Comet,  Lc=6»  00  1 7'  52",  and  L'=5»  2»  36*  33"  ;  their  Difference  ^?8*«  ?^^' 
Fnziyo  41''  19''  «  the  Motion  of    the  Comet  in  the  Ecliptjc,    the  Arc  ST^wo  w- 
X  ivi41'b»-f0dnd'=r34P  37'  11",    and  Arc  X'=:42o  51'  7";    confeqnientlj  tor  Kays, 
the  A<)gle  contained*  by  therwo  vedorRays  =450  22'  8^^ 
'.  The  Log.  of  thegreateft  vtStor  Ray,  0,192159  lefs  the  Logw.of  the 
leaft,  9>954455^o>^57704»  and  its  Half  10,118852,  10  being  added  ta 
its  Charaderjftic,  is  the  Tangent  of    520  44*  38",  from  which  450  being 
fnbtnftccb'and  to  the  Log*,  of  the  Tangent  of  the  Remainder  70  44/  38", 
the  L6gi  of  •CoAngent  of  ^10  20'  32",  the  J  of  the  Afotion  (450  27J  8",) 
of  the  Oomet^nr  its  Orbit  being  added,    the  Sum  wiUbeth6  Loga^ 
rkhiii  of    the  Tangent  bf    340  8'  5*^  i,    whereby  the   Halfs    of  the 
two  true  Anomalies  are  found  to  be .220  47^.33"  i,  and  450  '28'  37''  f ,  xreeAno- 
confequently  the  leaft  true  Anomaly  =450  35'  7",  and  the  greatefl=:9oo,  malics. 
if  i$"  ;  and  their  Difference  being  equal  to  the  Motion  of  the  Comet 
in  its  Orbit,  thofe  two  Anomalies  are  on  the  fame  Side  of  the  Peft<^ 
helion...  Tbe>Log.  of  the  perihelioirDiftance  will  be  found  =t9^883835.  Perihelion 

To  determine  the  Time  the  Comet  employed  to  dcfcribe   the  Angle  ^*ft*«>««- 
contained   by  the  two  veftor  Rays,    to  the  conftant  Log.  1,9149328 
adding  o>6o7a33  Log.  of  the  Tangent  of  450. 28'.  37"!,  and  to  the  con- 
ftant Lo^.  1,438112  adding  0,021699  Triple  of  the  Log.  of  this  fame 
Tangent.     I  find  83,592  and  28,808  for  the  Numbers  correfponding  to 
1,922166   and    I9459512    Sums   of    thofe    Lagarithms,     confequently 
112400  Days  is  the  Time  correfponding  to  the  true  Anomaly  900.  5  7'  interval  of 
15'^  in  a  Parabola  whofe  perihelion  Diftance  is  1.   By  |i  like  Procefs,  I  Time  be 
find  the  Number  of  Days  36,579  correfponding  to  the  true  Anomaly  ^^*q^* 
45035'.  7",    in  the  fame  Parabola,   1  take  the   Difference  75,821  of  vaSomcIlr 
thofe  Times,  becaufe  the  two  Anomalies  are  fituated  on  the  fame  Side  cnfeted. 
of  the  Perihelion,  whofe  Logarithm  i,87978q  added  to  9,825 752  the  4  of 
the  Log.  of  the  perihelion  Diftance,  is  the  Log.  1,705541,    to  which 
correfponds  <o,762  Days,  Time  employed  by  the  Comet  to  defcribc  the 
Angle  contamed  by  the  two  vcSor  Rays. 

Comparing  this  Time  with  the  Interval  50,728  i  between  the  two 
Obfervations  ,  I  find  it  exceeds  it  by  0,033 ,  I  therefore  make  a  Varia* 
lion  of  OjOOi  in  the  Diftance  (Z)^   in  order  to  difcover  which  Way, 
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and  by  how  much  the  Elcniienti  of  ihe  corr^nding  Parabola  will  be 

changed. 

SccoDiSup.      II  Suppofitiony  Y  szOfS^9f    Z  2=099569    and  repeating   the  fiuae 

[hf'e^ft  Hy.  Calculations  as  in  the  firft  jSuppofition,  I  find  the  heUocentric  Ladtudes 

.^diefif.      E=.iao3i'42",   E'=q:  5'a9.i'54"t>   Ae  Leg.   of  the  veaor  Ray% 

V=: 9,9544559    V  =  091914249   the  heliocentric  Longitudesy  L«=^ 

xr>  1 7'  $2"9  L'=z5«  20  43'  T  i'^    The  Motion  of  the  Comet  in  the  Ecliptic 

=3270  34^4i''i  and  the  Motion  of  the  Comet  in  its  Orbit  =450  18'  13^ 

the   true    Anomalies  45P  $2'  V^    and  ^cP  50'  16",    the  correfpoodiag 

-  Days.  36.529   s^d    11^9056,    the  Log.   of    the  perihelion   Diflsnce 

73:9,8813997;  'finally  the  reduced  Time  employed  in  defcfibtng  the 

Angle  contained  by. the.  two  veaorRays  50^594  D^ys-    From  wfaenoe 

t  find  that  by  increafing  2>  by  the  Qyantity  OiOOi*  I  dimtntfli-  the  TisK 

»  by  O9168 :    And  I  fay,  O9168  :O90Oi  :  :09033i:  090002;    I  difninHh 

therefore  Z  by  0>ooO2   to  obtain  a  Parabola  anfwering  the  ConditioflM 

required.  , 

^11;  Suppofitioa^  Y:7:69S79»  2=0995689  and  I  find  the  heliocciitric 

Latitudes)   £=12^31'  42'^    E^^^a^  3'  16'^    the  Log;  of  the  veAor 

Raysi  V=:9,9544559  and  ¥'=09192009;    dbe  heliocentric  Longitades, 

L=6».o<>  17'  $7/^9  and  L^s»  20  37' 53" ;   the  Motion  of  the  Comet 

in  the  Ecliptic,  270.39'  $9";  and  the  Motion' in  its  Orbit  45*  ai'aa^'j 

the  true  Anomalies  45"^  34'  28^9    snd  90^  55'  50";  the  correipoiKliiig 

Time^  369568^9  and  f  1 2,330  Davs:  The  Log.  of  the  perihelion  Diftanoe 

9,883870,  and  the  Tirhe  reduced  employed  in  defcribing  the  Angle  con* 

tained  by  the  two  Ye6lor  Rays,  509728I  Days,  agreeable  to  Obferrmtion. 

Having  found  a  Parabola  anfwering  the  two  firft  Obfervations9  I  feareh 

SicondHt  for  another^   anfwering  the  faase  Obfervations9    by  making  a  Variatioo 

roTH.iii.    in  the  Diftance  (Y)  preferved   conftant  in  the  hrft  Hypothefis. 

IV  Suppofition,  ¥=0,8789  Z=o,9579  and  I  find  the  heUocentric 
JirftSijppo.  Latitudes,  E=i2*  42'  ii"9  E'=52<>  3'  38",  the  Log.  of  the  vedor 
fuiono/chc  Rays,  ¥=9,954257,  ¥'==0,1921599  the  heliocentric  Longitude^s  Les 
vXi^'   6-o«3i'54",andL'=5i2»36'33";  the  Motion  of  the  Comet  in  the 


tance  9,883115,    the  reduced  Time  employed  in  defcribing  the  Angle 

formed  by  the  two  vedor  Rays  5097149  which  diflFers  by  09014^  from 

the  obferved  Interval,  confequently   by   diminifliing  Y  by  0,001,  tfie 

Time  is  diminiflicd  by  0,048.     I  fay,  0,048  :  Q9001  : :  0,0x4^  *  o>ooo3, 

V  Suppofition,    ¥=0,8783  Z=o,957,  I  find  the  heliocentric  Lati- 

Second  Sop-  *"<^^5'    E=i20  39' 2''  £'=52^  3' 38"    the   Log.   of    the  Yedor   Rays, 

pofitionof    V=:9,9543i5    V'5=o>i92t59,   the   heliocentric  Longitudes,    Ls^>  o* 

theffcond     27'  40",   L'=:5«  2^  36'  33",   the  Motion  of  the  Comet  in  the  Ecliptic 

ypotncis.    ^^^  ^j,  ^,/  jj^^  Angle  contained  by  the  two  veflor  Rays  450  19'  20",  the 

_  true  Anomalies  45**4i'45"  and  91^  i'  5"  the  correfponding  Times 36,689, 
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and  It2^590>  the  Log.  of  the  perihelion  Diftance  ^»883544,  and  the 
'Time- reduced  employed  in  defcribing  the  Angle  contained  by  the  two 
^Mfitor  Jlays  Ssz^Ofj^  agreeable  to  Obfcrvation.  *  *  .  '  ,    . 

^nHiiving^undtwoiPartfbolas   anfwering  th^  twd'-ffrft  Obftrvhtion.s 
ve are nexfitfdxamlneti'bich  approaches  neareft  the OtWt  of  the  Comei    • 
foBght^  t^  calcutiitiiigith^  third  Obfervatibn  iii  each ;  for  wht<^h  Purpbfb    ' 
.1  jcaicriatfe'the  Pbice  of  the  PeriheHon,  the'Time  of  the  Paflageaf  the 
Fbriheltony  the  Inclination  to  the  E2cliptic>  and  the  Place  of  the  Nodes 
of  each  Parabola. 

-  To'dclefmiAe'thofeElementf  in  the  *rft' Parabolic,  !  find  the  Angle 
Rii523« 40^  1 5",  tlxen  the  Diftldnce iof ' the Corfiet  redAccd  to  theEcliptic  Eicmems of 
at  the  firflf  PWefvgtion  from  thieafcendirigNode  5^  25'  45",  which, adde5  ^^\^£™fj, 
.to  the  heiicicentria  Lehgitude  of 'the  Cornet^  the  4th  of  Mdrch^   which  the  6rft  and 
'a.6»<^\if  52",  becatile  it%  heiioeentrit  Motion  is  retrograde,  gives  the  CecondHy 
Place  of.  the  Node,  in  6.  5^  43'  37".     The  Diftance  of  the  Comet  P^"*'"*^'" 
from  ihe  Node  meafiired  on  its  Orbit,   which  I  find  to  be  130  38  14", 
^abtrafited  from  the  Plice  of  the  Node,  gives  the  Place  of  the  Comet  in 
in  its  Orbh,  set  the  Tirtne  of  the  firft  Obfervatlon :  and  becaufe  it  had  then 
.450I34'  28/'' true  Anottialy,  I  add  them  to  its  Place  in  its  Orbit  to  obtain 
-thePJace  of  the   Perihelion  in  ^^  70  39*51".     I  add  |  of  the  Log.  of 
4hfc  perihelion  Diftance  to  that  of  '36,5681  Days,Tinne  cort'efpondin^  lo 
•the  leaft  true  Anomaly  45°'34'^8"f  which  gives  24,486  Days,  for  the 
Interval  of   Time  elapfed   between  the  firft   Obfemtion,   and  the  In- 
ftant  of  the  Paflkge  of  the  Comet  at  the  Perihelion,  whichr,bein^,  fub- 
traded  from  the  4th  of  March  at  i6h  9'  5o"i  of  at  0,^73^,   the  Time 
t)f  the  firft  Obfervation,  fixes  the  Inftatnt  of  the  Paffage  af  \he  Penhe- 
iion  to  the  8th  of  February  at  0,1 8B>     In  fine,  I  fiiid  t'jte  Art^le  bP  Ifi- 
clinatton  of  ihe^  Plane  of  fl^  EcHpiic,  ^and  that  pP  rti'e  Comet   ti  be 
6605^14".  .  ',.'■'•'  ^ 

'   The  fame  Elements  in  the  fecond  Parabola  are,  tlie  afde'ndin^'  Node  m 
6»  5«  59'  6",  the  Place  of    the  Perihelion  in   7»»  7o  53'  42>    lh6  Incli- 
mition,  66^  47'  14",   and  the  Time  of   thci   PifTige  at  the  Perihelion,    •    . 
Febnifliy  the  8th,  1511,  •      \\     ^ 

.  From  thofe 'Elements  T"  calculate  the  geocentric  Lon^Jlude  for  the 
a8«h  of  March,  ii  0,569  of  the  Dayj  in  each' )^'afabola/' 'The  Interval 
of  Time  elapfed  between  the  Paffage  at  the  Perihelion  jn  the  firft  Pa- 
rabola, and  the  Time  of  the  OBferVation  28th  M^rth  0,569  is  48,381 
Days.  The  Log.  of  the  perihelion  Diftance,  9^883870,  its*Triple^i5, 
9,651610,  its  Half,  9,825805,  which  Wing  Yubtrafted  f^^^^ 
LrOg*  of  48,381  gives  •1,858870,  Log"  of  72,2155  Days,  "which  corref- 
ponds  to  73^*11'  7<'j  W  a*.i3*'ii^"7'''  Anoirtaly^  whico  fabtraaey  fron? 
the  Place  of  the  Perihelion  7'»-7^  3^'  51", 'becaufef  th6  .Comet'being  re- 
trograde, the  givertlnftant  follows,  that  df  the  Pafllige  at  Ihe  Perijie- 
lion,  which  "gives  the  true  hfeKocentric  Ptace  of  the  Comet  in  its  Orbif# 
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4»t4*  28'  44",   from  4ia4«  aff  44",   fubtraaing  6»  $„  43^  S?"*    *e 
Geoceoinc    Place  of  the  afccnding  Node^    the  Argument  of  Latitude  io»  i8«  45'  5* 
oTclfe^    18  obtained)    which  meafuredon  the  Ecliptic    ia  ii«  11^  2'47'^   confe- 
metciilrnltf  quently  the^  heliocentric  Loogiiude  of  the  Connet  is  5>  16**  46'  24''»  mai 
radli^ond^  the  heliocentric  Latitude,    37**  ao'  41"  North  becaufe  the  Ai^gnmeiit  «f 
Hypoc^Sk.   Latitude  of  the  Comet*  which  is  retrogr^e,  is  greater  than  fir  SgaiL 
The  true  Place  of  the  Sun  the  a8  of  March,  at  13^^  39^  is  o^  8**  1 1'  2t% 
and  the  Log.  of  its  Diftance  from  the  Earth,  is  9^99^41 ;  therefore  the 
true  Place  of  the  Earth  feen  from  the  Sun,  is  6«  S""  1 1'  a8"»  which  o^- 
ceeds  5*  iC"  46'  24"  by  ai"*  a$'  4"*    which  is  the  Axig|et>f  Coounutfr- 
tion.    1  find  the  Log.  of  the  curt  DtdaQce,  corrclfX>niding  lo  the  thsd 
Obfervation  ==9,9749159  I  fobtrad  9^7491$  from  9^99984i»  i>og.  «( 
the  Diftance  of  tbe  Sun  from  the  Ecarth :  The  Rcmundor  is  01024921^ 
which  by  adding  10  to  its  CharaAeraftic,  giires  10,024916,  Log;,  of  the 
Tangent  of  460  38'4a"|9  from  which  fubtrading  45,  the  Log.  of  Taa 
of  Remainder,   le  38'  49^9  added  to  that  of  the  Tangent  of  79^  i  T'aS', 
(Complement  of  lo"*    4a'  3a'',  half  of   the  Angle  of 
2 1  o  25'  4'M     the  Sum  is  the  Log.  of  the  Takigent  of  8"*  37'  39'', 
AibtraSed  from  79^  i  f  aS'' ;  becaufe  the  Diftance  of  the  CSomet  firan 
the  Sun,  is  lefs  tfajtn  that  of  the  Earth  from  the  Sun«  giiws  70^  39'  49^, 
or  V  10^  39'  49",   for  the  Angle  of   Elongation.     B^  Means  of  n  ?!• 
gure  reprefenting  the  Ecliptic  divided  into  la  Signs,  in  which  Ifrfnce  the 
Sun,  the  Earth,  and  the  Comet,  according  to  their  Longitudes  found  by 
the  above  Calculations,  I  perceive  thi^t  the  Comet  feen  from  the  Earth,  n 
to  the  Eaft  of  the  Sun.    I  therefore  add  the  Angle  of  Elongation  to  the 
true  Place  of  the  Sun,  which  gives  the  true  geocentric  Longitude  of  ihe 
Comet,  in  aMS**  51^  if,   which,  is  tefs  than  the  obferv^  Longitade 
a*  1 8*  sa'  45''  by  1 '  28^';  by  a  like  Procefs  I  find  the;geocetttric  Longitude 
of  the  Comet  in  the  fecond  Parabola,  the  a8  of  March,  in  a*  1 8"*  45'  14% 
which  is  lefs  than  the  obferved  Longitude,   by  f  31'';   oonfequcnty 
neither  of  the  two  Parabolas,  is  the  Orbit  of  the  Cometh 
TaiiaHv*      But  becaufe  the  Variations  of   the  Orbits,    are  fenfibly  proportioBal 
f  oTaatit.   1^  ^i^f^  ^^^  j„  ^^  ^^^  Diftances,  to  obtain  the  two  curt  Diflanccs 
which  correfpond  to  the  Orbit  fought.    I  make  thofe  two  Proportioiis; 
i^AsGfDiffirtntioftbe  two  Errprs—i'  %i!'Mnd-^i  3I",//  /•  tbehtfi 
•f  ttiiw9  i'  aS''  :  &  1/0,0007  ^mJoiOOoa,  CorreBhns  maJe  to  ibetm 
curt  Diflttncii  Y  undlip  to  okaim  two  Parabolas  anjwering  tbe  twofirfl  <M- 
fervatioutp  to  o,oooa35  and  0^00006$,  CorrtUhns  to  ho  made  to  tboje  Dif- 
tances Y  and  Z,  to  ootain  the  Orbit  required. 

To  apply  thofe  CorreAions,  I  obferve,  that  fince  Y,  fuppofed  as  to 

o>879,  gives  an  Error  of  — I'aS",  and  Y  fuppofed  =£  to  0,8783,    giva 

an  Error  of  — 7'  31",  by  diminifliing  Y,  the  Error  is  increafed;    ffom 

whence  I  conclude,   that  0,000335  is  to  be  added  to  0^879,    to  obtain 

(0  Iwoiil4liaTefii4uthf$amof  thsfrronftc.  if  tbioa€wiibyc»c6iadtheodisekf 
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the    true  Value  of  Y>    which    coofequencly  will  be  0,879235  ;  in  like 
Kf  anner»  I  find  that  Z  fliould  be  fuppored  -=09956735. 

VI  Suppofitionf  Y=o»879235»  and  Z==Ot956735»  and  I  find  the  heli- 
occnmc  Latitudest  £=^12^29^  I7''i»  £'=352''  3^  io''§  ;  the  Log.  oF  the 
vc&or  Raysy  V-s=9,954504»  aud  ¥'=0,191963^  the  heliocentnc  Lon- 
gitudes, Lssd"  o**  14'  37'',  and  L'x$*  2**  38'  19";   the  true  Anomalies, 
4.5"*  3a' o"  and  90*  54' 4";  the  corefponding  Times  36,528  and  112,243 
I>ays  ;    the  Log.  of  the  perihelion  Diftance  9,884049 ;    and  the  'J  ime 
employed  in  defcribing  the  Angle  contained  by  the  two   ye£tor   Rays, 
50,729;  the  Place  ot  the  Node  in  6»  5*  38'  29";  the  Place  of    the  Pe- 
rihelonf  ?•  7''.3S'  13",   ithe  Inclination  of  the  Orbit,   SS""  59'  14";    and 
the  Time  o(  the  Pailage  at  the   Penheiion-the  8tb  of  Febmary,   at 
4.^  48^:  In  finei-from  tliofe  Elements,  I  calculate  the  geocentric  Longi* 
cudeasd  LfMltude  the  28th  of  March,  at -13^39',  which  I  find,  the  one 
ifi  a»  1 8^'  55'  fS^^  the  other  63**  3'  57''  North,  agreeable  to  Obfervation. 
By  thefe  Rules  the  following  Table  was  calculated,  containing  the  Ele* 
mentS'Of  all  the  G>mets  which  have  been  obferved  with  any  Degree  of 
Accuracy. 


Ceocrntric 
Longi.'ude 
kiid  i^;.cuie 
o    the     o- 
mec  ralculat 

third  Hypo- 
thcG*. 


,        I  Place  of  the 
f etri.  •  afcendiiig      IXncIinatioo 
*  llode. 


If- » 


817 
1231 


j»  d  •/     7/     o"    /  •// 
6.a6#33.oo  A2.00.  o 
o.  1 3*30.00   6.  s«oo 


1264   7.28^9.0020. 2$ x>d 


3, 17'  ^0(  6«.i^i3o 
0..X6.00.00  ^dioo.o 
1.  4^.^1.0032.11.60 

9,C1w|j6.20    $»20,06 
1.2O»^.0O  3a.36.OO 

4*'  ^.42.00  46.30.00 
^.5^4a,ooj2.  6,30 

TH^. $2^0074.324$ 

O.  ftSl  5  71 2€i  64.40.00 

i:  y.42.30  6.  4.00 

5'»5,3<>«4'^*9-4o-4o 
Sa4&if«QoS7«$8.oo 
10.i2.12.30  55  12.00 
1^1^ -^^^^.-i^.^o  If  .28*00 
1618    i.<6.  1.00 

ji6r2  f.2«.ib;6or9-2;8.oc 
1166'^  '2.22.30.10 

1664  i.i  1.14.00 

'^'       7.18.    1.00 


1299 
147*2 

t$J2 

1533 
1556 

»$77 
l$8o 

IS«5 
1590 

1596 


166$ 
1672 


Pliiee6f  the 

«Per|heUon. 


lioD 

^nce.  >    Parlt. 


Perihe.-  iTio^oftiicPaflage 
lioD  Dil-'at  thiB  Perihelion  a; 


f  o     /    //  f  '       '  '    d    h     / 

o.  1 9r  3.00  o,i 800  Mardi.  1 1  •  1 2*':o  retr. 

4.i4.48x>v  0,9478  Jan.       30.  7.00  dir. 

9;  5'45*o<5  0,4108  July.     17.  •  6.10  dir . 

o.  3.'20*ooo,5i7^Mfarch.3i.  7.38  retr 

9.3b.oo.oo  0,4467  O^.' '  ^a-  0.0.  retr, 

o.  2b.0o.0b  0,6445  June;  '  '  1 .   i  .00  retr. 

Ill  5i  ^'3^30  *,54-27  Feb.      28.22.32  retr. 

3<2i;  7-^o  0,5092  Od.    '  1^.22.21  dir. 

5.  6.38j6oo,t$2s  May*  '  25.io.32dir. 

9.  8«so«oc  0^^639  April.   2i.ao.12  dir. 

4.  9.22.06 0,1835 pd.      i6;i8.54retT. 

j.19.  5.50  0,5963  ^ovcta.2^i  15.  9 dir. 

o.  8.51.00  1,1094  Od.        7.19.29  dir. 

7.  6.54.30  0,5767  Feb.        8.  3.54  retr. 

4,26. i9>oo  0,891^  July.  '  ^8:13.47  dir 

7*  18.16*000,5 130  Ang.     10.20.  4  retr. 

0.18.20.000^,5131  Aug.  17*  3^i2dir. 
}7*34«^o|oo.  2,14.09  0,379s  ^{ovem.  8.12.^2  dir. 
00^28. 18.40  9,8479  Novcnui2.is«49dtr. 
32.35.50  3.25.5^00,4486  Jan.  26.23.50 dir. 
21,18.30  4.10.41-25  1,1026  Dccfm.  4«i2*  3  retr 
76.  .5.00I  «*H^54.30o,io65|Apnl.   24.  5.24  retr. 


9.27'30.3o|83.22.io|  i.x6.59.3o|o,6975lMarch.   i.  8.46  dir. 


Tabkofthe 
Elementf  of 
tbcComcti. 


cxxy:iu 


'  Node. 


S  Y  S.  T  E  A^ 

^flaceof  the 


O  F    T  H  E 


loilmadon 


i677,,7.26t4;'.ioJ79,.'3.i5 
•67S,.5-U-j4.o-oo  J«  4-^0 
l6So  9.  2.  2.00^0.56.00 
i68jl  c. 23. 23.0083. II. 00 
1684!  §.28.i5idc»65.48.40 
t686fi  i.to.34.403 1.21.40 
1 6189  10.13.4^.20  69. 1 7  06 
i69H|i  8^7.44.1^  11. 4^?oo 
iib99t,i  0.21^.5  4) 569120.00!  ^•.!2r31 


17P6    o;4|.^»i,40  55.^icj 
171I)    4,  8.43.00  ip'.zo^oc 


l%&: 


»747! 


Pltceof  die 

Perihelion. 


4;17-J7/  5 


10.27.46.00 
8.22.39.30 
2.25.29.30 

7.2>J.52.00 


Ftrihe.  |Tim^«fdMiyi«c 
lion  Dif- at  the  Petiheiioa  ai 
tance.     Paris. 


,2^i2.^29Ti.oa,4as$  Jaui.  tji'foJmsi 


Oy28o6JMay»    .  6.  o,^|6jr^ 
1^1 238  Aug.    .  ^.I4«I2  dir. 
0,006  i  Decern*  1 8^00.15 
0,5602 July.     13.  2.^9 
0,9601  June.      8.ia25!dir. 

2. 17.06.30  f>,325o  Sept.     16.  r^.42|dir. 

8.23.444s  o,ot68  Decern,  ir.15.  ST^tr, 

9.00^51*1$  0^6911 5  Od.«'    i8.4if.  6|ttti^' 
0,7440 J^ni'-'iih  t-i 

4- |8»4i.  3 0,64^9 Manik>i|.i4iaaiiik. 


4.oi,^o.6oIj 

1.12,52.2 
10.22.40.0^1 
1737   7.16.22.OC  18.20.45  10.25. 55'oo< 
1739  6.27.25.14  >-5-4M4J»2-.^^-40Oi^67i6puiic    i7.'o..^9} 
(I74V^«   ^3«.«^t^49^*4  '?»»^35JJQil76.570?c|^:        ».  4.4*^ 
ti  74^  '^:y8:f  iV?5  ; in 9^^i    i •  a^»i4^  o,*3  soljan-.      Xo..^P.J 
^  7431'  o.  .5..J 6^ai  i*5 .48.201  *  8.  .6.33.S2jQ,$aof  Sept. 
1744'  i.if.46.11  4.7.  !s*i8|  0.17.10.00.0,2225  Mscch.  ^«  4«ii,clxr. 


ji^l027jai^'      i4-2i«4« 

1,426 1  Jdiic.  "25.1 1 .  ojdir. 
0,2229/211.  30.  8.3oIdirT 
9\ 


^'.f  ,7,  4(Rqi>2i9£lMArciu,j(^  ^.xi 


1748;  7;?2;52.i6ji^5.fK6,id  J.  d.^o-Sjo  0,849;  April,  xl^.19^3 

|8.  UX3 


1748 

iirf7 


.:V..4.39-43  5,6.5s9f  ii,9-  6-  9.24Jp,6ssi|j»ne. 
7-.4-.;^.Sq**^3'9-  ^  >.  2,39.poU33^i  Oft. 


^42 

1759,  4f9->9*4  7'^59-?*»?'  ^•^3/«-^<>?.?9«.5  N©?c«.a7Uva 
1759  »-*9-5^45  4-5»'5*»4'»?#?f-3$P,9i^.<^Dec«n^-»6^»-13| 
1762:1  (.19.00.00 85^3^0.^  3«i4..oo,90  i,oo9.<^MAy.  1  28LiM2^ak 
r76^jii.26.i7.o«^.2f4t.oo   2^24.41.90  i,49i^x  Novcai».}i.i6.)^ 
1764I  4r  o-.l:t09J^47,iOp  <?ii&.a6i90<j,5|5^7Fflb     Aauj;3;.. 
»7°^i  ^r  >Vfic50  40-5  ^?lL4-^iK4i^*5^50^iFob<  ..,Ji7a  Jhg 
1766   i.i7.2jvi^,^8,f8y4jj  i^^a6>..,5ri3l.9»q3^WAyrii>  i7'i<Ha6j 


.a:i. 
it. 


.;  I 


M. 


f-  f 


Elements ^/tthi  C<x^kv  •/  Ham^V,: />//>' WferlffA'RMluihnt^ 
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VIII. 

Newton  having  thus  folvcd  the  above-menttoncd  Problem,  and  applied  Newton  ve- 
it  to  ali  the  Comets  obferved,  deduced  from  thence  a  complete  Confir-  cSVuliSon 
mation  of  his  ConjeSure.     For  all  the  Places  of  the  Comets  calculated  by  the  Ob- 
in  the  parabolic  Orbits,  whofe  Elements  were  delivered  in  the  foregoing  fervatioiwaf 
Table,  compared  with  thofe  immediately  deduced  from  Obfervation,  \^^}   "*" 
never  differed   fenfibly,    which    will  appear    fo  much  the  more   fur-  Comett, 
prifing,  when  we  coniider  how  difficult  it  is  to   attain  to  Precifion  in 
Obfervations  of  this  Nature. 

IX. 

As  to  the  Duration  of  the  Periods  of  the  Comets,   it  cannot  be  de-  The  Dura- 
duced  from  the  fame  Calculation,  becaufe  as  we  have  already  hinted,  p^^iod  can-*^ 
their  Orbits  being  fo  excentric  that  they  .may  be  taken  for  Parabolas  not  be  dc- 
without  any  fenfible  Error,   very  great  Differences  in  their  Duration  ^uccd  but 
vrould  produce  fcarce  any  Alteration  in  the  Arc  of  their  Orbit,  which  Hiftory  of 
they  defcribe  during  the  Time  they  are   vifible.     However,  it  no  lefs  the  Apari- 
confirms   the  Theory  of  Newton^    to   have  ftiewn,  that  in  this  Por-  JJ^^^f j^^^ 
tlon  of  their  Orbit,  they  obferve  the  Law  of  Kepler,  that  of  the  Areas  the  fame 
being  proportional  to  the  Times,  and  that  the  Sun  attrads  them  in  the  Circumftaw- 
fame  Manner  as  all  the  other  celeftial  Bodies,  in  the  inverfe  Ratio  of  equaMmcr- 
the  Squares  of  the  Diftances.  valf. 

X. 

Halley,  on  examining  the  famous  Comet  of  1680,  having  found  that  Halley  em 
the  Obfervations  of  a  Comet  rccoided  in  Hiftory,  agreed  with  it  in  very  |!^*/^f 
remarkable  Circumftances,  and  that  they  had  appeared  at  the  Diftance  of  the  Comct 
575  Years  from  each  other,  conjeftured,  that  it  might  be  but  one  and  the  of  1680  to 
fame  Comet,  performing  its  Revolution  about  the  Sun  in  this  Period,  he  q^jY[  *^* 
therefore  fuppofed  the  Parabola  to  be  changed  into  an  Ellipfe  defcribed 
b)r  the  Comet  in  575  Years,  and  having  the  fame  Focus  and  Vertex 
with  the  Parabola.     Calculating   afterwards,  the  Places  of  the  Comet 
in  this  elliptic  Orbit,  he  found  them  to  agree  perfeQly  with  thofe  where 
"the  Comet  was  obferved ;  fo  that  the  Variation  did  not  exceed  the  Dif- 
ference found  between  the  calculated  Places  of  the  Planets,  and  what 
are  immediately  deduced  from  Obfervation,  though  the  Motions  of  the 
Planets  have  been  the  Objeft  of  the  Inquiries  of  Philofophers  for  thou- 
fands  of  Years. 

XI. 

Befides  the  Comet  of  1680,  Halley  found  three  others,  which  nearly 
agreed,  thofeof  1531,  of  1607,  and  of  1682,  the  three  Parabolas  were 
.  iituated  after  the  fame  Manner,  the  perihelion  Diftances  were  equal, 
and  the  Intervals  of  Time  75  or  76  Years;  he  conjeSured  that  it  might 
be  but  one  and  the  fame  Comet,  and  that  the  Differencce  in  their 
Inclinations  and  Periods,  might  arife  from  the  Attradions  of  the  fu- 
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traction  on 
the  Comcu. 


DifferfOt 
OpinioDt 
concerninff 
the  Tail!  of 
Cometf. 


Newton  li  of 
Opinion  that 
they  are  Va . 
pours  exhal- 
ed from  the 
Body  of  the 
Come'. 


Confirmati- 
on of  thia 
Opinion. 


perior  Planets ;  for  he  obferved>  that  the  Comet  in  16819  paflfed  t^tj 
near  Jupiter;  and  it  iscertatn^  that  the  Comets  receding  farther  froa 
the  Sun  than  the  Planets^  their  Velocity  and  Tendency  towards  tlie 
Sun  fhould  thereby  be  confiderably  leflened  in  the  fupeirior  Parts  of  thdi 
Orbits,  and  confequently  fiiould  be  more  fufceptible  of  the  Modificatk» 
and  Impreffioos  of  the  Attradibns,  which  the  Planets  in  their  Ap- 
pioach  exert  on  them ;  from  whence  he  concluded,  that  the  following 
Apparition  would  be  retarded,,  and  anonnced  the  Return  of  this  Comet 
for  1759.  But  thefe  Confiderations  were  too  vague  to  be  depended 
upon.  To  attain  to  Certainty  in  this  Point,  it  was  neceflary  to  cakii- 
late  the  Situations  of  the  Comet,  and  the  Forces  with  which  Jupiter 
and  Saturn  attrafl  it  during  feveral  Revolutions,  and  by  the  Help  cf 
thofe  Forces,  expreflfed  in  Nambers,  to  determine  the  total  £ffed  ot 
the  Attradions  of  tbofe  Planets  on  the  Comet.  This  CUirautf  and  afe 
him  the  firft  Mathematiciaris  in  Eur9pe  have  effcded,  and  have  denioii- 
ftrated  that  this  Comet  obferved  in  15319  1607,  and  1682,  ihould  have 
th^  unequal  Periods  oi  g\^\  and  898^  Months  and  that  the  Period  after 
which  it  would  appear  again  in  this  Age,  would  be  919  Months,  which 
the  Event  has  juftined.     Thefe  Refearches  fliall  be  explained  hereafter. 

XII. 

The  Tails  of  Comets  which  formerly  occadoned  the  Apparition  of 
thofe  Bodies  to  be  regarded  as  portentous  Omens,  are  now  ranked  in  the 
Number  of  thofe  ordinary  Phenomena  which  raife  the  Attention  of 
Philofophers  alone.  Some  vvculd  have  it,  that  the  Rays  of  the  Son  pif> 
fing  through  the  Body  of  the  Comet,  which  they  fuppofe  to  be  tranf- 
parent,  produced  the  Appearance  of  their  Talk,  in  the  fame  Manner 
as  we  perceive  the  Space  traverfed  by  the  Beams  of  the  Sun  paffiif 
through  the  Hole  of  a  darkened  Room  :  others  imagined  that  the  Tatb 
were  the  Light  of  the  Comet  refraded  in  their  Paflage  to  the  Sartb, 
and  producing  a  long  Spefirum,  as  the  Sun  does  by  the  Refra£kiOo  of  the 
Prifm.  Newhn  having  mentioned  thofe  two  Opinions,  and  refuted 
them,  expofes  a  Third  which  he  adopted  himfelf :  it  coniifts  hi  regani- 
ing  the  Tail  of  a  Comet  as  a  Vapour  Which  rifes  continually  frmn  the 
Body  of  the  Comet  towards  the  Parts  oppofite  to  the  Sun,  for  the  ftsie 
Reafony  that  Vapours  or  Smoke  rife  in  the  Atmo^here  from  the 
Earth,  and  even  in  the  Void  of  the  Pneumatic  Pump.  On  Account  of 
the  Motion  of  the  Body  of  the  Comet,  the  Tail  is  incurved  towards  the 
Place  through  which  the  Comet  pafled,  mbch  in  the  fame  Manner  as 
the  Smoke  proceeding  from  a  burning  Cole  put  in  Motion. 

What  confirms  this  Opinion  is,  that  the  Taifs  are  found  greateft 
when  the  Comet  has  jufl  pad  the  Perihelion  or  leafl  Diifaince  from  the 
Sun,  where  its  Heat  is  greatefl,  and  the  Atmofphere  of  the  Sun  is  mofi 
denfe.     The  Head  appears  after  this,  obfcured  by  the  thick  Vapour  tkat 
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rifes  plentifiiHy  from  it»  but  about  the  Centre,  a  Part  more  luminoui 
than  the  reft  appears,  which  is  called  the  Nucleus. 

A  great  Part  of  the  Tails  of  the  Comets  ihouM  be  dilated  and  dififufed  xjic  of  Um 
over  the  Solar  Syftem  by  this  Rarefadion :  fome  of  it  by  its  Gravity  TaiUofco- 
may  fall  towards  the  Planets,    mix  with  their  Atmofpheres  and  repair  '"*'l^  ■*^' 
the  Fluids,  which  are  confumed  in  the  Operations  of  Nature.  Newton.  ° 

The  Refiftance  which  the  Comets  meet  with  in  traverfing  the  At- 
mofphere  of  the  Sun  when  they  defcend  into  the  lower  Parts  of  their 
Orbits,  will  aflfiea  them,  and  their  Motion  being  retarded,  their  Gravity  comtuiMv 
will  bring  them  nearer  the  Sun  in  every  Revolution,   until  at  length  fall  into  the 
they  are  fwallowed  up  in  this  immenfe  Globe  of  Fire.  ^^* 

The  Comet  of  1680,  pafled  at  a  Diftance  from  the  Surface  of  the 
Sun  which  did  not  exceed  the  fixth  Part  of  his  Diameter,  and  it  is 
highly  probable,  that  it  will  approach  nearer  in  the  next  Revolution, 
«nd  at  length  will  fall  into  his  Body. 

xtti. 

Let  the  Diftance  of  any  one  of   the  primary  Planets  from  the  Sun  Adajdon  to 
=ti  its  periodic  Time=i  the  Force  of  the  Sun  exerted  on  it=i,  the  Article  xx 
Diftance  of  anv  Satellite  from  its  Primary  =^,  and  the  periodic  Time  of  of  thcThc- 
the  fame  Satellite  s=r ;  the  Force  (F)  of  the  Sun  on  the  Planet  being  to  p^WryPU' 

the  Force  (f)  of  any  Planet  on  its  Satellite  as  i  to  I-  (Cor.  2.  Prop.  4.)  k*wis  m^ 

'^         ,  how  New* 

and  the  Force  (V)  of  this  Planet  on  its  Satellite  if  it  was  juft  as  far  from  ton  deter- 
it  as  the  Planet  is  from  the  Sun, being  to  its  Force  (/^exerted  on  it  at  its  pro^'ont 
adual  Diftance  from  it,  as  rMo  x  ;  by  the  Compofition  of  Ratios  FX/  of  Km!S' 
is  to  VX/,  or  the  Force  (F)  of  the  Sun  on  the  Planet,  is  to  the  Force  tfrinthe  ' 
(V)  of  a  Planet  on  its  Satellite  juft  as  far  from  it  as  the  Planet  is  from  ^t^^Trw 

the  Sun,  as  f  to  ^.  i^'^« 

Bx^mpff.  The  Revolution  of  Venus  round  the  Sqn  ($5931^)  being  to  that 
of  the  fourth  Satellite  of  Jupiter  (400H)  »«  i  to  0,0743716,  ^=0,0742716 
and  the  PiftatKt  of  Venus  from  the  Sim  72333  being  to  the  Diftance 
of  Jupiter  from  the  Son  520096  an  i  to  7,1903 ;  and  Radius  being  to 
the  Sine  of  8'  16"  Elongation  of  the  Sateltte,  or  its  Diftance  from  Jupiter 
^ewed  from  the  Sun,  as  7,1903  to  0,01729,  r  =0,01729;  wherefore 

L-=orf)00937    or  — L- ,confequently  the  Weight  of  equalBodies  at  equal 
//  1067 

Diftances  from  the  Centre  of  the  Sun  and  Jupiter,  are  t6  one  another  as 

1067  . 

The  Revolution  of  Venus  round  the  Sun  5393^  being  to  that  of  the 
fourth  SauUite  of  Saturn  36^^^  as  i  to  ,0672475,  /s,o672475,and  the 
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Diftftnce  of  Venus  from  the  Sun  72333^  being  to  the  Diftance  of  Saturn 
from  the  Sun  954006  as  i  to  1,3,18909  and  Radius  being  to  the  Sine  of 
the  Elongation  of  the  Satellite  or  its  Diftance  from  Saturn,  as  1391890 

^3                                 f 
to  0,1144,  r=o, 1 144,  wherefore  — =0,000332   or  ^.confequcntly 

tt  3021 

the  Weights  of  equal  Bodies  at  equal  Diftances  from  the  Centres  of  the 

Sun  and  Saturn  are  to  one  another  as  i  to . 

3021 

The  Revolution  of  the  Earth  round  the  Sun  365d,  256  being  to  that 

of  the  Moon  27d,  3215  as   i    to  0,748008,    and  the  Diftance  of  the 

Earth  from  the  Sun  being  to  thai  of  the  Moon  from  the  Earth,  as  the 

Sine  of  the  Parallax  of  the  Moon  to  fhe  Sine  of  the  Parallax  of  the  Sun. 

wherefore    — ^^-7 — r-    confequently    the  Weights  of  equal  Bodies 

at  equal  Diftances  from  the  Centres  of  the  Sun  and  Earth  are  as  r 

I 

to  -T— o**- 
169282 

To  determine  the  Weights  of  Bodies  on  the  Surfaces  of  the  Sun, 
Jupiter,  Saturn,  and  the  Earth,  or  at  the  Diftance  of  their  Semidiameters 
from  iheir  Centres,  ihofe  Semidiameters  arc  to  be  inveftigatcd.  Firft  the 
apparent  Diameter  of  the  Sun  in  its  mean  Diftance  being  found  to  be3a-8' 
and  that  of  Jupiter  37"  J  (as  determined  from  the  Paffage  of  thofe  Satellites 
over  iisDift)  and  the  mean  Diftance  of  the  Sun  from  Jupiter,  being  to 
the  mean  Diftance  of  the  Sun  from  the  Earth  as  520096  to  1 00000, 
and  the  true  Diameters  of  Spheres,  viewed  under  fmall  Angles,  being  in 
the  compound  Ratio  of  thofe  Angles,  and  the  Diftances  conjointly,  the 
true  Diameter  of  the  Sun  will  be  to  the  true  Diameter  of  Tupi  tcr  as  1928^ 
Xiooooo  to  37'' X  520096,  or  as  loooo  to  997.  Secondly,  the  apparent 
Diameter  of  Saturn  being  found  to  be  16",  and  the  mean  Diftance  of 
Saturn  from  the  Sun  being  to  the  mean  Diftance  of  the  Earth  from  the 
Sun  as  954006  to  looooo,  the  true  Diameter  of  the  Sun  will  be  to  the 
true  Diameter  of  Saturn  as  i928''Xiooooo  to  i6"X9540o6,  or  as 
lOOOO  to  791.  Thirdly  and  laftly,  the  apparent  Semiidiameter  of  the 
Earth  being  found  to  be  lO''  30'"  as  being  equal  to  the  Parallax  of  the 
Sun,  the  trufc  Diameter  *6f  the  Sun  will  be  to  the  true  Diameter  of  the 
Earth  as  1928  to  21,  or  as  toooo  to  109  nearly.  , 

Now  if  we  fuppofe  a  Body  placed  at  a  Diftance  from  the  Centre 
of  the  Sun  equal  to  its  Semidiameter,  or  on  its  Surface,  the  Force  (F) 
of  the  Sun  on  this  Body  being  to  the  Force  (V)  of  Jupiter  on  an  equal 

Body  at  the  fame  Diftance  frpm  its  Centre,  as  i  to. — r-  and   the  Force 

(V)  of  Jupiter  on  this  Body,  being  to  the  Force  (/),  it  would  exert 
on  it  if  it  was  placed  on  its  Surface,  inverfely  as  the  Squares  of  the 
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Diftancesy  that  is,  inverfely  as  the  Squares  of  the  true  Semidiameters  of 

the  Sun  and  Jupiter,  or  as  a   to    <    ;  by  the  Compofition  of 

loooo  997 

Ratios  FXV  is  to  VX/  or  the  Weight  (F)  of  a  Body  on  the  Surface  of 
the  Sun  is  to  the  Weight  (f)  of  an  equal  Body  on  the  Surface  of  Jupiter, 
I  1  f 

as fl  to  ,^A-   X  -^~  a    or  as  loooo  to  04-5 >  and  confequently  that 

10000  *"°7         ^^7  ^^-^  -i 

the  Denfity  of  the  Sun  is  totheDenfity  of  Jupiter  (the  Denfities  being  in  the 
dire&  Ratio  of  the  Weights  and  inverfely  as  the  Diameters)  as  100  to 
941.  In  the  fame  Manner  it  will  be  found  fecondly,  that  the  Weight  of  a 
Body  on  the  Surface  of  the  Sun  is  to  the  Weight  of  an  equal  Body  on 

the  Surface  of  Saturn  as  a  to  — jrx a —  or  as  lOOOO  to  529, 

loooo         30**      7^1 

confequently  that  the  Denniy  of  the  Sun  is  to  the  Denfity  of  Saturn  7^ 
J  00  to  67.  Thirdly  and  laftly.  That  the  Weight  of  a  Body  on  the 
Surface  of  the  Sun,  is  to  the  Weight  of  an  equal  Body  on  the  Surface 

I                   I                I 
of  the  Earth  as  2  to     .^,q^  x  a    or  as  loooo  to  435,  con- 

lOOOO  109282         jQQ  ''■•^->' 

fequentlv  that  the  Denfity  of  the  3un  is  to  the  Denfity  of  the  Earth  as 
100  to  400.  Which  Determination  on  examining  the  Procefs  of  the 
Computation  will  appear  not  to  depend  on  the  Parallax  of  the  Sun  but 
on  the  Parallax  of  the  Moon,  and  is  therefore  truly  defined. 

XIV. 

Such  is  the  Plan  of  the  immortal  Difcoveries  of  the  moft  eminent  CoKctusr- 
Philofophers,  and  of  Sir  Ifaac  Newton  in  particular,  whole  Efforts  and  ^^* 
and  Sagacity  we  cannot  fufficiently  admire,  which  Ihine  through  the 
Whole  of  thofe  Strokes  of  Genius,  which  charaderife  an  Inventor,  and  Rccapitu- 
a  Mind  fertile  in  Refources,  that  no  Man  poffeffed  in  fo  eminent  a  De-  latlonof 
gree.     Aided  by  the  Succours  that  the  analitic  Art  furnifties  in  greater  rocntTthc^* 
Abundance,  it  is  not  furpr-izing  that  fome  more  Steps  have  been  made  Prindpia 
in  a  vaft  and  difficult  Career  that  he  has  opened  to  us,  that  all  the  Irre-  haycrece> 
gularities  that  have  been  perceived  in  the  Heavens,  have  been  explained  ^ay^ 
and  demonftrated;    that  a  great  Number  of  others,  which  on  Account 
of  their  Smallnefs  and  Complication  had  efcaped  the  moft  exad  Ob- 
fervers,  have  been  forefeen  and  unfolded ;  that  it  has  been  proved,  that 
the  Return  of  the  Comet  which  was  obferved  in  1531,  1607,  and  1682, 
ought  to  have  had  the  unequal  Periods  of  91 3I  and  898 1  Months,  which 
was  found  to  be  fo,  and  that  the  Period  .after  which  it  would  appear 
again  in  this  Age,  would  be  919  Months ;  which  the  Event  has  juftified. 

That  the  Courfe  and  Laws  of  the  Winds,  the  ebbing  and  flowing  of 
the  Sea,  as  far  as  they  depend  on  the  attraSive  Adion  of  the  Sun  and 
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Mooflt  ha^  been  accurately  determined.    That  the  Nartire  and  Lawi 

of  Magnetifm,  the  Theory  of  Light  and  Laws  of   Vifion,  the  Theory 

of  Sound  and  Laws  of  Harmony,  &c.  have  been  accurately  invefttgated. 

NewEdition      Such  is  the  Plan  of  the  Mathemahcal  Principles  of  katural 

of  the  FrU'  Phylosophy,  which  the  Nobility  and  Gentry  of  the  Kingdom  ot  IreUnd 

X'*mprove  purfuant  to  their  Refolution  of  the  4th  of  February  1 768,  have  ordo^ 

meou  they    to  be  pabliflicd  for  the  Ufe  of  the  Mathematical  School  eftablifhcd  under 

cd  touS'    ^^^^^  immediate  InfpeQion.  Previous  to  whichyin  the  Month  of  Novembers 

Day.  i764»  tt  Copy  of  the  Chapter  of  the  Theory  of  the  primary  Planets>  as  a 

Specimen  of  the  whole  Plan»  was  delivered  to  Dr.  Hugb  HamiJtm,  to  have 

his  Opinion  of  the  fame>  which  he  returned  in  fix  Months  afrer,   with 

this  Anfwerf  That  tlie  above  Piece  was  printing  by  Sobfcription  at  Cam* 

bridge,  under  the  Title  of  Exarpta  quadam  ex  Newtoni  Prineipiis^  with 

Rcferrences  lo  the  Doftor's  Trcatife  on  Conic  Sedions. 

PLAN  of  the  Art  of  making  Experiments  and  that  of  employing  tiem. 

Experimenta  rerum  naturalium  itafunt  exbibenda,  ut  in  bis  nobiks  ado* 
lojcentes  fludio  fuavifpmo  atque  utilifpm^  bumana  mentis  bifioriam,  preclm-a* 
que  artium  inventa,  quibus  naturam  et  ornare  et  adjuvare,  edifice  peffumt, 

TO  illuftrate  Sir  Ifaac  N^wton*s  Principia,   and  thereby  to  enable 
Youth  to  make  a  Progrefs  in  the  Knowledge  of  the  Works  of 
Nature»  to  improve  to  Ad%'antage  its  Powers  and  Porces>   and  render 
them  fubfervient  to  the  Purpofes  of  Life,  they  are  initiated  in  the  Art  of 
making  Experiments  and  Obfervations.     For  thefe  Ptirpofes  the  School 
is  furntihed  with  a  complete  CoUedion  of  the  beft  executed  Machines 
Courfeof     adapted  for  experimental  Inquiries;  they  are  inftruded  in  the  Manage^ 
mem' f       '"^"^  *"^  ^'^  ^^  ^^^^^  Machines;  they  are  taught  how  to  afcertain  the  Dif- 
uiuftn:iiie    ference  between  the  Refult  from  The<My  and  from  Experiment^  and  how 
the  Prisw'   to  employ  this  Difference^    for  dcterming  the  Alterations  arifing  from 
^"*  external  Caufes^    in  order  to  (hew  them  how  Experiment    not  only 

ferves  to  confirm  Theory^  but  conduds  to  new  Truths,  to  which  we  can« 
not  attain  by  Theory  alone.  As  to  the  Phenomena  for  the  Dffcovcry  of 
whofe  Caufes  Theory  affords  little  or  no  Affiftance,  for  Inftance^  thojeof 
Chimiftry,  EleSriciiy,  &c.  they  are  taught  how  to  examine  and  con- 
fider  them  in  different  Lights,  arrange  them  in  Claffes,  and  explain  the 
one  by  the  other  as  far  as  the  Nature  of  the  Subjed  will  allow. 

First  Class. 
Machines  for  making  Experiments  on  Motion,  Gravity,  and  the  Equiit* 
brium  of  folid  Bodies. 

I. 
A  Machine  for  demonflratng  the  Theory  of  central  Forces. 
This  Machine  is  fo  contrived,  tbat  by  its  Affijtance  nuy  be  folved  experi" 
mtntally,  the  Problems  wbicb  appear  tbe  leafi  fufceptible  offucb  a  Sohttion  • 
ibe  Velocities  and  Maffes  may  be  varied  at  will,  Fri&ion  is  fo  diminifbed 
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4is  to  cAuji  no  fenfitU  Error,  tb^  Tima  are  marked  by  Sounds ,  and  fie  Expcri- 
Spaces  deferred  by  an  Index.  |JJ^*£j  "- 

A  GI1&  Globe  mounted  on  an  Axis  fo  that  It  may  be  turned  round  the  Theory 
with  any  Degree  of  Velocity.  jf  centnl 

This  Maebine  fiews  the  Effect  of  central  For<t$  on  Fluids  of  different 
fptcrfic  Gr^mtitSf  and  on  Solids^  wbreb  circulaie  in  tbe  feme  Medium. 

A  terreftrial  Globe  which  turns  on  its  Axis  with  any  given  Vclocily. 

7be  Surface  of  ibis  Globe  is/Uxiblep  its  Concavity  is  filed  witb  a  Mat- 
fer  famewbat  fiuidt  and  is  fo  contrived f  tbat  its  two  Poles  sre  capable  of 
moving  towards  each  otber,  fo  tbat  by  turning  tbe  Globe,  tbe  centrifugal 
Force  raifes  tbe  Equator  of  tbe  Globe,  and  fiews  tbe  Figure  wbicb  modern 
Difceveries  attribute  to  tbe  Eartb, 

A  graduated  Rule  adapted  to  a  Glafs  Tube  within  which  a  fmall  Cy- 
linder is  pot  in  Motion.  Second^  A  Plane  upon  which  two  Bodfes  de- 
fcribe  in  the  fame  Time  nnec^l  Spaces.  Third>  A  Globe  of  Cork  of 
of  three  Inches  Diameter^  with  a  Ball  of  Lead  of  the  fame  Weight. 

JBy  tbe  Affiftcmee  of  tbe  three  laft  Articles  are  Mxplahsed  the  Froperttes 
^  Motion%.  viz>  Dire£liont  F^leeity,  fyaniity  of  Motion,  &f<r. 

A  fnUkU  C^Aern  divided  .into  two  ecioal  Parts  by  a  Partition  upon 
which  is  mounted  a  double  Pendulunw  newing  in  what  Ratio  different 
Mediums  exert  their  Refiftance. 

A  Machine  with  which  is  demonftfated  the  Dodrine  of  the  Collinon  Experi- 
of  Bodies.  Cft^tfr"' 

Tbe  Parts  of  tbis  Machine  are  made  with  the  utmofl  Care,  tbe  Maffts  theboofioe 
are  in  wiven  Proportions,  and  tbeBffedls  remain  viJlble  after  tbe  Experiment  2*"  'he  CoUi* 

A  CHRONoii£.TER  or  Inflrumcnt  for  meafuring.fmall  Intervals  of  Time. 

Tbe  Pendulum  wbicb  conflitutes  tbe  principal  Part  of  tbis  Injirument 
may  be  lengthened  or  fiortened. according  to  n  Scale  -accurately  divided  for 
tbe  vibrating  Minutes,  Seconds^  Thirds,  and  tbe  different  Times  of  Mujick, 
A  firaali  BilKard -Table  with  its  Appendages. 

Tbe  Appendages  of  thie  Maebine  are  Hammers  jufpended  in  fucb  a  Man- 
ner, tbat  tbe  Stjf^tttrty  of  Motion  may  be  regulated  by  the  f^elocity,  or  by 
tbe  Mafs,  and  fo  as  to  exhibit  the  Motion  of  a  Body  impelUd  by  Forces 
aaing  in  different  DireBions,  and  known  Proportions, 

A  Machine  for  (hewing  the  Motion  of  a  Body  which  receives  at  the  Expcri- 
fame  Time  an  Impulfe  in  a  perpendicular  and  horizontal  Direftion.  hlftJIiing 

Another  Machine  .for  fhewing  the  Motion  produced  by  two  Forces  thcComDcft 
ading  on  a  Bodytn  Dhreaions  forming  an  Angle,  but  which  conftantiy  f"^^^^  f/ * 
remain  in  the  fame  Ratia  For^^ 

A  Machine  for  fliewing  the  Acceleration  of  Bodies  which  fall  freely.. 
Secondly,  a  Kind  of  Balance  for  making  the  fame  Kind  of  Experiments. 

Tbefe  two  lafl  Machines  not  only  fiew  tbat  tbe  Motion  of  Bodies  is  ac- 
celerated in  their  Defcent,  but  alfo  renders  fenfible  tbe  Law  of  this  Accele- 
ration. 
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A  Machine  for  {hewing  the  Line  a  Body  defcribes  when  abandoned  to 
its  Weight  after  having  received  an  Impulfion  in  an  hortzonial  DireAioa. 

A  Machine  for  fliewing  the  Motion  of  a  Body  abandoned  to  its  Weight 
after  having  received  an  Impulfion  upwards,  but  oblique  to  the  Horizon. 

As  the  Curve  wbicb  refults  from  this  Motion  depends  on  tbe  OUiqmify  of 
the  Dire^ioHy  tbe  Macbine  is  eonftru£ied  fo  tbat  tbe  Degree  •/  OUifuHj 
may  be  varied  at  will. 

A  Machine  which  ferves  to  compare  the  Velocity  of  a  Body  which 
in  its  Difcent  defcribes  a  Cyclovd  with  that  of  another  tending  to  the 
fame  Point  along  an  incUned  Plane. 

A  Machine  for  (hewing  in  what  Ratio  feveral  Forces  ad  on  the  fame 
Body. 

A  Machine  for  explaining  the  Laws  of  Elafticity. 

Two  Cones  joined  together  by  their  Bafes,  and  which  afcend  an 
inclined  Plane.     2d.  A  Cylindar  which  afcends  an  inclined  Plane. 

Tbofe  two  Macbines  ferve  for  proving  experimentally 9  tbat  a  Body  cmt- 
not  remain  at  refi  wben  its  Centre  of  Gratuity  is  not  fupported.  nePiane 
on  wbicb  tbe  double  Cone  moves  is  formed  of  two  Rulers  iwclinad  to  eaeb 
otber  and  to  tbe  Horizonj  and  tbis  double  Inclination  may  be  varied  at  pka- 
fure  as  tbe  Experiment  may  require* 

A  fmall  Carriage  with  its  Appendages. 

ms  Model  witb  tbe  Parts  wbicb  accompany  //»  Jbews  tbe  refpeQive 
Advantages  of  broad  or  narrow  JVbeelSf  of  large  or  fmall  ones,  and  wbat 
renders  Carriages  more  or  lefs  liable  to  be  overturned. 

A  Machine  for  fliewing  the  Properties  of  the  inclined  Plane. 

Tbis  Macbine  is  fo  conflru^ed  tbat  tbe  Inclination  of  tbe  Plane  may 
be  varied  from  tbe  borizontal  Line  to  tbe  vertical,  and  tbat  tbe  Power 
may  a^  in  any  defired  DireHion. 

A  Machine  for  fliewing  the  Nature  and  Properties  of  the  Wedge. 

Wbat  forms  tbe  Wedge  in  tbis  Macbine  are  two  Planes  inclined  to 
eacb  otber ^  tbe  Degree  of  Inclination  can  be  varied  at  pleafure,  as  aijo 
tbe  Power y  tbe  Weigbt  and  tbe  Bafe  of  tbe  Wedge. 

A  Screw  which  can  be  taken  to  Pieces  to  fliew  the  Principles  of  its 
Conilru£Uon. 

A  Machine  for  fliewing  the  Nature  of  the  three  Species  of  Levers. 

A  large  Beam  accurately  divided^  mounted  on  a  Footy  for  fliewing 
the  Properties  of  the  Lever. 

Tbe  Power y  tbe  Weigbt,  and  tbe  Prop  or  Fulcrum  are  moveable,  and 
may  be  eaftly  placed  Jo  as  to  be  to  eacb  otber  in  any  given  Proportions. 

Two  Figures  in  Eqilibrio  on  a  Pivot,  for  fliewing  the  Art  of  Cbofd 
or  Wire-dancing. 

A  large  Brafs  Pully,  in  which  the  Circumference  and  the  diametral 
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Lioes  have  cmly  been  left,  in  order  to  ihew  that  the  Pull/  may  be  con- 
jidered  as  an  Afleinbhige  of  Leveri  of  the  firft  Species. 

Ai  tbf  Back  of  the  Siipperter,  tbire  is  fixed  a  Lever  of  tbe  J ame  Species 
^vitb  tboje  wbicb  conftitute  tbe  Diameters  of  tbe  Pully^  to  fem)e  as  a  Proof 
if  tie  AppIieatioTu  of  tbe  fame  Power  and  Weigjat. 

A  PuUy  whofe  Axis  is  moveable  in  a  perpendicular  Dirediony  and 
vrhich  fcrves  to  Ihew  the  Adion  of  the  Power,  and  of  the  Weight  on 
this  Axis,  in  different  Cafes. 

A  Block-  with  two  Pullies.  2di  A  Block  W4th-  four  Pulties  $  another 
Block  whofe  Pullies  are  fixed  on  the  fame  Axis. 

All  tbofe  combined  Pullies  are  of  Metal  or  Ivory 9  turned  on  tbeir  Axis 
njditb  gf^^t  Precifion^  and  all  pp0tle  Care  bos  been'  tat^n  ta  diminijb  tbe 
FriBion. 

All  Aflembl^geof  feveral  Toothed)  Wheels  aiyi  Pinidnsy  for  ihewing  Models  for 
that  both  tbe  one  and  the  other  like  the  Pullies,  may  be  confidered  as  a!!'^;^..'^^ 

_  J  Appiicacion 

Leyen.^  cfrimpie 

At  tbe  Back  of  tbe  Supporter,  are  fixed  an  AffenAlage  of  Levers  wbicb  Machine*  in; 
correjpend^  in  tie  fame  Manner  as  tbe  Diameters  of  tbe  WbeeU  on  tbe  comSSmW 
otber  Side  J  to  ferve  as  a  Proof  by  tbe  Application  of  the  f4rne  Power  artd  ones.  The 
jfTeigbi.  c^r\t 

A;  Model  of  Arciamiides^s  Screws  whofe  Effed«  are  rendered  fenfible  by  piieslriver, 
the  Motion  of  feveral  fraall  Balls  of  Ivory,  which  are  raifed  fucceifively.  wind  mills, 

A  Model  or  an^Endlefs  Screw,  which-  drives  an  Axis.     2d.  A  Model  ^ww-'niUs, 
of  a  Prefs.    3d.  A  Model  of  a  Gapflan .  4th.  A  Model  of -a  Crane.    5th< 
A- Model  of  an  Engine ^for.  driting'  Pileis* 

A  Jack^  of  a  particular  Conflrudion,  for-  raifingigreat  Weights.  A 
.common .Baianoey  for. ihewing  the>Defe6ks  to  which  rhiS'-Machmci  is  li- 
able^ s^hd  hofW!  they  ma^  be  remedied; 

A?  large  RbnuoiiBakdice^  contrived  for  making  the  EfcperimleiHs  of 
San^orius, 

This  Mmbvee^is  fo.  cot^tuHeii  that  a  Perfonmay  weigbbimfelf  witb- 
9ut  tbe  Affs fiance  of  another i,  ■        , 

A^MbM<yfa  Screenifo#  wfonorwitig  Corn  bythle  Mea;As  of  an  arti- 
ficial-Wind^ and  feveral  Scfeens  of  a  partifc«ilar  Conftriidion. 

A  Model  of  aSaWiforcuting  at  the  fame  Time  feveral  Fliirts,  Ag^tfs, 
Cornelians,  &c.  and  at  one  Stroke,  to  form  Tables  for  Snuff-Boxtd, 
and  other  iVorte^  .  An  horizontal  Turning  Leath,  adapted  for  grinding 
Glaffes  for  Telcfcopes,  Microfcopes,  drc. 

A  Model  of  >a  common  Wind-Mill  ad.  A  Model  of  a  Polifh  Wind- 
Milk'  3d;.  A  Model  of.  a  Wa^r-Mill.for  ex'tfaftingOil.  4th.  A  Mo- 
del of  a  •Warer*MiM  for  winnowing  and  grinding  Corn,  drawing  up  the 
Saelciy  and'  booltin^  the  Flour^ 
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As  all  tbofe  Models  are  intended  to  Jbew  the  Application  of/hnplt  3ia* 
chines  in  the  more  compounded  onesf  Care  has  been  taken  U  have  expc/ed 
or  to  cover  with  Glafs,  the  Pieces  deft ined  for  Motion^  and  the  Prop^rtiw 
of  the  Parts  have  been  carefully  obferved. 

A  Machine  for  (hewing  the  EfFefts  of  Friaion,  in  Machines  more 
correa,  and  of  a  more  cxtcnfive  Ufe  than  any  hitherto  invented. 

Secokd  Class. 
Machines  for  making  Experiments  on  the  Motion^  Gravity  and  Equi- 
librium of  Fluids. 

n. 
A  large  Ciftcrn  lined  with  Lead,  with  a  Cock  to  k,  which  ferres  for 
making  feveral  hydroftatical  Experiments. 

Two  large  cylindrical  Glaffcs  mounted  on  a  common  Bafe,  betwean 
which  is  erefted  a  Stem  which  carries  a  Beam  of  a  Balance. 

This  Machine  is  very  commodious  in  feveral  Operations  which  regard  tha 
Kxperi-        Weight  or  Equilibrium  of  Fluids. 

Jh^ing  th«  A  fmall  Bottle  with  a  Glafs  Stopper,  and  heavier  in  this  State  than 
Properties  of  a  Qwaniiiy  of  Water  of  the  fame  Bulk. 

Fluids.  ^  Qi^jg  Tube,  a  Part  of  which  rifes  perpendicularly,  and   the  other 

forms  feveral  Fictions  for  (liewing  the  Height  of  Fluids  in  Veflels  which 
have  a  Communication  with  each  other. 

•  A  fmall  Barrel  with  a  Cock  to  it,  and  a  bent  Tube  which  ferves  for 
demonftrating  the  fame  Principle,  with  fome  curious  Applications. 

A  Glafs  Veffcl,  partly  filled  with  a  coloured  Fluid,  to  which  is  ad- 
jufted  a  large  Glafs  T^bc,  and  a  fmall  fucking  Pump»  which  Cerves  to 
fhew  thftt  Columns  of  the  fame  Fluid  arc  of  the  fame  fpecific  Gratrity. 

A  long  Tube  of  Glafs  with  a  Cock  at  the  lower  Extremity,  and 
mounted  on  a  graduated  RuUr,  to  which  is  adjufted  a  Peftduliim  which 
beats  Seconds. 

This  Machine  ferves  tojbew  how  the  Parts  of  a  Fluid  prrfs  each  other, 
and  in  what  Ratio  the  Effluxes  thereof  are  performed. 

A  Bladder  fiHed  with  a  coloured  Fluid,  to  which  is  fitted  a  Glafs  Tobe, 
which  ferves  to  (hew  that  Fluids  exert  their  Preffure  in  all  Diredions. 
,  A  Veffel  whofe  Bottom  burfts  by  the  Preffure  of  a  fmaH  Quantity  of 
Expcri-        a  Fluid. 

mcnts  for  A  large  Machine,  which  ferves  to  flicw  the  Preffure  of  Fluids  on  the 
p/cfr^rVof    Bottoms  and  Sides  of  Veffels  which  contain  them. 

FJuidlupon  This  Machine  confifts  of  feveral  fine  Veffels  of  Glafs^  which  are  ad- 
the  thcBot-  jufted  fuccefpvely  on  a  common  Bajcf  the  Pifton  which  ferves  as  a  Bottom, 
Sid«offhe  is  Jufficiently  moveable  as  not  to  caufe  any  fenftbU  Error  by  Friaion^  she 
VcHels  that  Columns  of  the  Fluid  remain  always  at  the  fame  Height,  and  the  Power 
S?cm!"  ^^^  vnifcrmly. 


PHYSICAL     WORLD.  CXXXIX 

An  Hydrometer  with  fix  fmall  cylindrical  Vafes^  which  are  filled  with 
different  Fluids. 

^wo  fmall  Cruets,  mounted  each  on  a  PedeftaU  which  ferve  for  the 
Experiments  by  which  Water  is  apparently  changed  into  Wine,  and 
Wine  into  Water. 

Two  Vafca  of  diflFerent  Formsi  which  ferve  to  make  a  heavier  Fluid 
affume  the  Place  of  a  lighter  in  the  fame  VeflTel,  without  mixing. 

A  Veffel  perfeQly  cylindrical  of  Copper,  with  a  Solid  of  the  fame  Expcri- 
MetaU  and  of  the  fame  Figure,  which  fills  it  exaSly,  for  fhcwing  how  "j«"^  (?' 
much  a  Body  immerfcd  in  a  Fluid,  lofes  of  its  Weight.  Jh"  A^Jon 

A  Vafe  of  Glafs  fufpended  to  the  Arm  of  a  Balance,  for  making  Ex-  <ff^  Fluids 
periments  of  the  fame  Kind.  STmcffi 

Two  Balls,  one  of  Ivory,  and  the  other  of  Lead  of  the  fame  Weight,  them, 
prepared  to  be  fufpended  to  the  Arm  of  the  Balance  jufl  mentioned, 
.  for  fhewing,  that  what  a  Body  lofes  of  its  Weight  when  immerfed  in 
a  Fluid,  is  proportional  to  its  Bulk. 

A  cylindrical  Vafe  of  Glafs  filled  with  Water,  with  feveral  human 
Figures  of  Enamel,  of  which  fome  are  lighter  and  the  others  heavier 
than  a  like  Portion  of  the  Fluid  in  which  they  are  immerfed. 

A  Machine  for  (hewing  that  the  relative  Gravity  of  a  Body.immerftd 
in  a  Fluid,  48  changed  when  the  Fluid  is  condenfed  or  rarified. 

Tbis  Machine  renders  palpahle  by  a  very  quick  Operationy  the  Effect 
which  the  different  Temperatures  of  the  Air  produce  in  the  different  Kinds  i 

of  Thermometers  hitherto  invented, 

A  human  Figure  of  Enamel,  which  is  made  to  move  in  Water  by 
Compreflion.  2d.  Two  large  Tubes  of  Glafs  mounted  in  a  Frame,  in 
which  two  Figures  move  by  a  Compreifion  which  is  not  perceived  by  the 
SpeSator. 

A  Model  of-  the  Diving  Bell,  and  the  Appurtenances  of  a  Diver. 

An  hydroftattc  Balance,  with  all  its  Appendages. 

A  Model  of  a  curious  Machine  for  raifing  up  Veffels  that  are  funk.  * 

A  Water  Level.    A  fimple  Syphon,     ad.  A  Fountain  Syphon  moun- 
ted on  a  Pcdeftal.     3d.  A  Syphon  with  its  Vafe  to  be  placed  in  Vacuo.  ^^^-^^ 
4tb.  A  double  Syphon.     5th.  A  Syphon  wbofe  Branches  arc  moveable  mcntsfor 
by  the  Means  0/  a  Joint.    6th.  Tantalus's  Cup.     7lh.  A  large  Syphon  jJ^^'JIJ^g 
whofe  Branches  arc  moveable,  neceffary  in  Experiments  made  with  the  prodnccd  by 
Air-Pomp.  5jj«  Preffurc, 

All  thofe  different  Species  of  Syphons  are  of  Glafs^  that  the  Motion  of  %\^ 
the  Fluids  may  be  more  eafily  perceived. 

A  Model  of  a  Sucking-Pump.  2d.  A  Model  of  a  Lifting-Pump. 
3d.  A  Model  of  a  Sucking  and  Lifting  Pump.  4th.  A  Model  of  the 
Engine  under  London-Bridge,    that  raifes  Water  by  Forcing-Pumps. 
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^th.  A  Model  of  a  new  Fuinp  vhofe  Sucker  has  no  Pridioa,  an  In- 

tcrmitting  Fountain,  Hiero^s  Fountain. 

Jll  tbofe  Models  of  Pumps  and  Fountains  mre  of  Glafsf  in  M  tb^fe  ParU 

in  wbicb  tie  jt^ion  pajfesy  and  tbe  Motion   of  the  Values    and   Smelters^ 

are  eaftly  perceived, 
£xperi  Several  Cifterns   and  other  Vaf«s  for  making  'Experiments   on    Ice, 

««>tsonicc  and  ariificial  Congelations,  ad.  An  Aflbrtment  of  dHFerent  Salts  and 
ci"iti-'*  Fluids  for  congealing  Water  with  a  Vafc,  in  which  without  Ice,  a  CoU 
«n«.  capable  of  freezing*  may  be  produced. 

Third  Class. 
Machines  for  making  Experintients  on  the  Air. 

HI. 

A  double  barrelled  Air<-Pump  mounted  on  a  imy  Tolid  Bafe. 

T^be  Pifions  are  put  in  Motion  by  a^ Handle,     Infteodof  Vah^s  Sfop-CoAi 
are  made  Ufe  of  wbicb  are  opened  andjbut,  and  that  by  tbe  fame  Motiwa 
wbicb  raifes  and  lowers  tbe  Pijions ;  tbere  is  <sffixtd  to  tbe  Fump  a  nfjbirling 
Macbinet  for  tbt  Experiments  where  it  is  ftecejf'ary, 
_.    ^^.  A  fingle  barrelled  Air-Pump,  mounted  on  a  folid  Bafe. 

mcnts  for  '  /«  tbe  ConflruHion  of  tbe  whirling  Maebine^  wb^ch  fetws  at  anApen- 
(hfwing  the  dage  to  this  Pumps  Care  has  been  t^en,  that  tie  Axis  of  fie  great  Wheel 
PropCTciesof  ^'^y  ^^^  ^^^H  '^^  Frame t  in  order  to  ftraitenthe  Chord,  and  tkat  tbe 
•he  Air.  horizontal  Pulley^  wbicb  receives  tbe  whirling  Axis,  may  be  ruifed  or 
lowered  as  tbe  Height  of  tbe  Receiver  may  require, 

A  large  Receiver  fitted  for  making  Experiments  on  Bodies  put  in 
Motion  in  Vacuo,  ad.  A  Receifrer  of  \ek  Si^«  fitted  for  the  iafne 
Ufes.     3d.  A  long  and  narrow  Receiver  fitted  aHb  for  the  Ame  XJfes. 

I'bofe  Vafes  are  fitted  j or  the  above  Ufes,  by  the  Meant  of  a  Brnft^  Bote, 
filled  with  a  Sort  of  prepared  Leather,  through  ivhich  pajfet  a  Steel  Axlt' 
Tree,  wbicb  communicatet  tie  Motion  within  the  Receiver  fOltheut  kiting 
tbe  Air  enter. 

An  Apparatus  necefliary  for  making  the  Experiments  on  Fire  in 
Vacuo. 

An  Apparatus  for  making  ele6^rtcal  Experiments  in  Vacuo. 

A  large  Receiver  fitted  for  operating  in  Vacuo ;  a  tail  narrow  Re^ 
ceiver  fitted  for  the  fame  Ufes. 

Tbofe  Vafet  are  fitted  for  the  above  Ufes,  by  Means  of  a  Braft  Bote 
prepared  as  above,  through  which  paffes  a  Shaft  of  Metal,  whofe  Extre^ 
mity  is  fitted  for  receiving  different  Sorts  of  Pincers,  and  ether  In/hn^ 
mentt. 

Four  Cruets  mounted  on  one  common  Pedeftal,  and  fufpended  fo  as  to 
have  their  Contents  poured  out  in  Vacuo*  which  ferve  for  mning 
diiFerent  Fluids  therein.  2d.  Two  Cruets  fufpended  in  the  fame 
Manner. 


Experi- 
ments on 
Fire  io  Va« 
cuo. 

Elearical 
Expcri- 
iQenU  in 
Vacuo. 
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Tii/ itfacbine  if  fo  contrividf  that  iheCyuets  indy  be  nnfid  cr  htiireJ, 
snd  hfu^ht  nesrtr  to  each  Uber,  w/  may  be  required, 

An  Apparatus  for  ^flaying  Inflammations  in  Vacao. 

A  Receiter  compofe^  df  fevtrrtl  Pieces,  very  wll,  at  the   upper  End  Expert 
^f  Which,  a  Machine  i«  adapted  with  iwrhich  hwy  be  repeated  fix  Titties,  J^?  '^Jj^ 
the  Experiment  of  the  defcent  of  Bodies  in  Vacuo,  when  the  Air  is  but  Dcrcem  ot 
^©ttde-^xhaufteil.  Bodiferfti 

A  large  Vafe  of  Glafs  adjufted  to  a  Receiver,  and  difpofed  for  idepriv-     **^^* 
ing  Fiflies  in  Water  of  Air. 

A  large  Globe  of  Glafs,  joined  to  a  Receiver  by  a  Neck,  to  which  Experi- 
is  adapted  a  Stop-Cock,    for  making  Ei«p<?rim<!nt9  on  the   Vapours  in  lEcwingVhat 
the  Air!     Id.  Two  Vafes  df  ColtiparHbh  having  for  \a  eommbti  Bafe  a  theAi?isfii- 
finall  Receiver,  for  fimilar  Ufes.  led  with  Va- 

A  Receiver,  to  which  are  adapted  two  Bflr^intet^fs,  bnc  ofiM^cury  ^"'^* 
and  the  other  of  coloured  Water. 

Two*hrge  Receivers  with  a  hollow  Button  at  Top.  2d.  Two  Re- 
ceivers of  a  middle  Sixe.  3d.  Four  fmall  Receivers.  4th.  A  Machine 
vtry  e<>rtttnodloii9  fbr  fealing  up  VdfeshefrtieticaUy,  iiSc  * 

yix  fmall  truncated 'Barometers  of  differew  Lcngf-hs,    mounted  each  Expcri- 
ona  fmall  Bafe,  to  which  a  Scale  is  adapted.     2d;  8?*  frnall  gage  Tubes,  njcntsfor 
fot-cdrttpfeffedandf^'rifiedAir.  .  IhTucffc^ 

Tbeje  ^age  Inftrumtnts  ar'e^m^e  d^fitmodi^us  for  tJfe  (bijit^ny  biiberto  of  Compref- 
made^  and  it  is  well  known  of  wbat  Importance  it  is  inmakihg  Experiment  f,  ^^^^F^^^' 
H  he  affured  of   the  Degree  6f   Rdf^efra^iorif    cr  of  the  C^ndenfation  of  the  Air. 
the  Air. 

A  Rfedeiver  f6f' "making  Experiments  bn  burrit^  dr  infefted  Air.  Bi^pcH- 

Two  large  Copper  Hemifpheres,  to  one  of  'Which  h  adtibted  a  Ring,  mutton 
tHA  to  th^  other  a  Stdp-Cdek. '      '       '  fS  At)" 

A  Fountain  Bottle,  and  a  Vafe  to  place  it  in,  with  feveral  fpouting 
Pipes,  which  arc  fucceffivily  adjufted  6n  it. 

A  fmall  Receiver  for  applying  the  Hand  to  the  Air-Pump.  Experi- 

A  Recietv^rof  very  thick  Glafs  for  burfting  a  Bladder.  ih^li^^hc 

A  Supporter,  and  a  fmall  Vafe  of  Gla(s  to  place  Eggs  under  a  Re-  Sprhl^^of 
cciver  of  the  Air-Pump.  v  ^  }nc  Air  ind 

A  fmall  Receiver  with  a  ttfRvp  edged  Brltov  to  cut  an  Apple,  or  any  "n$t  •     *'*^ 
like  Body. 

A  large  Glafs  Tube,  at  the  Top  of  which  is  adjufted,  a  Wooden  Vafe 
for  proving 'the  Porofoty  of  Vegetables. 

A  Tube  of  Cryftal  whofe  Bottotn  is  6f  Leather,  covei^d  with  Mer- 
cury,  to  flicw  that  animal  Subftances  are  porous. 

A  Bladder  fufpended  in  a  'Reciver.  ssd.  A  Bladder  In  a  cylindrical 
Vafe  of  Metal  charged  with  a  grieat  Weight*. 

A  Machine  for  comprefling  Air. 
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fedly  darki  with  a  Tablet  and  Circles  of  Metal  for  opemng  Pal&^ 
to  the  Rays  of  the  Sun,  of  different  Magnitudes  and  Figures. 

A  plain  Mirror  of  Metal  mounted  on  a  Stem  which  can  be  lengthened 
and  fI)orted>  and  on  which  the  Mirror  can  be  raifedy  lowered,  incliscdt 
and  turned  rounds  for  introducing  the  Rays  of  the  Sun  into  a  daifc- 
ened  Room.  ad.  A  Mirror  of  Glafs  mounted  as  the  formerj  jwid  for 
the  fame  Ufe?, 

Four  Glafles  of  different  Colours^  mounted  in  Torlxiire  SheU,  si 
Four  Mirrors  of  Glafs  mounted  in  the  fame  Manner. 

A  large  Glafs  Lens  of  (ix  Feet  Focus  L4ength>.  roounted-on  a  I^ 
dedal  whofe  Stem  c^n  be  lengthed  or  1bortened«  2d.  A  Glafs  L^ens  of 
a  fhorter  Focus  mountedy  fo  that  it  can  be  raifed^  lowered  or.  inclined. 

A  Framef  in  which  is  adjuftcd.  a  Glafs  Lens  between  two .  v-ertical 
Planes^  for  {hewing  that  fome  Rays  of  Light  unite  in  a  (bor(c«'  Focus 
than  others. 

7bh  Machine  is  fo  contrived^  that  tit,  EKpirimstU  may  be^mmde  upw 
uny  Ray  feparateljfp  and  may  be  adjufiedto  the  Motion  of  tbt  Strn. 

A  lafge  .concave  Glafs  mounted-  ad.  A  large  multilateral  GltA 
niowntcd.  3d.  Two  Polyhedrons,  of/very  pure  Glafa,.  4th  Two  con- 
cave Mirrors  .of-  Glafs. 

Avery  large  conve?^  Glafs»  oompofed  of  two  curved  Giaflea  mouoted 
on  a  PedeftaU  for  making  Experiments  on  the  Refradion  of  Li^ 
^through  different  Fluids. 

A  large  vertical  Plane  for  receiving  thejmageof  the  Sun  when  it  has 
pafled  through  the^  Prifm.  ad.  A  fniK^ler  Planeir  to  which  19  adapted, 
an  excentric  Circle  for  making  the  Rays  of  Light  of  different  Colonnj 
pafs  fucceifively. 

A  Cloth  fix  Feet  fquare  fpread  on  a  Frame,  wjiichvcan  be  raifed 
and  lowered  for  receiving  the  Images  produced  by  the  Magict  Lanthoini 
and  the  Camgra  Obfcura. 

An  artifkialEye  wi^hSpe^cles  for  different  Ages^  f^sv^ihewing  hor 
the  Defefts  of  Sight  are  remedied  by  the  Help  of  Glafles 

A  Cornea  of  an  Infe^k  adapted  to  a  fmall  Micref^pe  ibrr  fluewiag  that 
the  Eyes  of  thofe.  Aptmals^  fof  the,. ni(o(l. Part,  are  MuUip|ier&: 

An  Aflbrtment  of  Fluids  for  Experiments  on  Jtbe  Colours  which  re> 
fult  from  their  Mixture. 

Invifible  Ink,  the  Writing  of  whichappears  and- dtfafpears. leveed 
Timc;s,  when.heaj^ed,at  the  Fire,    ad^  Sympathetic  Ir4c. 

A  large  Mirror  of  Metal^  concave  on,  one  Sidcr  and  convex  on:  the 
other,  mounted  on  .a  Pedeftal.  Xwo  ,cpn,ve3^  Mirrors  of  Pa/GbeHbdaid  filver* 
UieDShS*  cd  over,  with. their  Appendages^  for.  fonje  catopfric^l  ExperinwiKs. 
of  the  Re-        A'  cylindrical  Mirror  of  Metal„.  with-  thirty  Aofunorp ht^s.     adw  A 
fleftjon  of    conic  Mirror  of  Metal,  with  fix  Anamorphofes.     A  pyramidal  Mkrer- 
of  MeuU  with  fott^,An;^Bfirpl\gfef^ 
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To  all  tbofe  Mirrors  is  adapted  a  Macbinffor  regulating  the.  PoifU  bf  View. 
A  Pidure»  commonly  called  the  magical  one,  on  account  of  the  £ffe£k 
^of  the  multilateral  Glafs,  for  dioptrical  Anamorphofet. 

A  Magic  Lanlero»  enlightened  by  the  Rays  of   the  Sun.     ad.    A  Kxperi- 
Mafic  Lantern  enlightened  by  a  Lamp  and  a  concave  Mirror.  iUuftrJring 

Altbougb  tbis  Machine  is  become  very  common^  it  is  not  however  defpi^  the  Theory 
^abie ;  tbe  moft  eminent  Pbilofopbers  oftbe  prejent  AgCf  bave  noj  tbougbi  it  ^^  ^o^- 
unworthy  of  a  Place  among  their  Machines  f  and  have  given  ample  Defer ip^  ofticafin^ 
tions  of  it.     Tbe  above  mentioned  one,  prefents  a  Sight  fo  much  tbe  more  itnimeou, 
agreeable f  as  tbe  Ohje£is  appear  animated^  and  are  perfe^ly  well  de/igned,     LMit****^" 
A  Camera  Obfcura  of  a  new  Conftrudion^  with  a  Stool  and  Table,  Camera  bb- 
and  other  Conveniencies  for  defigning.  fcnra,  rcflcA 

A  kind  of  Telefcope  for  obferving  Objeds  which  prefent  thenafelves  ^f^.'ji"'^ 
at  Right-angles  to  the  Tube.     2d.  A  Newtonian  Telefcope*  with  which  leibopesMi 
the  Objeds  ve  viewed  fidewaysy  or  in  a  Line  which  ibmu  an  acute  croicopes 
Angle  with  the  incident  Rays  of  thofe  Objefis.     3d.  A  catoptrical  Te- 
lefcope two  ]Peet  longs  which  magnifies  the  Objeds  300  Tiones.   4th.  An 
Achromatic  Telefcope  12  Feet  long. 

A  portable  Microfcrope*  wit^  the  Inftruments  neceflary  for  obferving. 
2d.  A  larger  Microfcope»  with  a  greater  Number  of  Inftruments  and 
Ltenlies  for  increafing  or  leffening  its  magnifying  Power.  3d.  A  Micro- 
fcope  which  has  fix  diflFcrent  Degrees  of  magnifying  Power,  with  Mir- 
rors of  Reflexion  and  Lenfes  for  increaiing  the  Light ;  it  is  mounted  fo 
that  it  can  be  moved  in  all  Diredions  with  great  Eafe,  and  has  a  Ma- 
chine of  a  new  Contrivance  for  fixing  it  at  its  true  Point.  The  Drawer 
of  its  Cheft  contains  every  Thing  neceflary  for  the  different  Obfervations 
to  which  it  naay  be  applied. 

A  double  Lens  mounted  in  Tortoife  Shell  for  Obfervations  on  Infeds, 
iind  other  Operatjpos  where  the  Microfcope  is  not  commodious. 

An  Apparatus  for  making  Experinoents  on  the  Tranfparency  and  Opa- 
city of  Bodies,  coni&fting  in  Squares  of  poliihed  Glafs,  limpid  Liquors 
of  differ«B4;  Denfilies,  ^c. 

Sixth  Class. 
Ad^I^nes  for  making  noagnetvc  and  eledrical  Experiments. 

VI. 

A  fmaU  TabU  oq$  Foot  long,  and  eight  Inches  broad. 

A  Magnet  cut,  bftt  not  aiounted.     2d,  A  Magnet  cut  and  fufpended  ^^j\. 
in  a  little  Boat  of  Ebi^ny*     3d.  A  Magnet  mounted  and  adjufted  to  a  mcnti  on 
whirling  M^obin^.    4th.  An  artificial  Magnet  mounted  on  a  Pcdeftal  of  Magnetifm. 
Eboay. 

A  Box  filkd  with  the  Fileings  of  Iron.  ad.  A  Bafon  with  little 
Swans  and  Frogs  of  Ensmel.  3d.  A  Box  filled  with  fmall  Ends  of  Iron 
and  Brafs  Wire.  4th.  A  Box  filled  with  fmall  Iron  Rings.  5th.  A  Box 
containing  feveral  Iron  Balls^  and  fome  Cylanders  of  the  fame  Metal. 


CXLVI 


ments  on 
ElcOrici* 


SYSTEM    OF    THE 

Two  large  magnetic  Needles  of  poliflied  Iron,  placed  one  at  the  Top 
of  the  other,  and  mounted  on  a  Pedeftal.  2d.  A  Dippin^-Needie 
mounted  on  a  Pedeftal. 

A  fquare  Rod  of  poliflied  Iron  two  Feet  and  a  half  long.  2d.  A  roond 
Rod  of  poliflied  Iron  two  Feet  long.  3d.  A  thin  Plate  of  poliflied  Iron 
eighteen  Inches  long.    4th.  A  Stand  of  varniflied  Wood, 

A  Brafs  Circle  garnifhed  with  Pivots,  for  placing  twelve  finall  Sted 
Needles. 

A  Glafs  Vafe  mounted  on  a  Pedeftal  for  placing  a  magnetic  Needle  in 
Water. 

A  Machine  which  fervcs  for  trying  the  Force  of  a  Magnet. 

A  Dial  Compafs.  2d.  A  truncated  Compafs  for  determining  tiie 
Meridian  of  a  Place,  &c.  3d.  A  Sea  Compafs,  feveral  Steel  Needles  of 
different  Sizes  adapted  for  magnetic  Experiments. 

A  large  Tube  of  Cryftal.  ad.  Two  fmaller  ones  and  not  fo  thid- 
3d.  A  large  Glafs  Tube  very  thick,  two  Feet  long.  4th.  A  Glafs  Tube 
three  Feet  and  a  half  long,  with  a  Stop-Cock,  to  be  applied  to  the  Air- 
Pump. 

A  thick  fquare  Rod  of  poliflied  Glafs,  about  eighteen  Inches  long. 
2d.  A  round  folid  Rod  of  Cryftal. 

A  large  Globe  of  Cryftal  adjufted  to  a  whirling  Machine,  ad.  A 
Globe  of  Cryftal,  the  Infidc  of  which  is  laid  over  with  Sealing- Wax, 
to  which  is  adapted  a  Stop-Cock  to  be  applied  to  the  Air-Pump,  aod 
afterwards  to  a  whirling  Machine. 

A  large  Stand,  whofe  Tablet  is  made  of  Sealing-Wax.  2d  A  Ghb 
Stand  fourteen  Inches  high.  3d.  A  Stand  of  Cryftal  of  a  different  Form 
from  the  preceding  one,  for  containing  Fluids,  and  Bodies  of  a  round 
Figure. 

A  Stick  of  Sealing-Wax  one  Inch  Diameter,  and  one  Foot  lon^.  2d 
A  Tube  of  Sealing-Wax  of  the  fame  Diameter  and  Length  as  the  SticL 

A  Stick  of  Sulphur  one  Inch  Diameter,  and  eighteen  Inches  long. 
2d.  A  Globe  of  Sulphur  three  Inches  Diameter.  3d.  A  Cone  of  Sulphur 
covered  with  a  Vafe  of  Cryftal  of  the  fame  Figure.  4th.  A  Cone  of 
Sealing-Wax  covered  as  the  former.  5th.  A  fmallGlobe  of  Amber 
and  another  of  Gum. 

Six  fmall  Cups  of  Ivory.  2d.  A  fmall  poliflied  Copper  Pjramid  for 
making  Experiments  on  the  Communication  of  Eledricity. 

A  Sufpenfory  garniflied  with  Ribbands  of  different  Colours.  2d  A 
Sufpenfory  garniflied  with  iilk  Twift  for  communicating  Eledricity  to 
living  Bodies.  3d.  Thread  Twift,  with  a  Wooden  Ball,  for  communi- 
cating Elefiricity  a  great  Way  off". 

A  Cake  of  Rofin  and  Gum  weighing  eight  Pounds.  A  Cake  of  Rofia 
weighing  twelve  Pounds. 
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A  Pallet  of  Pafte-board  covered  with  Czuk,  and  garniihed  with  Gold 
I^eaF,  Balls  of  Cotton  and  the  Down  of  Feathers.  - 

A  Receiver  without  a  Bottom  for  the  Experiments  of  Tranfmiffion.      meouon 

A  Box  containing  fix  Rackets  of  Gaufe  of  different  Colourb.     2d.  A  the  Traaf- 
Box  containing  Plates  of  different  Metals,  Wood,  Pafte-board  and  Glafs.  Sleeky. 

A  Glafs  garnifhed  with  a  Circle  of  Metal  for  containing  Water. 

A  Bar  of  Iron  one  Inch  fquare  and  three  Feet  long. 

A  fmall  Globe  of  Chriftal  mounted  fo  that  it  can  be  rubed  in 
Vacuo,  to  which  is  adapted  a  Stop-cock  to  be  applied  to  the  Air-pump. 

A  compleat  Aflbrtment  of  every  Thing  neceflary  foreledrtcal  Experi- 
xnents,  either  in  Air  or  in  Vacuo. 

Plates  of  Brafs,  Part  of  which  has  been  beat  cold,  the  other  when 
tempered  in  Fire.  ^ 

A  large  Pafte-board  covered  on  one  Side  with  Leaf  Gold,  and  on 
the  other  with  Leaf-Silver,  for  fliewing  the  Dudility  of  thofe  Metals. 

A  Metal  compofed  of  Iron  and  Antimony,  the  Filings  of  which  burft 
into  Flame  by  the  Friftion  of  the  File.  2d.  Sounding  Lead.  3d.  An 
Amalgama  0/  Tin  and  Mercury  for  colouring  the  Infide  of  Glafs- 
Veffels. 

Seventh  Class. 
Machines  of  Cofmography. 

VII. 

A  large  Planetarium  five  Feet  and  a  Half  Diameter,  with  all  its  Ap-  £xperi- 
yendages  for  fliewing  the  different  Motions  of   the  Planets,   and  the  iiiuftjat?ng 
Relations  of  the  celeftial  Bodies  with  the  Earth.  the  Theory 

A  Box  containing  the  Pieces  neceffary  for  explaining  what  concerns  of  thcpn- 
the  Motions  and  Relations  of  the  Sun,  the  Earth  and  the  Moon.  ooDJaryPla- 

Tbit  Box  only  fuppofes  a  Table  five  Feet  Diameter^  in  the  Middle  of  new. 
wbicb  it  isfajiened. 

Two  Globes,  one  cejeftial  and  the  other  terefirial,  one  Foot  Diameter, 
conftruded  on  the  lateft  Obfervations,  coloured  and  varoiflied,  mounted 
on  four  pillared  Pedcftals,  with  Meridians  and  Horizons  of  a  particular 
Kind  of  Pafte-board. 

Two  Armillary  Spheres,  of  the  fame  Diameter  as  the  Globes,  the 
one  according  to  the  Ptolemaic,  the  other  according  to  the  Copernican 
Syftem,  coloured  and  varniftied,  mounted  on  Pedeftals  of  Ebony. 

A  fniall  terefirial  Globe,  three  Inches  and  a  half  Diameter,  coloured 
and  varniflied,  with  a  Meridian  and  Quadrant  of  Altitude. 

Two  Globes,  one  tereftrial  and  the  other  celeftial,  18  Inches  Diame- 
ter, coloured  and  varniftied,  mounted  on  pillared  Pedeftals,  with  Meri^ 
dians,  horary  Circles,  Compafles  of  Brafs,  engraved  and  poliflxed. 

The  fame  Globes  varniftied  and  poliflied,  with  Meridians,  horary 
Circles,  Brafs  Compaffes,  mounted  on  a  turning  Pedeftal  of  a  new  Con- 
ftruSion. 
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Experi-  ^fbe  celejiial  Globe  is   of  an  azure  Hue,     Tbe  Figures  of  the  ConfitlU- 

iTluara^  //on/  are  perceived  as  Shades,  the  principal  Circles  ^  tbe  Sphere  are  mark- 
theDoOrme  ed  in  Silver,  as  alja  on  the  terefirial  Globe  ;  the  Stars  are  raifed  in  Geld, 
Uh^  ^jfir  in  their  proper  Size,  fo  that  at  tfne  View,  the  natural  State   of  the 

*'      *        Heavens  is  perceived  without  C^nfujhm, 

Two  l^e  P(anifpheres»  mounted  on  a  Frame  with  Gold  Stars^  aod 
garnifhed  with  Meridians  and  Horizons. 

A  white  Globe  one  Foot  Diameter,  mounted  on  a  ^tand^  with  fixne 
Inftrumcnts  belonging  to  it. 
A  new  Dial,  Which  fefTes  for  tracinrg  the  Meridian  of  a  Place. 
An  aftronomical  Quadrant  two  Feet  Raiiias>  with  two  Divifioas  of 
Nonius;  a moreable  and  immoveable  Telefcope,  and  an  exterior  Micro- 
meter.     2d.  An  aftronomical  mural  Quadrant  four  Feet  'Radius* 

A  Sextant  four  Feet  Radius.      2d.  A  Sextant  one  Foot  Radius  ior 
Obferfati-    taking  correfpotidtng  Altitudes. 

?hJ  Ufe'o'f^  ^  Qtwdrant  two  Feet  and  a  half  Radius,  with  a  Tranfom  and  doable 
tftronomical 'Joint,  for  meafuring  Angles  on  Land. 

inftrumenti       A    meridian  Telefcope  or  a   paflage  Inftrmncnt,    four  Tcet  long, 

drtn??hc      ^"^  ***  Axis  two  Feet.     2d.  A  parallatic  Telefcope  with  its  Axis,  which 

Sexunc,the  ferves  for  following  the  Parallel  of  a  Star.     3d.  An  equatorial  Telefcope 

lercc**e*"the  "^^^^^^^'^  ^1  ^*^^  Means  of  feveral  graduated  Circles,  with  its  objedife 

PaniFacic-cA  Micrometer.     4th.  A  Telefcope  moveable  on. an  Axis,  with  an  horizon- 

teicope,  Che  tal  and  vertical  Circle  graduated,  and  an  Heliofcope. 

Mkromticr,      p^  Micrometer,  to  be  applied  to  a  moveable  Telefcope  for  meafurinf 

the  Diameters,  the  Differences  of  the  right  Afccnfions  and  Declinatioiis 

of  the  eeleHial  Bodies.     2d.  A  Micrometer  to'  be  applied  to  an  aflrono- 

mical  Quadrant.    3d.  An  achromatic  Micrometer. 

An  O&ant  i8  Inches  Radius,  for  obferving  the  Altitudes  and  Diftances 
of  the  Moon  from  the  Stars  on  Sea. 

A  Clock  adapted  for  aftronomical  Obfervations,  whofe  Pendulom  is 
fo  compofed  as  to  corred  the  Dilatation  to  which  Metals  are  .liable.  2d 
ATelefcope  condufled  by  a  Clock  for  defigning  the  Spots  of  the  Moop,  &c 

Eighth  Cla»s. 
Machines  of  Meteorology. 
Mcteorolc-       A  large  Thermometer,  conftruSed  on  the  Principles  of  Reaumur,  ai 
Son?.**^*'^"  A  Thermometer  conftruSed  on  the  fame  Principles  mounted  to  accom- 
pany a  Barometer.    3d.  A  Thermometer,  conftrufted  on  the  &une  Prin- 
ciples, to  be  expofed  in  open  Air. 

A  portable  Thermometer  one  Foot  long,  conftruded  on  the  fame 
Principles.  2d.  A  portable  Thermometer  contrived  fo  as  to  be  plunged 
into  Fluids,  in  order  to  determine  the'r  Degree  of  Heat  or  Cold.  3d. 
A  Thermometer  conftruSed  with  Mercury,  for  Experimeats  where  tbe 
Heat  exceeds  that  of  boiling  Water. 
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The  Thermometer  of  Florence,    2.  A  Thermometer  of  Air  with  Mcr-  Ohfemti- 
cury.     3d.  A  Thermometer  of  Air,  with  coloured  Liquor.  whcifthT* 

A  kind  of  Pyramid.,  garniftied  with  fevcral  Thermometers  of  Water,  Denfity  of 
Oil,  Spirit  of  Wine,  fait  Water,  Mercury,  for  Ihewing  the  Dilatability  ^^*^'i«^**• 
of  each  of  thole  Fluids.  thcrbyihc 

A  large  Thermometer  filled  with  coloured  Water,  for  (hewing  the  Exptnfion 
Dilatability  of  Glafs.  ffcr  or  b^^ 

A  double  Barometer,     ad.  The  Barometer  of  BernouUj,    3d.  A  Ba-  CwftT  ^ 
rometer  bent  in  its  upper  Part.  "^^^  dlmj- 

Tbofe  three  Machines  ferve  far  Jhevoing  the  Means  employed  for  render-  Wcieht. 
tng  the  Variation  in  the  Weight  or' Spring  cf  the  Air  more  fenjible. 

Thc'Barometer  (hor tened,  by  the  Qppofition  of  the  two  Columns  qf 
Mercury  lo  one  G)tumn  of  Air.     ad.  The  Barometer  fliortencd,  by  a  om'fliewi.' 
Remainder  of  Air  in  the  upper  Part.    3d,  The  Baoometer  of  Jinonfton,      ing  when 

Thoje  Machineffferve  for  (hewing  the  Methods  employed  for  renderisxg  ^  0«nfiy 
the  Barometer  portable.  t^^' 

The  (iaxple  and  luminous  Barometer  mounted^  to  accompany  the  by  the  Cau< 
Thermometer,  conftruSed  on  the  Principles  of  Reaumur.  fei^chdir 

716//  Barometer  differs  from  the.cmmon  ones  by  the  Manner  it  is  Jille^y  weight!* 
fy  the  Form  of  the  yafe  in  which  U  h  pWnge4f^  ^  the  Exa^itude  of  its 
'EffeSis. 

The  fiinic  Barometer  rendefcd  portable  in  any  DireSion,  or  in  any  kiod 
of  Carriage.  ;sd.  The  faineLBarometer  rendered  portablie  in  a  walking  Cane* 

Ti/V  Barometer  has  this  Advantage^  that  the  inferior  Surface  of  the- 
Mereury  is  feehf  which  it  well  know^  Jo  ke  of  UJe, 

A  Dial  JHjfgrometer  veiy  fenfib^^   ,fii  An  }Hygf ometer  ,of  anothei' 
ConffruiSion.  •      /  .  .  •        ^ 

A.PjyrjOiwter,  or  ^^chinc  for  m^afti^ing  the  AAion  o£  Fire  on. Bo-  Expcri 
diea,  whofe  Dictation,  is  not  immediately  perceifed.  £^h/^ihe 

In  the  Conjfru^ion  of  this  iiacbinf,  every  Imperfeff ion  ti)  which  it  has  DiUt'ationof 
been  hitherto  liable  is  removed f  the  Degree  of  Heat  is  eafily  regulated^  and  Mculi. 
every  Precaution  nectary  9  has  been  tajen  Jo, hinder  thefiufi  or  theHumidity 
i^fpoil  the  Poli/b  or  tie  Motion  of  the  Pieces, 

An  Anemometer,  or  Machine  for  difcovering  the  DireSion  aod  Ve- 
locity  of  the  Wind,  wikh  the  Time  during  whtch  it  <;ojitinues. 

Conclusion". 
Such  is  the  PUn  of  theCoIleaionof  Machines  which  the  Nobility  and 
Gentry  of  the  Kingdom  of  Ireland  have  purchafed,and  whofc  ConftruQi- 
on  ana  Application  to  Experimental  Inquiries,  they  have  ordered  to  be  de- 
fcribed,  and  publiihed,  for  the  Ufe  of  the  Mathematical  School  eftabli(h 
cd  under  their  immediate  Infpe^ion^  purfuant  to  their  ReToIution  ol 
of  the  j^th  February,  1768. 
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PLAN   of  the Syjim  of  the  Moral  WorU. 

Servare  modumf  finemqui  tuerif 

Naturamque  fequif  patrimque  impender^  vitoMp 
Nonftbi  fed  toti  genitum  Je  credere  Mundo, 

LUCAK. 
I. 

li  ^  E  N  in  the  State  of  Nature^  being  apt  to  allow  no  other  Rule 
J[VX  for  determining  the  DiflFerence  which  might  arife  among  them* 
but  what  is  common  to  the  brute  Creation,  namely»  fuperior  Strength. 
The  Eftablifhment  of  civil  Society  ihould  be  confidered  as  a  Corn- 
pad  againft  Injuftice  and  Violence,  a  Compad  intended  to  form  a 
'#  Kind  of  Balance  between  the  different  Parts  of  Mankind;  but  the 
moral  Equilibrium,  like  the  phifical  one,  is  rarely  perfed  and  durable. 
^9j|p^"  ^  Intereft,  Neceffity,  and  Pleafure,  brought  Men  together,  but  the  fame 
^  ^*^'  Motives  induce  them  continually  to  ufe  their  Endeavours  to  enjoy  the 
Advantages  of  Society^  without  bearing  the  Charges  neceflkry  to  its 
,  Support :  and  in  this  Senfe,  Men,  as  foon  as  they  enter  into  Society, 
may  be  faid  to  be  in  a  State  of  War;  Laws  are  the  Ties,  more  or  left 
efficacious^  intended  to  fufpend  their  Hoftilities,  but  the  prodigiooi 
Extent  of  the  Globe*  the  Differerence  in  the  Nature  of  the  Regions 
of  the  Earth  and  its  Inhabitants,  not  allowing  Mankind  to  live  under 
one  and  the  fame  Government,  it  was  natural  that  Men  fhould  divide 
themfelves  into  a  certain  Number  of  States,  diftinguiflied  by  the  (fif- 
ferent  Syftems  of  Laws  which  they  are  bound  to  obey.  Had  all  Man- 
Icind  united  under  one  Government,  they  would  have  formed  a  languid 
Body,  extended  without  Vigour  on  the  Surface  of  the  Earth.  The 
different  States  are  fo  many  -ftrong  and  adive  Bodies,  which  lending 
each  other  mutual  Afliftance,  form  but  one,  and  whofe  reciprocal  A€boa 
fupports  the  Life  and  Motion  of  the  Whole, 

II. 
wuVofm"        ^"  ^^^  States-whh  which  we  are  acquainted,  partake  of  three  Forms 
ofGotm-  of  ^Government,  viz..  the  Republican,  Monarchical,  and  Defpotic.     In 
«cnt  in  the  tbmc  Places  Monarchy  inclines  to  Defpotifm,  in  others  the  Monarchical 
^°^^*        is  combined  with  the  Republican,  &c.    Thofe  three  Species  of  Govern- 
ment are  fo  entirely  diftind,  that  properly  fpeaking,  they  have  nothing 
in   common:     We  fliould.  therefore   forip    of    thofe  three,    fo   many 
diftinft  Claffes,  and  endeavour  toinveftigate  the  Laws  peculiar  to  each; 
it  will  be  eafy  afterwards  to  modify  thofe  Laws  in  their  Application  to 
any  Government  whaifofever,  in  proportion  as  they  relate  more  or  left 
to  thofe  different  Forms. 

In  the  different  States,  the  Laws  ihould  be  conformable  to  their  Na- 
turej  that  is,  to  what  conftitutes  them,    and  to  their  Principle,   or  to 
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that  which  fupports  and  gives  them  Vigour.     The  Law  relative  to  ihe  The  Laws 
Nature  of  Democracy  is  firft  explained;  it  is  (hewn  how  the  People  in  from'hcNi 
fome  refpeSs  are  Monarchs,  and  in  other  Subjeds ;  how  they  ele6t  and  lure  of  Dc- 
jadge  their  Magiftrates,    and   how  their  Magiftrates   decide  in  certain  roocraciei. 
Cafesy  ifc.     Then  the  Laws  relative  to  the  Nature  of  Monarchies  are  -.    - 
unfolded;    the  Degrees  of  delegated  Power  and   intermediate  Ranks  derived*'' 
that  intervene  between  the  Monarch  and  the  Subjeft,  the  Duties  of  tlie  from:hcNa 
Body  to  be  appointed^  the  Guardian  of  the  Laws  to  mediate  between  Mrehkf^*** 
the  Prince  and  the  Subjefl  arc  properly  fettled  :    In  fine,  it  is  proved, 
that  the  Nature  of  Defpotifm  requires,  that  the  Tyrant  fhould  exert  his  The  Laws 
Authority,  cither  in  his  own  Perfon,  or  by  fome  other  who  reprefents  ^"*^^^ 
him  ;  afterwards  the  Principles  of  the  three  Forms  of  Governments  is  ru^^oV  D?*- 
pointed  out ;  it  is  proved,   that  the  Principle  of  Democracy  is  the  Love  potifm. 
of  Equality,  whereby  is  meant,    not  an  abfolute,  rigorous,  and  confe- 
quently  chimerical  Equality,   but  that  happy  Equilibrium  which  renders 
all  its  Members  equally  fubjed  to  the  Laws,   and  equally  intcrefled  in  in  what 
their  Support :    That  in  Monarchies  where  a  fingle  Perfon  is  the  Dif-  copfift  the 
pcnccrof   Diftlnftions  and   Rewards,  the  Principle  is  Honour^    to  wit  ^y\hre"°^ 
Ambition  and  the  Love  of    Efteem ;    and  in  Defpotifm,    Fear.     The  rornw  of 
more  vigiroufly  thofe  Principles  operate,  the  greater  the  Stability  of  the  Govcrn- 
Government ;  and  the  more  they  arc  relaxed  and  corrupted,  the  more  it  ^^^' 
inclines  to  Deflrudion. 

The  Syftem  of  Education,  fuitable  to  each  Form  of    Government, 
follows:  It  is  proved,  that  they  ought  to  be  conformable  to  the  Princi- 
ple of  each  Government :    That  in  Monarchies,  the  principal  ObjeS 
of  Education  (hould  be  the  Art  of  pleafmg ;    as  produftive  of  Refine-  The  Lsws 
ment  of  Tafte;  Urbanity  of  Manners',  an  Addrefs  that  \?  natural,  and  of  Educaii- 
yct  engaging,  whereby  Civil  Commerce  is  rendered  eafy  and  flowing.  J^thcftrbd 
In  defpotic  States,  the  principal  Objeft  fhould  be  to  infpire  Terror  and  pic  or  each 
implicit  Obedience  ;   in  Republics  all  the  Powers  of  Education  are  re-  '<'«:"»  o^ go* 
quired ;   every  noble  Sentiment  (hould  be  carefully  inftilled ;    Magnani-  ^^ 
mity.  Equity,  Temperance,  Humanity,  Fortitude,  a  noble  Difintereft- 
ednefs,  from  whence  arifes  the  Love  of  our  Country. 

The   Laws    relative  to  the   Principle  of    each   Government    next  The  taw* 
occur;     it    is   (hewn,     that   in    Republics,     their    principal    Obj eft  <lerivcd from 
Ihoald  be    to  fupport  Equality   and   Oeconomy;    in    Monarchies  to  Jjc^"^^|[ 
maintain  the  Dignity  of  the  Nobility,    without  opprefling  the  People  ;  Form©* Go. 
in  Derpotic  Governments,    to  keep  all  Ranks  quiet.     Then  the  Dif-  vcrament. 
ferences  which  the   Principles  of    the   three  Forms   of   Government 
ihould  produce  in  the  Number  and  ObjeS  of  the  Laws,  in  the  Form  of 
Judgments  and  Nature  ^  of   Puni(hments  is   explained ;    it  is  proved, 
that  the  Conftitution  of  Monarchies  being  invariable,   in  order  that 
Jufticc  may  be  rendered  in  a  Manner  more  uniform  and  Icfs  arbitrary  t 
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More  civil  Laws  and  TribunaU  are  required,  which  are  accurately  de- 
fcribed  ;    that  in  temperate  Governoients,  whether  Monarchical  or  *Re^ 
publican,  criminal  Laws  cannot  be  attended  with  too  many  Formalities; 
that  the  Punifliments  ihould  not  only  be  proportioned  to  the  Crinie»  but 
as  moderate  as  poilible  ;  that  the  Idea  annexed  to  the  Punilhnienty  fre- 
*  quently  will  operate  more  powerfully  than  its  Inteniity ;  that  in  Repiib- 
licksy  the  Judgment  ihould  be  conformably  to  the  Law»  becaufe  no  In- 
dividual has  a  Right  to  alter  it ;  in  Monarchiesy  the  Clemency  of  the 
Sovereign  nuy  abate  its  Rigour  ;  but  the  Crimes  ihould  be  always  judg- 
ed by  Magiflrates  appointed  to  take  Cognizance  of   them.      Id  finej 
that  it  is  principally  in  Democracies*  that  the  Laws  ibould  be  fevcre 
aga;n{l  Luxury*  DiUolutenefs  of  Mannersi  and  the  SeduCtion  ot  the  Sex. 
AdvantJges       'Y\x^  Advantages  peculiar  to  each  Government*  is»  in  fine*  enoBie- 
c»ch  Form    ^^^^^  9  ^^  i^  proved*  that  the  Republican  is  better  fuited  to  fmali  Sutcs* 
of  Govern-  the  Monarchical  to  great  Empires ;  that  Republicks  are  more  fubjed  to 
mcnt.  Exceflfes*  Monarchies  to  Abufes  ;  that  in  Republicks  the  Laws  are  ex^ 

cuted  with  more  Deliberation*  in  Monarchies  with  more  Expedition. 
As  to  defpotic  Governments*  to  point  out  the  Means  neceflaiy  for  its 
Support*  is  in  effed:  to  fap  its  Foundation ;  the  Perfefi.ion  of  this  Go- 
vernment is  its  Ruin ;  and  the  qxz&  Syftem  of  Defpotifin  is  at  <micc 
the  fevereft  Satire*  and  the  mod  formidable  Scourge  of  Tyrants. 

III. 
Liberty  it  The  general  Law  of  all  Governments*  at  leaft  temperate  ones^  and 
the  Preroga  confequently  juft*  is  political  Liberty ;  the  fidl  Enjoyment  of  wbkfa 
limpcrale'^  fliould  be  fccured  to  each  Individual :  This  Liberty  is  not  the  abfuid 
Govern-  Licence  of  doing  whateii^er  one  pieafes*  but  the  Priviiege  of  doing 
meat.  whatever  is  permitted  or  authorifed  by  Law ;    it  may  be  confidered  ei- 

Is  not  to  be   ther  as  it  relates  to  the  Confiitution  or  to  the  IndividuaL    ^  is  ihewn*,^ 
^^'innd'lf.^  that  in  the  Confiitution  of  every  State,    there  are  two  Powers,   the  * 
pendancy!     Legiilstive  and  Executive*   and  that  this  latter  has  two  Obieds*    the 
internal  and  external  Policy  ;  in  the  legal  Diftributioo  of  thoM»  different 
Confidercd    Sorts  of  Power,  .corififts  the  greauft  Perfefiion  of  political  Liberty, 
to  Ae'cSir  '^^^^  refpea  to  the  Conftitution ;  in  Proof  of  which  are  explained  tbr 
fiitucion.      Confiitution  of  the  Republic  of  Renu,  and  that  of  GreaUBritain  :    \ 
is  (hewn,  that  the  Principle  of  the  latter  is  founded  on  the  fundamental 
Ex»ft*j>rinci  Law  ol  the  ancient  Germans  ;  namely*  that  Affairs  of  imaU  Goofeqvesce 
^^Bd       ^^^^  determined  by  the  Chiefst  and  tbofe  of  Inopof  tance  were  seiescsd 
^  ^  *      to  the  General  Auembly  of  the  whole  Nation*  after  beiiig  fM-eviM^dl^ 
examined  by  the  Chiefs.    Political  Liberty  coofid^ed*  with  vefped  to 
ConfiJered    Individuals,  confifis  in  the  Security  vhicb  the  Lt^w  affsrds  thfaiy  wiiere* 
t^ilidrndu-  ^y  ^"^  Individual  is  not  in  Dread  of  anothar.    It  is  fhewD*  shat  it  is 
ak      •    *  principally    by  the  Nature  ^md  Proportion  of   Puniibfaents  that   this 
Liberty  is  eftablifiied  or  deftroyed:     That  Crimes  ^gajnft  Rdlinai 
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fhould  be  puniflaed  by  the  Privation  of  the  Advantages  which  Religion 
drocures  ;  the  Crimes  againft  good  Morals,  by  Infamy  j  Crimes  againft 
the  public  Tranquility,  ty  Prifon  or  Exile;  Crimes  againft  private 
Security,  by  corporal  Puniihments :  That  Writings  are  lefs  criminal 
than  Deeds  ;  meer  Thoaghts  are  not  puniftiabte  ;  Accufation  without 
a, regular  Procefs,  Spies,  anonymous  Letters;  all  thofe  Engines  of  Ty- 
ranny, equally  infamous  with  refpefik  to  the  Inftrumcnts  and  the  Em- 
ployers, (hould  be  profcribed  in  every  good  Government,  that  no  Ac- 
cufations  (hould  be  urged  but  in  Face  of  the  Law,  which  always  pu* 
Tiiihes  Guilt  or  Calumiry :  In  every  other  Cafe,  the  Magiftrate  fliould 
fay,  we  Jbould  abfohe  from  SufpUUn^  the  Man  who  ivants  an  Jccdj/er, 
Kvrtbout  wanting  an  Enemy.  That  it  is  an  excellent  Inftitution  to 
have  public  Officers  appointed,  who  in  the  Name  of  the  State  inay  pro- 
fecute  Crhninals :  This  will  produce  all  the  Advantages  of  Informersy 
without  their  Inconveniencies  and  Infamy. 

The  Nature  and  Manner  of  impofmg  and  collefiing  Taxes  is  after-  Libcrtvcon- 
wards  explained :    It  is  proved,  that  they  ihould  be  proportioned  to  Li-  fidcred  with 
berty ;    confequently  in  Democracies  they  may  be  heavier  than  in  other  J^^^^?* 
Governments,    without  being   burthenforoe;    becaufe   each  Individual  laxer Tiid 
confiders  them  as   a  Tribute  he  pays  himfelf,   and  which  fecures  the  ^*  P'^*^^**^ 
TTranquility  and  Fortune  of    each  Member :    Befides,    in  Democracies,  ^***"""' 
the  Mifapplication  of    the  public  Revenues  is  more  difficult,   becaufe  it 
is  more    eafily  difcovered  and    puniftied ;    each    Individual    having   a 
Right  to  call  the  Treafurer  to  an  Account.      That  in  every  Form  of 
Government,    thofe  Taxes  that  are  laid  on  Merchandizes  are  leaft  bur- 
thenfome,  becaufe  the  Confumer  pays  without  perceiving  it :    That  the 
exceflive  Number  of   Troops  in  Time  of   Peace,  is  only  a  Pretext  to  The  Aug- 
»  overcharge  the  People  with  Taxes ;    a  Means  of  enervating  the  State,  Xhc*N*um- 
and  an  fnftrument  of   Servitude.      In  fine,  that  the  coUefting  of  the  bcrof 
Duties  and   Taxes  by  Officers  appointed  for  this  Purpofe,   whereby  Troopsencr 
the  whole  ProduS  enters  the  public  Treafury,  is  by  far  lefs  burtlienfome  suS/ 
to   the  People,    and  confequently  more  advantageous  than  the  farming 
©lit  of  the  fame  Duties  and  Taxes,  which  always  leaves  in  the  Hands 
^f  a  few  private  Peffons,  a  Part  of  the  Revenues  of  the  State, 

IV. 

The  Circumftances  independant  of  the  Nature  of  the  Form  of  Go-  Particular 
^emment,    which  fhould  modify  the  Laws,    arife  principally  from  the  c^^^"** 
Mature  of  the  different  Regions  of  the  Earth,  and  the  different  Charac-  niouUmoai* 
tcrs  of  the  people  which  inhabit  them.     Thofe  arifing  from  the  Nature  Jx  ^^«  ''«^' 
of  the  Regions  of  the  Earth,  are  two-fold ;  fome  regard  the  Climate,  oTgcvc^/ 
others  the  Soil.     No  Body  doubts  but  the  Climate  has  an  Influence  on  mem. 
the  habitual  Difpofition  of  Bodies,  confequently  on  the  Charaftcrs,  the 
L^JTs  (houlB  be  therefore  conformable  to  the  Nature  of  the  Climate  in 
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TheClimate  indifTerent  Matters^  and  on  the  contrary  check  its  vicious  Effeds  ;  an 
SSrerencc*^  exaft  Enumeraiion  of  which  n  made»  and  the  Laws  for  correaing  them 
iothcCha-  explained^  it  is  fhewn^  how  in  Countries  where  the  Heat  of  the  Ciimale 
nOersand  inclines  the  People  to  Indolence,  the  Laws  encourage  them  to  La- 
M«n?'"°      ^^^^  »  where  the  Ufe  of  Spirituous  Liquors  is  prejudicial,  they  arc  dif- 

couraged,  fcfr. 
Slavery  Uia-      The  Ufe  of  Slaves  being  authorifed  in  the  hot  Countries  of  jffia  and 
^"hfhir      -Americay  and  prohibited  in  the  temperate  Climates  of  Europe^  ihe  Law- 
Law  of  Na-  fulnefs  of  civil  Slavery  is  nex.t  enquired  into  ;  it  is  proved,  that  Men  hav- 
cure  andthc  ing  no  more  Power  over  the  Liberty  than  over  the  Lives  of  one  another, 
CIV  Law.      Slavery  in  general  is  inconfiftent  with  the  Law  of  Nature ;  that  there 
has  never  been  perhaps  but  one  juft  Law  in  Favour  of  Slavery,  v/2.  the 
Roman  Law,  whereby  the  Debtor  was  rendered  the  Slave  of  the  Credit 
tor ;  the  Limitation  of  this  Servitude,  both  as  to  the  Degree  and  as  t» 
the  Time,  is  pointed  out.     That  Slavery  at  the  utmoft  can  be  tolerate 
Couatriei      >"  defpotic  States,  where  free  Men,  too  weak  againft  the  Governmeotr. 
where  it nuv  feek  lor  their  own  Advantage,  to  become  the  Slaves  of    thofe  who  ty* 
becoleraccd.  ^g^j^^^^^  qv^j.  ||^g  State;  or  elle  in  Climates  where  Heat  fo  enervates  the 
Body,  and  weakens  the  Spirits,  that  Men  cannot  be  brought  to  undei^go 
painful  Duties  only  by  the  Fear  of  Punilhment. 

From  thence  we     pafs  to  the  Confideration  of   the  domeftic   Ser- 

Domeftlc     vitude  of  Women  in  certain   Climates :     It  is  Ihewn,  that   it    ihould 

dindsonOie  ^^^^  P'ace  in  thofe  Countries  where  they  are  in  a  State  of  cohabiting 

Climate.       with  Men  before  they  are  able  to  make  Ufe  of  their  Reafon^    mar- 

riagable  by  the  Laws  of  the  Climate,  Infants  by  thofe  of  Nature.     That 

this  Siibjedion  is  dill  more  necefTary  in  thofe  Countries  where  Poligamj 

is  eftabliflied,    a  Cuftom  in  fome  Degree  founded   on   the  Nature  of 

the    Climate   and  the  Ratio    of    the  Nunber  of    Women  to  that  of 

Men  ;  then  the  Nature  of  Repudiation  and  Divorce  is  examined,  and  it 

is  proved,  that  if  once  allowed,  it  (hould  be  allowed  in  Favour  of  Womes 

as  well  as  of  Men. 

Political  In  fine,  political  Slavery  is  treated  of;  it  is  proved,  that  the  Climate 

Slaveiy.       which  has  fuch  Influence  in  producing  domeftic  and  civil  Servitude,  has 

not  lefs  in  reducing  one  People  under  the  Obedience  of  another  ;    that 

the  Northern  People  having  more  Strength  and  Courage  than  thofe  of 

Southern  Climates,  the  former  are  deftined  to  preferve,  the  latter  to 

lofe  their  Liberty  ;  in  Confirmation  of  which,  the  various  Revolutions 

itRcignt      which  Europe^  Afta^  i^c  have  undergone,   is  unfolded;    the  Caufes  of 

priDcipally    the  Rife  and  Fall  of  Empires  is  pointed  out,    particularly  thofe  of  the 

Countrie*.     Roman  Empire ;  it  is  proved,  that  its  Rife  was  principally  owing  to  the 

Love  of   Liberty,   of  Induftry,    and  of  Country ;    Principles  inftilled 

into  the  Minds  of  the  People  from  their  earlieft  Infancy;  to  thofe  in- 

teftine  Diffentions,  which  kept  all  their  Powers  in  ASion,.  and  which 
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ceafed  at  the  Approach  of  an  Enemy  j  to  their  intrepid  Conftancy  under  En«m«Mti- 
Misfortuncs,  -which  made  them  never  difpair  of  ihe  Republick  ;  to  that  caufts^of 
Principle  from  which  they  never  receded,  of  never  concluding  Peace  thcRifeand 
until  they  were  viftorious ;  to  the  Inftitution  of  Triumphs,  which  ani-  «*"  ^^g^, 
mated  their  Generals  with  a  noble  Emulation  ;  to  the  ProteSion  they  ^-^  ^ 
granted  Rebels  againft  their  Sovereigns;  to  their  wife  Policy  of  leaving 
lo  the  Vanquiflied  their  Religion  and  their  Cuftoms ;    in  fine,  to  their 
Maxim  of  never  engaging  in  War  with  two  powerful  Enemies  at  once, 
fubmitting  to  every  Infult  from  one,  until  they  had  crufhed  the  other. 
That   its  Fall  was  occafioned  by  the  too  great  Extent  of  the  Empire, 
which  changed  the  popular  Tumults  into  civil  Wars ;   by  their  Wars 
abroad,  which  forcing  the  Citizens  to  too  long  an  Abfence,  made  them 
lofc  infenfiblv  the  Republican  Spirit;    by  the  Corruption  which   the 
Luxury  of  Jfia  introduced  ;    by  the  Profcriptions  of  Sylla,  which  de- 
bafed  the  Spirit  of  the  Nation,  and  prepared  it  for  Slavery ;    by  the 
Neceffity  they  were  in  of  fubmitting  to  a  Mafter,  when   their  Liberty 
became  burthenfome  to  them  ;  by  the  Neceffity  they  were  in  of  chang- 
ing their  Maxims,  in  changing  their  Form  of  Government  ;    by  that 
Succeflion  of  Monfters,  who  reigned  almoft  without  Interruption,  from 
Tiberius  to  Nervay  and  from  Comodus  to  Conflantine ;    in  fine,  by  the 
Tranflation  and  Divifion  of  the  Empire,  which   Was  deftroyed,  firft  in 
the  Weftt  by  the  Power  of  the  Barbarians  ;  and  after  having  languifhed 
many  Ages  in  the  Eaji,  under  weak  or  vicious  Emperors,  infenfibly  ex- 
pired. 

The  Laws  relative  to  the  Nature  of    the   Soil   is  next   explained;  Theinflu- 
it  is  (hewn,  that  Democracies    are  better  fuited  than   Monarchies   to  Nauire  of* 
barren  and  mountainous    Countries,     which  require    all  the  Induftry  the  Soil  on 
of  their   Inhabitants ;    that  a  People  who  till  the  Soil,  require  more  **  ^«^' 
Laws  than  a  Nation  of  Shepherds,  and  thofe  more  than  a  People  who 
live  by  Hunting;  thofe  who  know  the  Ufe  of  Coin,  than  thofe  who  are 
ignorant  of  it. 

The  Laws  relative  to  the  Genius  of  the  different  People  of  the  Earth  The  Laws 
at  length  ife  difclofcd,    and   it   is     proved,    that  Vanity    which    mag-  confidercd 
nifies  Objefib,  is  a  good  Refort  of  Government ;  Pride,  which  deprefles  JJJ^c*^^. 
them,  is  a  dangerous  one;  thai  the  Legiflator,  in  fome  meafure,  (hould  u«of  the  in 
refpeft  Prejudices,  Paffions,  and  Abufes ;  as  the  Laws  fhould  not  be  the  ^^'^e  ""u^^^ 
beft,  confidered  in  themfelves,  but  with  refpeflt  the  People  for  which 
they  arc  made;  for  Example,  a  People  of  a  gay  Character  require  eafy 
Laws;  thofe  of  iiarih  Charafters,  more  fevere  ones.     The  Manners  and 
Cttftoms  are  not  to  he  changed  by  Laws,  but  by  Recompences  and  Ex- 
amples:    In  fine,  what  the  different  Religions  have,  conformable  or       '' 
contrary  to  the  Genius  and  Situation  of  the  People  who  profefs  them, 
is  explained. 
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V. 

The  ReUii-      The  different  States  confidered  with  rerpeQ  to  each  other,  may  vicki 
2S?  difoi^ii  "mutual  Afllftance,  or  caufe  mutual  Injury.     The  Afliftance  tkey  affoid 
Formi  of      is  principally  derived  from  Commerce^  its  Laws  are  therefore  to  be  ua- 
GoTcrn-        folded  j  it  is  proved^  that  though  the  Spirit  of  Commerce  naturally  pro- 
ccptabie.  ^'  duces  a  Spirit  of  Iniereft,  oppofed  to  the  Sublimity  of  moral  Virtues» 
yet  it  renders  a  People  naturally  juft,  and  bani/hes  Idlenefs  and  Rapine. 
whlch^om-  ^^^^  free  Nations,  who  live  under  moderate  Governments,  Ihould  ap- 
inercc  in-      ply  themfelves  to  it  more  than  thofe  who  are  enflaved ;  that  one  Nation 
troducet.      fhould  not  exclude  another  from  its  Commerce  without  important  Rea- 
fons ;  that  the  Liberty  however  of  Commerce  does  not  confifl  in  allow- 
o?Tradr^  ing  Merchants  to  %St  as  they  pleafc ;    a  Faculty  which  would  be  vciy 
not  to  be      often  prejudicial  to  them,  but  in  laying  them  under  fuch  Re(h'aints  onlyy 
*^^°h°h'*L-**  *^  ^^^  neceffary  to  promote  Trade ;    that  in  Monarchies,  the  Nobility 
berty'of  the  ^o^ld  not  purfue  it,  much  lefs  the  Prince :     In  fine,  that  there  are  Na- 
Tnider.        tions  to   whom  Commerce  is  difadvantageous ;     it    is  not  thofe    who 
want  for  nothings  but  thofe  who  are  in  want  of. every  thing;  sls  Palaad^ 
Should  be     by  whofe  Commerce  the  Peafants  are  deprived  of  their  Subfiftence»  to 
todieN^i-  ^^^'^fy  ^^^  Luxury  of  their  Lords:     The  Revolutions  which  Contraexce 
lity  in  Mo-    has  undergone,  is  next  difplayed,  and  the  Caufe  of  the  Impoverifhmcnt 
narchicf.      of  Spain  by  the  Difcovery  of  America,  pointed  out :     In  fine.  Coin  be- 
ing the  principal  Inflrument  of  Commerce,  the  Operations  upon  it  are 
treated  of,   fuch  as  Exchange,  Payment  of   public  Debts»  &c.  whofe 
Laws  and  Limits  are  fettled. 

Population  and  the  Number  of  Inhabitants  being  inmiediateiy   con- 
ncScd  with  Commerce,  and  Marriages  having  for  their  Obje^  Popu- 
lation, every  Thing  relative  thereto  is  accurately  explained ;  it  isfticvn, 
MaiTM|tto  ^^^^    public   Continence    is    what    promotes    Propagation;     that    in 
bjeocourtgi  Marriages,  though  the  Confent  of  Parents  is  with  Reafon  required*  yet 
*  '  it  (hould  be  fubjed  to  Reflridioni,  as  the  Law  fliould  be  as  favourable 

as  poflible  to  Marriage  ;  that  the  Marriage  of  Mothers  with  their  Soas» 
on  account  of  the  great  Difparity  of  the  Ages  of  the  Contra£tor8»  conU 
Inocftaoat    rarely  have  Propagation  for  Objed»  and  confidered  even  in  this  Light, 
MarriRget     Ihould  be  prohibited  ;  that  the  Marriage  of  the  Father  with  theEbaghter 
ftribeS'*"     weight  have  Propagation  for  ObjeS,  as  the  Virtue  of  engendering  ceafet 
a  great  deal  later  in  Men,  and  has  in  confequence  been  authorifed  ii»  fiuae 
Countries,  as  in  Tartary ;  that  as  Nature  of  herfelf  inclines  to  Marriage, 
the  Form  of  Government  muft  be  defedive,  where  it  ftands  in  Need  of 
SSonU**^  being  encouraged ;  that  Liberty,  Security,  ncioderate  Ta^^,  the  Profcrip- 
mote^!*^'^  tion  of  Luxury,  are  the  true  Principles  and  Support  of  Population^ 
that  Laws  notwithfianding  may  be  noade  with  Succefs,  for  encouragiiig 
Marriages,  when,  in  fpight  of  Corruption^^e  People  are  attached  to 
their  Country ;  what  Laws  have  been  maderlQ  this  Purpofe,  particularly 


^ 
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thofe  o{  JuguJIu/f   are  unfolded;    that  the  Eftabliftimcnt  of  Hofpitals  Hofpitalsnc- 
may  cither  favour  or  hurt  Population,  according  to  the  Views  in  which  riVh  Sutw. 
they  hafvc  been  planned  4  that  there  ihould  be  HofpitaU  in  a  State  where 
the  greated  Part  of  the  Citizens  have  no  other  Refourcc  than  their  In- 
duftry;   but  that  the  Affiftance  which  thofe  Hofpital$  give  ihould  be  "°Vw^ 
temporary ;  unhappy  the  Country  where  the  Multitude  of  Hofjriials  and  conduced 
Mpnaftcries,  which  are  only  perpetual  Hoipitals,  fets  every  Body  at  their 
Eafe,  except  thofe  who  labour. 

To  prevent  the  mutual  Injuries  which  States  may  receive  from  each 
other^  Defence  and  Attack  are  rendered  neceffary ;   it  is  Ihewn,  that 
Republicks  by  their  Nature  being  but  fmall  States,  cannot  defend  them-^ 
felves  but  by  Allianoes ;  but  that  it  is  with  Republicks  they  fliould  be 
formed.     That  the  defeniive  Force  of  Monarchies  confifb  principally  in 
having  their  Frontiers  fortified.    That  States  as  well  as  Men,  have  a 
Right  to  attack  each  other  tor  their  own  Prefervation,  from  whence  is 
derived  the  Right  of  C6nqueft,  the  general  Law  of  which  is  to  do  as 
little  Hurt  to  the  Vanquished  as  poflible.      That  Republicks  can  make 
lefa  confiderable  Conquefts  than  Monarchies ;    that  immenfe  Conqucfls  '^^^  objeaj 
introduce  and  eftablifli  Defpotifm ;  that  the  great  Principle  of  the  Spirit  of  i^  noUW . 
Conqueft  (hould  be  to  render  the  Condition  of  the  conquered  People  bet-  ry  but  Con- 
Ut,  which  is  fulfilling  at  once  the  natural  Law  and  the  Maxim  of  State,  ^«^^ion- 
how  far  the  <Sj^«/i/tfr^/ receded  from  this  Principle,  in  exterminating  the 
Americans^  whereby  their  Conqueft  was  reduced  to  a  vaft  Defert,  and 
they  were  forced  to  depopulate  their  Country,  and  weaken  themfelves 
for  ever,  even  by  their  Victory,  is  explained.     That  it  may  become 
neceflary  to  change  the  Laws  of  a  vanquiihed  People,  but  never  their  Meawofprr 
Manners  and  Cuftoms.     That  the  moft  affured  Means  of  prefcrving  a  cSnqSeft. 
Codqueft^  isrto'pat  the  Vanquiihed  and  Vidbra  on  a  Level  if  poffibfe, 
by  granting  them  the  fame  Rights  and  Privileges ;     how  the  Romans 
condoled  themfelves  in  this  Refped,  is  related ;  as  alfo  how  Cejar  with 
refped  to,  the  Gaul/. 

After  having  treated  in  particular  of  the  diflFefent  Species  of  Laws,  The  Law* 
there  remains  no  moie  to  be  done,  hat  to  compare  them  together,  and  f^m'[h| 
to  examine  them,  with  refped  to  the  Objeds  oh  which  they  are  en-  Nature,  cir- 
aftcd.    Men  are  governed  by  diflFerent  Kinds  of  Laws,  by  the  natural  ^"™«^"''f' 
Law  common  to  each  Individual ;  by  the  divine  Law,  which  is  that  of  Jns,  of  \he 
Religion ;   by  the   ecclefiaftical   Law,    which   is   that   of  the   Policy  different 
of  Religion;  by. the  civU  Law,   which  is  that  of  the  Members  of  q""™*^^ 
the  fame  Commuoity ;     by    the    political   Law,    which  is  that  of  mmt. 
the  GoverBmei)t  of  the  Community ;    by  the  Law  of  Nations,  which 
is  thai  of  Communities  confidered  with  refpeA  to  each  other;  eathof 
'  thofe  have  their  diAinft  Obje^j  wbdch  are  aofe  to  be  confomided^  nor 


CLVIII  PLAN    OF    THE 

what  belongs  to  one  be  regulated  by  the  other;  it  isneceflkry  that  the  | 
Principles  which  prefcribe  the  Lawsf  reign  alfo  in  the  Manner  of  com- 
pofmg  them ;  the  Spirit  of  Moderation  ihould  as  much  as  poi&Ue  direft 
all  the  Dirpofitions :  In  (ine»  the  Stile  of  the  Lawsy  flioold  be  fimpk 
and  grave,  it  may  dirpenfe  with  Motives,  becaufe  the  Motive  is  fuppofed 
to  exift  in  the  Mind  of  the  Legiflator ;  but  when  they  are  affigned,  tbej 
ihould  be  founded  on  evident  Principles. 

vir 
Comiufion.  5^^.^  j^  ^^^  f\^^  ^f  jj^^  Syftem  of  the  Moral  World,  where  the  In- 
habitants of  this  Earth  are  confidered  in  their  real  State,  and  under  al 
the  Relations  of  w|iich  they  are  fufceptible ;  the  moral  Philofephcr 
without  dwelling  on  mere  fpeculative  and  abftraft  Truths,  in  pointiiig 
out  the  Duties  of  Man,  and  the  Means  of  obliging  him  to  difcharge 
them,  has  lefs  in  View  the  metaphifical  Perfection  of  the  Laws,  thai 
what  human  Nature  will  admit  ot ;  the  Laws  that  are  exifttng,  thaa 
tho(e  which  ihould  be  eilabliihed  ;  and  as  a  Citizen  of  the  World  coo- 
fined  to  no  Nation  or  Climate ;  he  makes  the  Laws  of  a  particidar 
People  lefs  the  Objed  of  his  Refearch,  than  thofe  of  all  the  People  of 
the  Univerfe. 

FLAN    of  the  Military  Jlrtj   including  the  InfiruBiimt   reUthe  U 
Engineers f   Gentlemen  of  the  Artillery,    and  in  general  to  alt  Lmd- 

Officer!. 


S' 


fntenti  expe^ant  Signunif  exultantiaque  baurif 
Corda  pavor  pulfans,  Laudumque  arre^a  Cupido. 
I. 
I  N  C  E    the  Revolution  which  the  Invention  of  Gunpovrder  has 
produced  in  Europcy  but  above  all,  iince  Philofophy  bom  to  conible 
Mankind,  and  to  make  them  happy,  has  been  forced  to  lend  its  Light  to 
teach  Nations   how  to  dcilroy  one  another,   the  Art  of  War  forms  a 
Science  as  vail  as  it  is  complicated,    compofed  of  the  AfTemblage  of  a 
great  Number  of  Sciences  united  and  conneded  together^  lending  each 
other  mutual  AiTiilance,  and  which  the  Youth  of  this  Country  who  ait 
intended  for  the  the  Military  State,  could  never  acquire  but  in  a  Military 
School,  eilabliihed  bv  public  Authority,  and  conduced  by  a  Man  of  fo- 
perior  Talents  and  Abilities. 

II. 
There  the  young  Officers  are  iiril  brought  acqutmtcd  with  Algetm 
Maihemt-     and  Geometry,  elementary,    tranfcendental  and  fuMin>e,  to  teach  them 
*'^^'  the  general  Properties  of  Magnitude  and  Extention  ;    how  to  calculate 

the  Relations  of  their  diflFerent  Parts ;  how  to  apply  them  for  determin- 
ing acceifible  and   inacceifible  Angles  and  Diilances,  tracing  of  Camps, 


ticks 
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furveying  of  Land,  drawing  of  Charts,  cubing  the  Works  of  Fortifi- 
cations, i:}c.  and  to  infufe  into  them  that  Spirit  of  Combination,  which 
is  the  Foundation  of  ail  Arts,  where  Imagination  does  not  predominate, 
as  neceflary  to  the  Military  Gentleman  as  to  the  Aftronoraer,  vhich 
has  formed  Turehm  and  Cabornt  as  Archimedes  and  Newton. 

in. 
Thefe  abftraCt  Notions  ferve  as  an  IntroduSion  for  attaining  the  Art 
which  teacheth  the  Properties  of   Motion,    to  meafure  the  Times  and  Mccmickt 
Spaces,  to  calculate  the  Velocities,  and  to  determine  the  Laws  of  Gravi-  andDyaa* 
ty^  to  command  the  Elements  by  which  we  fubfift,    whofe  Forces  it  *'"*^^»' 
teaches  to  fubdue,  and  learns  how  to  employ  all  that  is  at  our  Reach  in 
Nature,  in  the  moft  advantageous  Manner,  either  to  aflift  us  in  our  En- 
tcrprizes,  by  fupplying  our  Weaknefs,  or  to  fatisfy  our  Wants,  and  pro- 
cure, us  all  Kind  of  Cbnveniencies. 

IV. 

They  are  taught  the  Application  of  this  admirable  Art,   more  partl- 
calarly  for  regulating  the  Dimenfions  which  fuit  the  Linings  of   the  Military  Ar*- 
Works  of  Fortification,  that  they  may  refift  the  Preffure  of  the  Earth,  chitefturc, 
-which  they  are  to  fuftain,.  by  determining  the  Law  according  to  which 
this  Preffure  aSs.      For  eftimating  the  Refinance  that  Counterforts  are 
capable  of,   according  to  their  Length,,  Thicknefs,.  and  their  Dlfiances 
from  one  another,  for  calculating  how  the  Efforts  of  Vaults  ad,  in  order 
to  deduce  general  Rules  for  determining  their  Thicknefs,  according  to 
the  Forms  that  are  to  be  given  them.  in.  the  different  Ufes  that  are  made 
of  ihem  in  Fortification,  either  for  Subterraneans,  City-Gates,   Maga- 
xeens  of  Powder^  iS<u  for  afligning  the  Form  of  Bridges,  relative  to  the 
fpreadingof  the  Arches,  determining  the  Strefs  and  Strength  of  Timber, 
the  Proportions  of  the  Parts  of  Works,    that  they  may  have  an  equal 
relative  Strength  with  refpefl:  to  the  Models,    according  to  which  they 
are  executed- in  large  Dimenfions^ 

v. 

Then  is  unfolded  the  Theory  of  the  Force  and  Afiion  of  Gunpowder, 
as  it  ferves  to  regulate  the  Proportions  of  Cannons,  Mortars,  Guns,  Wr.  B^juftjc. 
that  of  elaftic  Fluids,  as  it  teacheth  to  determine  the  a£hial  Degree  of 
the  Refiftance  of  the  Air  to  Shells  and  Bullets,,  and   to  aflign  the  real 
Tra&defcribed  by  thofe  millitary  Projeftiles*. 

VI. 

Then  theUfe  that  can  be' made  of  the  Dilatation  and  Condenfation  of 
the  Air,  as  of  the  Force  that  its  Spring  acquires  by  Heat,  to  move  Ma-  Pnumaticks. . 
chines,  is  explained,  by  Ihewing  the  EffeSs  of  Pumps,  defcribing  the 
Properties  of  all  the  Kinds  that  have  hitherto  been  invented  ;  pointing 
out  their  Defeds  and  Advantages ;  to  what  Degree  of  Perfection  they 
can  be  brought;   determining  the  moft  advantageous  Proportions  and. 
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Forms  of  their  Parts,  and  of  all  the  Machines  contrived  to  make  them 
move,  either  of  thofe  intended  for  the  Ufe  of  private  Pcrfons,  for  cx- 
ttnguilhing  Fires,  for  fupplying  public  Fountains,  &c.  unfolding  the 
ConftruSion  of  all  thofe  that  have  been- hitherto  executed  in  the  different 
Paris  of  Europe,  which  are  put  in  Motion  either  by  Animals^  by  the 
Courfe  of  Rivci-s,  by  the  Force  of  Fire,  explaining  how  this  Agent, 
the  moft  powerful  in  Nature,  has  been  matiaged  with  the  greateft  Art ; 
afterwards  is  fhcwn  how  to  calculate  the  Force  of  the  Wind,  the  Advan- 
tages that  can  be  drawn  from  it,  for  draining  an  aquatic  or  maracageons 
Land,  or  to  water  a  dry  Ground ;  exemplified  by  what  has  been  pradifed 
in  the  diflFerent  Parts  of  Eur^jpe  in  this  Way. 

VII. 

The  Art  of  conduSing,  raifing,  and  managing  Water,  is  next  dif- 
clofed  ;  it  is  (hewn  how  to  raife  Water  above  the  Lcvd  of  its  Source 
by  Means  of  its  Gravity,  without  making  Ufe  of  the  Parts  which  enter 
Hydriulicks  j^fo  t^g  ordinary  Compofition  of  ^  Machines ;  how  to  difcover  by 
Calculation,  if  a  Water  of  a  given  Source^  or  raifed  to  a  given 
Height,  by  any  Machine,  can  attain  to  a  given  Place,  either  by  Tren- 
ches, AqueduSs,  or  Pipes ;  how  to  coil(&ua  Bafons,  Water-Houfes, 
and  Cifterns  to  preferve  it ;  how  to  diftribute  it  through  the  diiFerent 
Parts  of  a  City,  determining  the  moft  advantageous  Dimenfions  and 
Difpofitions  of  the  Conduits,  and  defcribing  the  moft  ufeful  and  inge- 
nious hitherto  executed. 

As  nothing  is  more  agreeable  to  the  Sight  than  Water- Works,  the 
Manner  of  laying  them  out,  and  the  Conftrudion  of  the  Machines 
imagined  to  raife  the  Water  into  the  Refervoirs,  which  are  the  Soul  of 
all  thofe  Operations,  are  unfolded,  in  order  that  the  Engineer  may  be 
able  to  point  Out  to  thofe  who  are  v^rilling  to  embelUfli  their  GardenSf 
-  what  fuits  them  as  to  the)  Expence  they  are  willing  to  be  at,  or  the 
Situation  of  the  Place ;  and  that  the  Officer  may  be  able  to  judge  of  the 
Beauty  of  ObjeQsxjf  this  Kind. 

Water,  being  of  all  Agents,  that  from  which  the  greateft  Advantage 
can  be  drawn  for  animating  Machines,  it  is  fhewn  how  to  apply  it  to 
the  Wheels  of  the  different  Kinds  of  Mills ;  what  Velocity  they  Ihoald 
have  relative  to  the  Current  which  moves  them,  in  order  that  the  Ma- 
chines may  be  capable  of  the  greateft  Effeft  ;  entering  into  the  Detail 
of  all  their  different  Species;  calculating  the  Force  neceffary  to  put 
them  in  Motion  ;  the  Effefts  they  are  capable  of,  by  Calculations,  com- 
prehending the  Friaion  of  their  Parts,  and  the  other  Accidents  infepe- 
rable  from  PraSice  ;  determining  when  they  aft  upon  inclined  Planes^ 
the  Angle  they  ftxould  form  with  the  Horizon.  In  fine,  comparing  fuch 
Machines  as  are  contrived  for  the  fame  Purpofc,  in  order .  to  difcover 
which  are  to  be  preferred>  according  to  the  local  Circumftances  and 
Convenicncies  for  their  Execution. 
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VIll. 

The  Art  of  rendering  Works  capable  of  reiifting  the  violent  or  flow  Hydnulick 
Adion  of  Water,  prefents  itfelf  next ;    the  various  Machines  made  ufe  Afchkec- 
of  in  draining^  and  of  finking  Piles,  is  defcribed  ;  then  all  that  concerns  ^*^' 
Che  Conftrudion  of  Sluices,  as  alfo  the  Manner  of  employing  them, 
according  to  the  different  Ufes  to  which  they  are  applied,  either  in  level- 
ling the  Canals  of  Navigation ;  draining  ot  Marfhes  \  rendering  Rivers 
navigable ;  forming  artificial  Inundations  ;  making  of  Harbours,  i^c. 

IX. 

In  order  to  render  thofe  Refearches  of  real  Ufe  to  the  young  Officers,  Draiightio{. 
they  are  initiated  in  the  Art  of  delineating  Objeds,  as  it  teacheth  how  to 
reprefent  all  the  Parts  of  Works  already  conftrudrd,  or  that  arc  intended 
to  be  conftnided  by  Plans  of  them  taken  parallel  to  the  Horizon,  which 
ihew  the  Diftribution  of  all  their  Parts,  their  Dimenfions,  Wr.  by  Pro- 
files or  Cuts  of  them  taken  perpendicular  to  the  Horizon,  which  ihew 
the  Heights,  Situations,  i^c,  of  all  the  Parts,  by  Plans  of  Elevation,  or 
Cuts  of  the  exterior  Parts  of  the  Work ;  in  fine,  by  perfpeSive  Plans  or 
Cuts,  which  reprefent  the  Objed  as  feen  at  a  certain  Diftance,  which 
ivill  enable  them  to  judge  of  the  EffeSt  that  all  the  Parts  together  pro* 
dttce. 

X. 

Thcfe  Studies  prepare  the  young  Officers  for  attaining  to  a  Profici-  Attack  and 
cncy  in  the  Art  of  defending  and  attacking,  which  comprehend  the  Me-  I><f«cc. 
thod  of  fortifying  regular  Poligons,  according  to  the  difl^erent  Syftems, 
fliewing  their  Advantages  with  regard  to  the  local  Circumftances,  and 
how  far  they  have  been  foHowed  with  Succefs  in  the  Fortifications  of  the 
moft  celebrated  Towns  in  Europe  \  the  ConftruQion  and  Difpofition  of 
Batteries>  the  Management  of  Artillery,  the  pointing  of  Mortars  and 
Cannon,  the  conducing  of  Trenches,  the  Manner  of  diftributing  the 
Afferent  Stages  of  Mines^  the  Form  of  their  Excavation,  the  Range- 
ment  of  the  Chambers,  the  beft  contrived  for  the  huibanding  the  Ground 
and  the  Annoyance  of  the  Enemy,  the  Conftruftion  of  Lines  and  the 
Menfuration  of  their  Parts,  the  tracing  of  Camps,  entrenched  or  not 
entrenched,  in  even  or  uneven  Ground,  the  tracing  of  the  Camps  of 
Armies  which  befiege,  included  in  Lines  of  Circumvallation  and  Contra-* 
vallation,  the  Attack  of  a  regular  or  irregular  fortified  Place,  fituated  in 
an  equal  or  an  unequal  Ground,  exemplified  by  the  Plans  of  the  moft 
celebrated  Sieges,  joining  Theory  to  Praftice,  negle€bing  not  one  Detail 
that  may  be  of  Importance.  All  thefe  Operations  being  made  in  large 
Dimenfions,  and  a  Front  of  Fortification  being  raifed  accompanied  with 
the  other  detached  Works  to  be  attacked  and  defended  as  in  a  real 
Aaion. 
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XI. 

Geography.  Geography,  as  an  Introduftion  to  Hiftory,  is  ufefui  to  all  Perfons, 
but  the  Profeflion  for  which  Youth  is  intended  (hould  decide  of  the 
Manner  more  or  lefs  extenfive,  it  is  to  be  taught ;  the  young  Officers 
(hould  have  an  exa£t  Knowledge  of  the  Countries  which  are  commonly 
the  Theatre  of  War,  they  are  therefore  inftruded  in  Topography  in 
the  greateft  Detail,  employing  the  Method  of  refering  to  the  different 
Places,  the  PaflTages  in  Hiftory  which  may  render  it  remarkable,  prefer- 
ing  military  Fads  to  all  others ;  by  this  Means  their  Notions  are  ren- 
dered more  fixed,  and  their  Memories  though  more  burthenedy  will 
become  ftronger. 

XII. 


Hiftory. 


Tactick*. 


Order  of  the 
Studicf, 


The  Life  of  Man  is  infufEcient  to  ftudy  Hiftory  in  Detail,  the  Man- 
ner of  teaching  it  fhould  therefore  be  adapted  to  the  State  of  Life  for 
which  Youth  is  intended :  Thofe  who  are  deftined  for  the  Law,  ihoukl 
be  taught  it,  as  it  ferves  to  difcover  the  Spirit  and  Syftem  of  the  Laws 
of  which  they  will  one  Day  be  the  Difpenfers ;  thofe  who  are  intended 
for  the  Church,  as  it  relates  to  Religion  and  the  ecclefiaftical  Difcipline; 
the  young  Officers  are  taught  it,  as  they  may  draw  Inftrudion  from  the 
military  Details,  as  it  furnifhes  Examples  of  Virtue,  Courage,  Prudence, 
Greatnefs  of  Soul,  Attachment  to  their  Country  and  Sovereign ;  they 
are  made  to  remark  in  Antient  Hiftory  that  admirable  Difcipline,  that 
Subordination  which  rendered  a  fmall  Number  of  Men  the  Mafters  of 
the  World ;  they  are  taught  how  to  gather  from  the  Hiftory  of  their 
own  Country,  fo  necefTary  and  fp  negleSed,  the  prefent  State  of  AiFairs, 
the  Rights  of  their  King  and  Country,  the  Intereft  of  other  Countries 
and  Sovereigns^  &c. 

XIII. 

The  Theory  and  PraSice  of  the  different  Parts  of  the  Military  Scr* 
vice  being  necefTary  to  all  Officers,  they  are  inftruded  in  what  regards 
the  Service  of  Camps,  the  Service  of  Towns,  Reviews,  ArmamentSf 
Equipments,  &c.  As  to  military  Exercifes,,  and  Evolutions,  all  who 
are  acquainted  with  the  adual  State  of  military  Affairs,  know  how 
necefTary  it  is  to  have  a  great  Number  of  Officers  fufficienily  inftnided 
in  the  Art  of  exercifing  Troops ;  it  is  manifeft  that  a  continual  Pradice 
is  the  fureft  Means  to  attain  to  a  Proficiency  in  this  Art ;  the  young  Of- 
ficers therefore  are  taught  the  Management  of  Arms,  and  trained  up  to 
the  different  Evolutions,  which  one  Day  they  will  make  others  execute^ 

-xrv. 

The  Order  that  Is  followed  in  the  Employ  of  the  Day  is  fuch,  that 
the  Variety  and  Succeffion  of  Objefts  may  ferve  as  a  Recreation, 
which  is  the  moft  infallible  Means  to  haften  InftruSion.  The  LefTons 
of  Algebra,  Geometry,  Mechanicks,  Hidroftaticks,  Hydraulicks,  Geo- 
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graphyi  Hiftory,  &c.  are  firll  given>  and  thofe  on  the  various  Branches 
of  Drawing  fucceed. 

XV. 

As  Youth  is  liable  to  take  a  Difguft  againft  abftraS  Knowled/re,  when  p  .-.  ?! 
its  Application  is  not  rendered  fenfible,  the  Teachers  of  M:.hciiiat.,{c.3  c-.-.-n^. 
and  Drawing  frequently  put  in  Praftice  in  the  Field,  the  Mathen^aiical, 
Mechanical^  Src,  Operations  which  are  fufccptiblc,  and  which  have 
been  already  dehneated  on  Paper,  Defign  at  fight,  Views,  Lanciicapcs, 
&c.  this  Method  has  the  Advantage  of  procuiing  the  Pup'lr,  an  Anni  e- 
mcnt  which  inftruQs  them,  and  rendering  palpable  the  Trrnh^  il-at  l:ave 
been  prefented  them,  it  infpires  ihem  at  the  fame  Time  with  a  Dcfire  of 
learning  new  ones,  and  making  them  execute  after  Nature  agreeable 
Operations,  it  is  a  fure  Means  of  forming  their  Tafte. 

XVI.  ' 

As  the  Inequality  of  Ages  and  Genius,  and  even  of  the  good  and 
bad  Difpofitions  of  the  Pupils,  caufe  a  great  Difference,  the  State  of 
the  Examination  is  divided  into  three  Claffes.  In  the  firft  are  thofe  who 
diftinguifli  themfelves  the  moft  by  their  Application ;  in  the  fecond  are 
comprifed  thofe  who  do  their  bed  ;  the  third  comprehends  thofe  from 
whom  little  is  expefited.  This  State  is  laid  before  the  Society,  in  order 
that  it  may  have  an  exaft  Knowledge  of  the  Progrefs  of  each. 

XVII. 

Such  are  the  Means,  my  brave  Countrymen,  which  the  DUBLIN 
SOCIETY  have  purfuant  to  their  Refolution  of  the  4th  of  February, 
1768,  procured  you,  to  enable  you  to  ftudy  with  Succefs,  how  to  efta- 
blifli  a  Concert  and  an  Harmony  of  Motion  amongft  thofe  vaft  Bodies 
ftiled  Armies ;  how  to  combine  all  the  Springs  which  ought  to  concur  to- 
gether; how  to  calculate  the  Adivity  of  Forces,  and  the  Time  of  Exe- 
cution ;  how  to  take  away  from  Fortune  her  Affendant,  and  to  enchain 
her  by  Prudence ;  how  to  feize  on  Pofts^  and  to  defend  them  ;  how  to 
profit  of  the  Ground,  and  take  away  from  the  Enemy  the  Advantage  of 
theirs ;  not  to  be  dejed:ed  by  Dangers,  nor  elated  by  Succefs ;  how  to 
retire,  change  the  Plan  of  (Operation ;  how  in  the  Glance  of  an  Eye  to 
Form  the  moft  deciffive  Refolutions ;  how  to  feize  with  Tranquility  the 
rapid  Inftants  which  decide  ViSories,  draw  Advantages  from  the  Faults 
of  the  Enemy ;  commit  none,  or  what  is  greater,  repair  them,  in  which 
confifts  the  Art  of  War. 
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PLAN    of  the  Mercantile  ArtSf   including  the  Injlr unions  rekuhe  /• 
tbofe  who  are  intended  for  Trade. 

Docuit  qua  maximus  Atlas. 
I. 

WISE  Regulations  and  well  concerted  Encouragements  will  con- 
tribute very  little  to  promote  Trade,  unlefs  they  be  rendered 
practicable,  operative,  and  ufeful,  by  the  Skill  andAddrefs  of  the  judi- 
cious and  induftrious  Trader ;  it  is  he  who  employs  the  Poor,  rewank 
the  Ingenious,  encourages  the  InduArious,  interchanges  the  Produce  and 
Manufadures  of  one  Country  for  thofe  of  another,  binds  and  links  to- 
gether in  one  Chane  of  Intereft,  the  Univerfality  of  the  human  Species 
and  thus  becomes  a  BleiTmg  to  Mankind,  a  Credit  to  his  Country,  a 
Source  of  Affluence  to  all  around  him,  his  Family,  and  himfelf.  Tbe 
Extent  of  Knowledge  and  Abilities  notwithftanding,  requtdte  to  fit 
Youth  for  fo  great  and  valuable  Purpofes,  have  not  been  attended  to  in 
this  Country,  and  thofe  of  the  commercial  Profeflion  have  laboured 
under  the  fame  Difadvantages  in  Point  of  Education,  as  the  different 
Claffes  of  Men  we  have  already  fpoke  of. 

A  Number  of  Years  are  fpent  and  frequently  loft  in  drudging  through 
the  common  Forms  of  a  Grammer  School,  where  Youth  are  obliged 
to  learn  what  is  dark  and  difficult,  and  what  muft  afterwards  coft  them 
much  Pains  to  unlearn,  and  if  long  purfued  muft  in  the  End  retard  the 
quickeft  Parts,  and  go  near  to  cclipfe  the  brighteft  Genius ;  wfailft  on 
the  contrary,  if  the  Grammar  School  Studies  were  properly  dii^ed 
and  carefully  purfued,  they  would  learn  to  pafs  a  proper  Judgment 
on  what  they  read,  with  regard  to  Language,  Thoughts,  Refledioosr 
Principles,  and  Fads,  to  admire  and  imitate  the  Solid  more  than  the 
Bright,  the  True  more  than  the  Marvellous,  the  perfonal  Merit  and  good 
Senfe  more  than  the  external  and  adventitious ;  their  Tafte  for  Writing 
and  Living  might  be  in  fome  Meafure  formed,  their  Judgment  re€Hfied, 
the  firft  Principles  of  Honour  and  Equity  inflillcd,  the  Love  of  Virtue 
and  Abhorrence  of  Vice  excited  in  their  Minds :  juare  ergo  lih^raiihu 
Studiis  Filios  erudimus  f  non  quia  Virtutem  dare  pofjunt^  Jed  quim  Animum 
ad  accipiendam  Virtutem  praparant,  quemadmedum  prima  ilia  ut  Antiqui 
vocabantt  Literatura^  per  quam  Pueris  Elementa  traduntur^  non  decet  JOe-- 
rales  Artes,  fed  mox  percipiendis  Locum  par  at  y  Jic  liberates  Artes  n^n  ter^ 
ducunt  Attimum  ad  Virtutem^  fed  expediunt. 

III. 

At  a  certain  Age,  not  after  certain  Acquifitions,  a  Mafter  of  Mathe* 
maticks  is  looked  out  for,  and  in  this  Cafe  great  Pretentions,  attefted  by 
his  own  Word,  and  low  Prices,  are  fufEcient  Credentials  to  recommend 
him,  although  neither  the  Teacher  nor  the  Student  reap  much  Advan- 
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tmge  from  it.    When  the  Round  of  this  Teacher^s  Form  is  once  finiih* 
cd»  the  Student  is  then  turned  over  to  the  Compting-Houfey  where  he 
is  employed  during  the  Time  of  his  Apprenticefliip,  in  copying  Letters^ 
going  of  Meflagesy  and  waiting  on  the  Poll-Oilice.    The  Mafterj  though 
he   hath  Talents   for   communtcatingf   hath  not  Time   for  attending 
to  the  Inftmdion  of  an  Apprentice,   who,   on  the  other  Hand,    hath 
been  fo  little  accuftomed  to  think,  that  this  Improvement  by  Self-Ap« 
plication  will  be  very  inconfiderable,  befides  his  Time  of  Life,   and 
conftant  Habit  of  Indulgence*   render   him  more   fufceptible  of  plea* 
furable  hnipm&oos,    than  of  Improvement  in  Bufinefs)  the  more  efpe- 
cially  when  he  was  not  previoufly  prepared  to  underftand  it ;   where- 
fore it  is  not  at  all  furprifing,  if  many>  who  having  no  Foundation  in 
Knowledge  to  qualify  them  for  the  Compting-Houfe,  profit  little  from 
the  Expence  and  Time  of  an  Apprenticeihip,  and  from  feeing  Bufinefs 
conduced  with  all  the  Skill  and  Addrefs  of  the  moft  accomplcftied  Mer- 
cl^nt :     The  Confequence  muft  no  Doubt*  be  fatal  to  Numbers,  and 
the  public  Intereft,  as  well  as  private,  muft  fuflfer  greatly  by  every  In- 
.^ance  of  this  Nature.    It  is  true*. that  there  have  been*  and  ftill  are,. 
Gentlemen*  who*  deftitute  of  all  previous  mercantile  Inftrudion*  with- 
out Money,  and  without  Frieods*  by  the  uncommon  Strength  of  natural 
Abilities*  fupported  only  by  their  own  indefatigable  Induftry  and  Appli- 
.cation*  and  perhaps  favoured  with  an  extraordinary  Series  of  fortunate 
Events*  have  acquired  great  Eftates-;   but  fuch  Inftances  are  rare*  and  > 
rather  to  he  admired  than  imitated ;   for  we  fee  many  fet  out  with  large 
Capitals*  who  have  flione  in  the  commercial  World  while  their  Capitals  • 
lafted,  as  Meteors  do  in  the  natural,  but  like  them*  foon  deftroyed  them- 
ielves,  and  involved  in  their  Ruin  all  fuch  who  were  fo  unhappy  as  to 
be  within  the  Sphere  of  their  Influence.     Novitnus  Novitios,  qui  cum  Je 
Mercatune  vix  dtderuntj  in  magnis  Mercimoniis  fe  implicantesj  Rem  fuam 
fuale  giffijf^  ;  '^  profe^o  imperitos  Mercatoret^  multis  Captionibus  fuppofttosy. 
wuiltisque  infidiis  expojitot  experientia  videmut. 

iv^ 
Commerce  is  not  a  Game  of  Chance,  but  a  Science*  in  which  he  who  EfhbUfli. 
is  moft  fleilled  bids  faireft  for  Succefs*  whereas  the  Man  who  (hoots  at  "^"ji.j^^t.ij. 
Random,  and  leaves  the  Direftion  to  Fortune*  may  go  miferably  wide  School, 
of  the  Mark;  of  which  the  People  of  this  Country  at  length  made  fenfible* 
have  come  to  the  Refolution  of  no  longer  trufting  the  future  Profpeds 
of  their  Children  in  the  World  to  a  Foundation  fo  weak  and  uncertain : 
but  fetting  a  proper  Value  on  Education,  are  determined  to  be  as  careful 
in  having  the  Minds  of  their  Children  adorned  with  Virtue  and  good 
Senfe*  as  they  are  in  fetting  ofF  what  relates  to  their  Bodies.     A  School  is 
^refiked  in  this  Kingdom  for  training  up  Youth  to  Bufinefs*  where  every 
Mafterhas  a  Salary  proportioned  to  the  Difficulty  of  his  Department ; 
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The  mod  intelligent  Traders  being  appointed  the  Soperintendants  of  thb 
School>  who  take  Care  that  none  be  admitted  whofe  Parts  are 
not  previoufly  enquired  into,  and  whofe  Genius  is  not,  in  ibaie 
Meaiure,  turned  to  a&  with  Dignity  in  the  mercantile  Profcffion; 
who  enquire  often  into  the  Morals  and  Proficiency  of  the  StudentSy 
converfe  frequently  with  the  Mafters  on  the  Subjed  of  Trade,  and  ad* 
*mit  the  Students  according  to  their  Seniority  in  Letters  to  fuch  Conver- 
fations ;  and  in  fhort,  take  every  other  Method  of  encouraging  Maften 
and  Students  to  Induftry  and  Attention,  that  they  may  go  through  the 
tedious  and  difficult  Talk  with  Alacrity  and  Spirit.  That  by  thefe  Means* 
our  Youth  may  be  long  acquainted  with  the  Arts  of  gaining,  before 
they  learn  to  fpend  Money ;  they  may  not  be  grown  old  in  De* 
bauchery  and  Riot  before  they  are  initiated  into  Bufmefs,  and  wt 
may  foon  fee  a  Spirit  of  Induftry,  Knowledge,  Humanity,  and  good 
Senfe,  difFufe  itfelf  among  all  Ranks  and  Denominations,  wbilft  Idleneii 
and  Folly,  with  all  their  mifchiveous  Train«  may  be  baniihed  our  Streets. 

V. 

In  this  School  the  young  Merchant  is  (irft  brought  acquainted  witk 
Arithmetick,  numeral  and  fpecious,  which  of  all  other  Skiences  is  die 
moft  neceffary  to  the  mercantile  Profeflion,  the  Teaching  of  which  re- 
quires much  Skill  and  Knowledge.  Before  it  is  applied  to  Computa- 
tions in  Bufmefs,  every  Rule  is  ftated,  exemplified,  and  illuftrated, 
in  an  eafy  intelligible  Manner,  and  the  Examples  fo  multiplied  and  di- 
verfified>  that  the  Learner  may  be  thoroughly  grounded,  and  have  Rea* 
fon  always  ready  for  what  he  does  :  All  the  various  Compendiums  which 
ferve  to  abreviate  Operations  are  diilindly  (hewn  and  demonflrated : 
That  Facility  and  Difpatch  may  be  equally  familiar.  Theory  then  k 
reduced  to  Praftice,  in  all  the  Cafes  which  can  occur  to  the  Merchant* 
•the  Banker,  the  Cuilom-Houfe,  and  Infurance-Office,  to  which  every 
.Obfervation  relative  to  Infurance,  Fadorage,  Exchange,  and  fuch  other 
Branches  of  Bufmefs  are  joined,  which  ferve  to  illuftrate  the  Ufe  of  the 
different  Examples.  This  not  only  forms  the  Mind  of  the  young 
Merchant  to  Bufinefs,  but  when  he  comes  to  ad  for  himfelf,  will  pre- 
vent many  tedious  and  expenfive  Suits,  which  an  Ignorance  in  the  prac- 
tical Arts  of  negociating  them  is  frequently  apt  to  create. 

He  is  then  initiated  in  Geometry,  elementary,  tranfcendental,  and 
fublime,  which  of  all  other  Studies,  contribute  moft  to  invigorate  the 
Mind,  to  free  it  from  Prejudices,  Credulity,  Superftition,  and  to  ac- 
cuftom  it  to  Attention  and  demonftrative  Rcafoning :  The  Theory  is 
reduced  to  PraSicc  in  the  Menfuration  of  Surfaces  and  SoHds,  Heights 
and  Diftances,  and  in  conftruding  the  Inftruments  he  hath  Occafion  to 
ufe  in  laying  down  Plans  and  Maps  of  Countries,  felling  Land  by  Mea- 
fure,  afcertaining  the  Price  of  Labour,  and  determining  the  Quantity 
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of  Liquors>  for  regulating  of  their  Price  and  Duty,  &c.  feme  Proficien* 
cy  in  the  different  Branches  of  Drawing  enables  him  to  carry  into  Ex- 
ccotion  thefe  pra&ical  Operations. 

VI. 

The  young  Merchant  is  inftruded  in  the  Ufe  of  the  Globes,  Maps,  Geography 
&c.  and  brought  acquainted  with  the  Situation,  Extent,  Produce,  Ma-  »n<lHiftory 
nufadures.  Commerce,  Ports,.  Policies,  and  Regulations  with  refped  to 
Trade  of  all  the  Nations  in  the  World ;  how  the  feveral  Parts  of  the 
"World  are  conneded  together  id  their  mutual  Intercourfe  of  Commerce, 
how  the  Redundancies  of  one  Country  fupplies  the  Wants  of  another,  in 
vrhat  Articles  the  Markets  are  fcarce,  and  in  what  they  are  overftocked, 
to.  enable  him  at  all  Times  to  forefee  when  any  Branch  of  Trade  in 
ivhich  he  is  concerned  is  likely  to.  be  (lagnated,  and  to  take  his  Meafures 
accordingly  for  preventing  the  bad  Confequences ;  the  national  Com- 
snerce  in  general^  the  Trade  of  the  Place  where  he  lives>  the  Laws, 
Cufloms^aad  Ufuages  relative  to  the  Bufmefs  of  the  Merchant,  the 
Penalties  to  which  he  is  liable,  and  the  Privileges  to  which  he  is  intitled ; 
the  Duties,  Impofts,  and  other  Charges,  laid  upon  the  Produce  of  thofe 
Iflands  ^n  other  Countries,  with  all  the  known  Maxims  that  relate  to  the 
Profperity  of  Trade,  open  alfo  a  wide  Field  for  Improvement  in  Matters 
of  real  life. 

vii; 

Naval  Architcaure  teaches  the  young  Merchant  the  principal  Parts  of  Navigftion. 
the  VefTel  and*  their  Proportions,  the  Dimeniions  of  her  Bottom,  the 
Curvature  of  her  Flanks,  the  Sally  of  her  Stem,  &c.  how  to  form  the 
Plan  of  a  Ship,  how  todifcover  by  Calculation  whether  the  VefTel  con- 
ftriid:ed  according  to  the  Device,  will  have  the  Qualities  requifite  to  her 
Deflinatton,  whether  the  Weight  is  proportioned  tothe  Solidity  of  her 
Bottom,  her  Stability  to  the  Quantity  of  Sail  (he  is  to  carry,  the  Rapi- 
dity of  her  Motion  to  her  Capacity  :  the  Method  of  gauging  Veffels, 
how  to  regulate  the  Duties  on  Anchorage,  and  other  Duties  of  the 
fame  Species,  &c. 

The  young  Merchant  is  alfo  brought  acquainted  with  the  Ufe  of  the 
Sea  Compafs,  the  Conflrudiion  and  Ufe  of  Sea  Charts,  the  Principle? 
of  Aflronomy  applied  for  finding  the  Latitude,  the  Variation  of  the 
Compafs  and  Longitude  at  Sea ;  in  fine  the  Manner  of  folving  the  dif- 
ferent Problems  relative  to  Navigation  by  graphical  Operations  and 
Calculation. 

vin. 

It  will  be  of  little  Confequence  to  have  the  Underflanding  improved,  Moral  Phi* 
if  the  Heart  be  totally  neglcaed  ;  Man  was  made  by  Nature  for  Society,  *®^^^y* 
but  the  Merchant  both  by  Nature  and  PraSice  :    The  young  Merchant 
16  therefore  taught  the  Nature  and  Effence  of  Good,  its  Principles,  Pow* 
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ers,  and  EffeSs,  how  to  blend  Self-Love  with  Benevolencey  to  mode- 
rate his  Paflions*  to  fubjed  all  his  ASions  to  the  Teft  of  ReafoDy  and 
that  it  is  his  Duty  and  Intereft  to  found  all  his  Dealing  on  Inregrity  and 
Honour,  as  he  that  accuftoms  himfclf  to  unfair  Dealing  will,  by  De^ 
grces,  be  reconcilled  to  every  Species  of  Fraud>  till  Ruin  and  Infamy 
become  the  CJonfequence. 

The  Principle  of  Law  and  Government  likcwifc  conflitute  a  Part  of 
the  mercantile  Plan  of  Inftruftion,  by  which  they  learn  to  whom  Obe- 
dience is  due,  for  what  it  is  paid,  and  in  what  Degree  it  may  juftly  be 
required ;  and  to  give  proper  Inftnidions  to  their  Reprefentatives  m 
the  great  Council  of  the  Nation  when  they  are  deliberating  on  any  Aft 
which  may  be  detrimental  to  the  Intereft  of  the  Community  with  refpeA 
to  Commerce,  or  any  other  Privilege  whatfocver. 

!«. 

The  Study  of  Compofition  not  only  teaches  but  accuftoms  the  youig 
Compofi-     Merchant  to  range  his  Thoughts,  Arguments,  and  Proofs,  in  a  proper  Or* 
'  der,  and  to  cloath  them  in  that  Drefs,  wliich  Circumftances  render  moft 

natural ;  by  this  Means  he  is  not  only  enabled  to  read  the  Works  of 
the  beft  Authors  witn  Tafte  and  Propriety,  to  obfervc  the  Etegancx^ 
Juftnefs,  Force,  and  Dtltcacy  of  the  Turns  and  Expreflions,  and  ftil 
more  the  Truth  and  Solidity  of  the  Thoughts ;  hereby  will  the  Connec- 
tion, Difpofition,  Force,  and  Gradation  of  the  difierent  Proofs  ctf  a 
Difcourfc  be  obvious  and  familiar  to  him,  while  at  the  fame  Time  he  b 
led  by  Degrees  to  fpeak  and  write  with  Freedom  and  Elegance,  vrhkfa 
win  infalliably  raife  the  Opinion  of  the  young  Merchant  id  the  Ejre  of 
his  Correfpondents,  and  of  the  Public. 

X. 

itxA-Kccp-     A  Merchant  ought  to  know  upon  allOccafions  what  is  in  his  Power  te 
*Dg'  do  without  cmbarrafing  himfelf,  and  have  fuch  an  Idea  of  his  DealingSf 

and  thofe  with  whom  he  deals,  that  his  Speculations  may  be  always  with- 
in his  Sphere,  Jo  effeS  which  the  Method  of  arranging  and  adjtiftiDg 
Merchants  Tranfa£iions  is,  like  other  Sciences,  communicated  in  a  rati- 
onal and  demonftrative  Manner,  and  not  mechanically  by  Rules  depend- 
ing on  the  Memory  alone.  The  Principles  upon  which  the  Science  it 
founded  is  likewife  reduced  to  Praftice  by  proper  Examples  in  foreign 
and  domeftic  Tranfaftions,  fbch  as  Buyrag  and  Selling,  Importing,  Ex- 
porting, for  proper  'Company,  and  Commiffion,  Account,  Drawing, 
and  Remitting  too,  freighting  and  hiring  Veffels  for  different  Parts  of 
the  World,  making  Infurances  and  Under* writing,  and  the  various  other 
Articles  that  may  be  fuppoficd  to  diverfify  the  Bnfinefs  of  the  pra£HcaI 
Compting-Houfe.  The  Nature  of  aW  thofe  Tranfaftions,  and  the  Man- 
ner of  ncgociafing  them,  arc  particularly  explained  as  thcry  occur,  the 
Forms  of  Invoices  and  Bifls  of   Sales,  together  with  the  mture  of  afl 
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intermediate  AccountSt  which  may  be  made  ufe  of  to  anfwer  particular 
FurpofeS)  are  laid  open ;  and  the  Form  of  all  fuch  Writs  as  may  be  fup- 
pofed  to  have  been  connefted  with  the  Tranfadions  in  the  Waftebooky 
«re  rendered  fo  familiarf  that  the  young  Merchant  may  be  able  to  make 
them  out  at  once  without  the  Affiftance  of  Copies. 

XI. 

In  order  to  accuftom  the  young  Merchants  to  think»  write»  and  zSt  PnAicU 
like  Men,  before  they  come  upon  the  real  Stage  of  Adion,  an  cpiftolary  ^om."* 
Correfpondence  is  eftabliflied  among  them,  in  order  to  accuftom  them 
Jto  digeft  well  whatever  they  read,  and  improve  their  Stile  under  the 
Corre&ion  of  an  accurate  Mailer,  to  that  clear,  pointed,  and  concife 
IVIanner  of  Writing  which  ought,  particularly,  to  diftinguifli  a  Merchant. 
Fiditious  Differences  among  Merchants  are  likewife  fubmitted  to  their 
Judgement,  fometimes  to  two  by  the  Way  of  Arbitration,  and  again  to 
a  Jury,  whilftone  aflumes  the  Charader  of  the  Plaintiff,  and  another 
that  of  the  Defendant,  and  each  gives  in  fuch  Memorials  or  Reprefenta- 
ttons,  according  to  the  Nature  of  the  Fads  difcuffed,  as  he  thinks  moft 
proper  to  fupport  the  Caufe,  the  Patronage  of  which  was  affigned  him. 

XII. 

Thus  the  Education  of  the  young  Merchant  is  conduced,  that  his  CoficlufioB. 
Knowledge  mav  be  -To  particular,  and  his  Morals  fo  fecured,  that  he  may 
be  Proof  againu  the  Arts  of  the  Deceitful,  the  Snares  ot  the  Difingenu* 
oos,  and  the  Temptations  of  the  Wicked ;  that  he  may  in  a  ihort  Time 
be  fo  expert  in  every  Part  of  the  Bufinefs  of  the  pradical  Compting- 
Houfe,  that  when  he  comes  to  ad  for  himfelf,  every  Advantage  in  Trade 
will  lie  open  to  him,  that  his  Knowledge,  Skill,  and  Addrefs,  may  carry 
bim  through  all  Obftacles  to  his  Advancement,  his  Talents  fupply  the 
Place  of  a  large  Capital,  and  when  the  beaten  l*rack  of  Bufinefs  be- 
comes lefs  advantageous,  by  being  in  too  many  Hands,  he  may  ftrike  out 
knew  Paths  for  himfelf,  and  thus  bring  a  Balance  of  Wealth,  not  only 
to  himfelf,  but  to  the  Community  with  which  he  is  conneded,  by 
Branches  of  Trade  jinknown  before. 

PLAN  9f  tbeUamal  Art 9  Including  the  Injlru^ions  nlative  to  Sbip^ 
Builders f  Sea^OfficerSf  and  in  general  to  all  tbofe  wbo  are  any  Way  con^ 
cerned  in  tbe  Bufinefs  of  tbe  Sea. 

^i  dubiis  aufus  comrnittere  fluff ibut  Alnuntf  . 
S^as  Natura  negate  prahuit  Arte  Fias.  Claud. 

I.. 

A  S  nothing  is  executed  in  the  Military  Way,  but  by  the  Diredion 

JtwL  of  Greometry  and  Mechanicks,  no  lefs  indifpenfible  is  tbe  Ufe  of 

thefe  Sciences  in  Naval  Opeiations^  viz.  Ship-building,  ftowing,  work- 
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ing,  and  condudi^g  Veflels  through  th6  Sea.  A  Ship  is  fo  compUcatcd 
a  Machine,  its  various  Parts  have  fo  clofe  and  fo  hidden  a  Depandance 
on  one  another,  and  the  dualities  it  ought  to  be  endued  with*  are  fo 
many  in  Number,  and  fo  difficult  to  be  reconciled,  the  Mechanifm  of 
its  Motions  depends  upon  fo  many  Inftruments,  which  have  ai^  ellcntial 
Relation  to  each  other,  Wc.  that  it  is  only  by  Experience,  aided  by  the 
fublimeft  Geometry,  it  has  been  difcovered,  that  all  its  A£tions  are  fub- 
je&ed  to  invariable  Laws,  and  that  we  can  attain  to  certain  Rules,  which 
could  enable  the  Matter  Ship-builders  to  give  their  Veflels  the  moft  ad- 
vantageous Forms,  relative  to  the  Services  for  which  they  are  dcffiacd, 
and  inftrud  the  Navigator  how  to  draw  from  the  Wind  the  greatefl 
Forcei  to  difpofe  of  it  at  Pleafure,  and  to  trayerfe  the  vafteft  Seas 
without  Danger  and  without  Fear.  ^ 

Notwthftanding  which,  Mathematicks  reduced  by  the  Teachers  of  ihcia 
in  this  Kingdom,  to  a  few  grofs  praQical  Rules,  their  Application  to  Sea 
Affairs,  and  to  all  other  ufeful  Enterprifes,  has  not  as  yet  been  introduced ; 
this  NegleS  has  not  only  retarded  the  Progrefs  that  the  Study  of  the  \fa- 
thematicks  otherwife  would  have  made,  by  hindering  it  from  being  known 
that  they  are  the  Means  the  moft  proper  to  fupply  the  Limitation  of 
our  natural  Faculties,  and  that  it  is  from  them  that  all  ufeful  Arts  are 
to  receive  their  Perfedion.  But  in  the  prefent  Cafe,  cannot  hot  be 
attended  with  the  moft  fatal  Confequences,  and  the  Difafters  that  hap- 
pen but  too  often  at  Sea,  are  undoubtedly,  in  a  great  Meafure,  owing 
to  it. 

II. 

The  conftruding  and  repairing  of  Veflels  is  entirely  abandoned  to 

NaTil  Archi  the  Diredion  of  Ship-Carpenters,  whofe  Knowledge  is  confined  to  a 

tcOure.        fg^  g|.Qf3  obfcure  Rules,  which  leave  the  Difpofition  of  almoft  all  the 

Work  to  Chance,  or  to  the  Caprice  of  Workmen ;   they  rely  in  the 

moft  important  Circumftances,  on  the  blindeft  Pradice,  on  that  which 

is  the  moft  liable  to  Error ;  they  change  the  upper  Part  of  the  Ship, 

they  add  a  new  Deck,  or  take  one  away,  they  alter  totally  the  Form  of 

her  Bottom,  bfc.     Making  all  thofe  Changes,  without  knowing  what 

Effeds  will  enfue,  even  thofe   that  would  manifeft  themfelves  in  the 

Harbour,  though  they  could  determine  them  after  the  moft  infallible  and 

precife  Manner,  in  employing  the  leaft  Knowledge  of  Geometry,  and 

the  fimpleft  Operations  of  Arithmetick. 

It  was  therefore  neceflary  that  a  Marine  School  ftiould  be  eftablifhed, 
where  the  Youth  who  are  intended  for  the  Bufinefs  of  the  Sea,  Ihould 
be  taught  the  Nature  of  Fluids,  and  the  Mecanifm  of  floating  Bodies, 
how  to  confider  the  Ship  as  a  phyfical  heterogeneous  Body  in  all  its  dif- 
ferent Situations,  and  relative  to  its  different  Ufes;  reprefenting  it  to 
themfelves  not  only  when  it  is  loaden,  and  at  Anchor,  but  alfo  when  it 
fails,  when  it  goes  well,  doubles  a  Cape,  gets  diflicultly  clear  of  a  Coaft, 
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€^r,  fo  that  Geometry  and  Mechanicks  taking  the  Place  that  Chance  and 
blind  Pradice  had  ufurped>  Mafter  Shipbuilders  may  exercife  their  Em- 
ployments with  Difcernment ;  fubftituting  luminous  and  precife  Rules 
in  the  Place  of  their  imperfeft  praSical  ones ;  they  may  be  no  more  ex* 
pofed  to  the  Trouble  and  Shame  of  attempting  any  thing  ralhlyy  but 
may  be  enabled  to  aflign  and  forefee  the  Succefs  of  their  Enterprifes, 
and  producing  no  Plans  but  what  are  fupported  by  juftifiable  Calculations^ 
in  which  each  Quality  the  Ship  ought  to  have,  are  difcuITed  and  eflimat- 
cd  with  Exadnefs  ;  we  can  fee,  in  verifying  their  Calculations,  what 
Strefs  can  be  laid  upon  their  Promifes  ;  we  may  have  infallible  Means  of 
deciding  in  Favour  of  the  different  Plans  propofed  for  the  fame  Ship, 
and  the  Multitude  of  their  Opinions,  far  from  being  hurtful,  may  on 
the  contrary  be  profitable,  lince  it  will  often  furniih  an  Occafion  of 
making  a  better  Choice. 

HI. 

The  Ship  being  built,  it  is  the  Buiinefs  of  the  Navigator  to  diftribute  Mechanical 
the  Loading  in  fuch  a  Manner,  that  (he  may  fail  without  Danger,  and  Navigation. 
at  the  fame  Time  receive  with  the  greateft  Facility  whatever  Motions 
are  to  be  given  her,  that  is,  he  is  to  difcover  her  moft  eligible  Pofition 
in  the  Water,  he  is  to  difpofe  her  Sails  after  a  fui table  Manner  to  oblige 
the  Veflel  to  take  the  Route  he  intends  to  follow  upon  all  Occadons, 
and  to  make  her  go  well  in  fpight  of  the  Agitation  of  the  Sea,  and  the 
Violence  of  the  Wind,  which  often  oppofes ;  for  this  Effed,  in  a  Glance 
of  an  Eye,  he  muft  be  capable  of  rendering  prefent  to  his  Mind  all  the 
moveable  Parts  of  the  Ship,  which  he  muft  look  upon  as  a  Body  which 
he  animates  as  he  does  his  own,  and  that  it  is  as  it^ere  an  Extention 
of  it ;  feize  the  adual  State  of  Things  in  their  continual  Change,  and 
form  the  moft  decifive  Refolutions,  which  he  muft  draw  from  no  other 
Fund  but  his  own  Breaft.  This  is  without  doubt,  the  moft  difticult  Part 
of  the  Navigator's  Art,  but  at  the  fame  Time,  the  moft  important  for 
him  to  poflefs,  as  it  furnifhes  him  with  the  fureft  Refources  in  immer* 
gent  Occafions,  and  renders  him  fuperior  in  Battle.  It  is  furpriiing  with 
what  Readinefs,  the  Ship  well  difpofed,  obeys,  as  it  were,  the  Orders 
of  the  ftilful  Seaman ;  but  on  the  contrary,,  if  he  does  not  know  all  the 
Nicety  of  this  Part  of  his  Art,  his  Ship,  though  excellent,  is  no  more 
than  a  heavy  Mafs,  which  receives  all  its  Motions  from  ^the  Caprice  of 
Winds  and  Weaves,  which  in  fpight  of  his  Courage  and  defperate  Ef- 
forts, becomes  but  too  furely  a  Prey  to  the  Enemy,  or  ends  very  foon 
its  Deftiny  by  Shipwreck. 

Notwithftanding  which,  no  Attempt  had  been  made  in  this  Kingdom  to 
Icffen  the  Difficulties  of  attaining  to  a  Proficiency  in  this  Branch  of  the  Na- 
val Art,  by  inftrufting  Sea-Officers  in  it  after  a  methodical  Manner.  Il  was 
entirely  abandoned  to  blind  Pradice^  as  if  it  could  not  be  fubjeSed  to  exad; 
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Rules  in  the  Employment  of  the  phyfical  Means  >vhich  it  makes  ufe  of  to 
move  the  Veffel.  When  a  Maneuvre  is  executed  in  the  Prefencc  of  a 
young  Sea-Officer,  he  does  not  know  very  often  for  what  it  is  done,  or  how 
the  Inftruments  that  are  made  ufe  of  ad ;  he  is  furrounded  with  Perfons 
too  bufy  to  give  him  the  leaft  Eclaircifement ;  we  may  judge  from 
thence  how  much  Time  he  muft  lofe  to  learn  thefc  grofs  Notions,  which 
are  to  ferve  him  inftead  of  Theory  :  The  imperfed  Knowledge  which 
the  young  Sea-Oificer  will  attain  to,  will  be  (to  theDifgrace  of  human  Rea- 
fon,)  the  Fruit  of  many  Years  unwearied  Labour ;  and  neverthelefs,  as 
it  will  favour  of  its  defedive  Origin,  it  will  not  give  him  fufficient  In- 
light,  and  will  leave  him  without  exad  Rules,  which  he  can  abfolutely 
rely  upon ;  he  will  give,  for  Example,  a  certain  Obliquity  to  the  SaiU ; 
he  will  receive  the  Wind  with  a  determined  Incidence,  but  will  he  know 
whether  there  is  nothing  to  be  changed  in  one  Senfe  or  the  other,  in  one 
or  the  other  Difpofition,  his  only  Rule  is  fervily  to  copy  what  he  has 
feen  pra3ifed  perhaps  erroneoufw  by  otheis  on  like  Occafions ;  it  was 
therefore  necefTary  that  the  Youth  intended  for  the  Sea,  fliould  be 
methodically  inftruSed  in  the  ufeful  Maxims  of  the  Dodrine  of  the 
moveable  Forces,  applied  to  the  Bufinefs  of  the  Sea,  fo  that  rendering 
them  familiar  to  themfelves  in  taking  Share  in  all  the  Maneuvres  they 
will  fee  executed,  in  order  to  apply  them  mechanically,  without  the 
painful  Help  of  Refledion ;  they  might  fee  nothing  for  which  thej 
were  not  prepared  beforehand,  and  of  which  they  could  give  an  Ex- 
plication to  themfelves ;  and  as  they  would  not  be  obliged  to  execute  any 
Maneuvre  blindly,  they  might  be  fenfible  of  the  happy  Effe£ls  that  a  re^ 
fleded  Exercife  can  produce,  and  the  Qyality  of  a  good  Praditioner 
would  be  lefs  difficult  to  acquire. 

IV. 

The  Art  of  The  Navigator  not  only  ought  to  know  how  to  produce  the  diflPerent 
Piloting.  Motions  of  his  Ship,  but  he  is  to  obferve  all  the  Particularities  ot  its 
Route,  efteem  its  daily  Pofition,  and  the  Courfe  he  is  to  fteer^  to  arrive 
at  the  Harbour  where  he  is  to  go :  This  is  the  only  Branch  of  the 
Naval  Art  that  is  taught  by  Rule ;  but  jt  is  a  general  Complaint  among 
Seamen,  that  very  little  of  what  is  learned  in  Schools,  is  of  real  Ufe ; 
which  contributes  very  much  to  confirm  them  in  the  dangerous  Error, 
that  Theory  is  of  little  or  no  Service  ;  this  proceeds  from  the  Generality 
of  Teachers  having  not  fufficient  Skill  to  conform  their  Plans  of  Teaching 
to  the  Exigencies  of  Seamen,  in  (hewing  them  how  to  modify  their  Rules 
of  Navigation,  according  to  the  different  Cafes  of  Sailing ;  how  to  reduce 
to  the  fmalleft  Compafs,  the  Errors  to  which  the  Meafures  made  ufe  of 
for  determining  the  Courfe  and  Diftance,  are  liable  to,  and  how  to  make 
proper  Allowances  for  them,  which  would  enable  them,  as  often  as  the 
Reckoning  would  not  agree  with  the  Obfervation>  to  judge  on  which 
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Side  lay  the  Error,  and  confequently  how  to  corred  them ;  all  which 
fuppofes  in  the  Teacher  a  profound  Knowledge  of  the  Theory  of  the  Art^ 
and  a  perfed  Knowledge  of  all  the  Circumfiances  of  the  Ship's  Motion, 
m  alt  Cafes  of  Wind  and  Weather. 

Their  not  being  fufficiently  exercifed  in  Afironomy,  and  aftronomicai 
Obfervations,  make  them  negleS  inftruding  Sea-Officers  how  to  chufe  the 
Bioft  favourable  Circumftances  for  obferving  either  by  Night  or  Day. 
The  only  Obfervations  praSifed  by  Sea-Officers,  are  the  Sun*s  meridional 
Height,  and  its  fetting ;  they  are  entirely  unacquainted  with  the  Stars, 
though  their  Obfervations  could  be  of  great  Ufe,  particularly  when  the 
Sun  does  not  ferve,  being  obferveable  at  all  Hours  of  the  Night,  and  the 
Incertitude  to  which  the  Reckoning  is  liable  demands  that  the  Sea- 
Officers  fhould  let  no  Occafion  flip  of  taking  Obfervations  every  Day  ; 
moreover  ihe  mod  reafonable  Hopes  of  determining  the  Longitude  at 
Sea^  is  founded  on  the  Obfervation  of  the  Diftance  of  the  Moon  from  a 
Star,  or  from  the  Sun  ;  this  Method  gives  adually  the  Longitude  to  half 
a  Degree,  and  has  the  Advantage  of  being  as  cafy  put  in  Praftice  as  that 
for  determining  the  Latitude.  If  tliey  had  a  little  Skill  in  aftronomical 
Obfervations,  they  could  determine  the  Pofitions  of  fo  many  Places, 
even  of  this  Kingdom,  which  are  placed  in  Charts  after  an  uncertain 
Efttmation  ;  but  on  the  contrary,  they  do  not  know  even  how  to  verify 
the  Inftruments  that  are  in  ufe  at  Sea,  particularly  their  CompafTes  and 
Qyadrants ;  for  want  of  fuch  a  Knowledge,  they  are  obliged  to  take 
them  upon  the  bare  Word  of  the  Workman,  who  is  interefted  to  get 
them  oiF  his  Hands  at  any  Rate ;  and  though  they  ought  to  be  verified 
every  Voyage,  on  Account  of  the  Accidents  that  might  arife  to  them, 
it  is  not  done.  This  Particular,  however  minute,  neverthelefs  is  worthy 
of  Attention,  iince  nothing  ihould  be  negleded  in  the  prefent  Cafe,  fee- 
ing, in  fpight  of  all  the  Care  that  can  be  taken,^  the  Errors  that  are 
committed  being  but  too  fenfible,  and  as  great  ones  may  be  occafioned 
in  the  Reckoning  by  the  Imperfedion  of  the  Inftruments,  as  in  Deduc- 
tions deduced  from  Calculation. 

We  may  conclude  from  thefe  Confiderations,  that  the  Ship-builders 
and  Navigators  of  this  Kingdom  were  no  way  apprifed  of  the  important 
Refources  they  could  draw  from  Geometry  and  Mechanicks,  though  in 
no  ProfefTion  fo  eminent  as  in  theirs,  and  that  they  could  never  be  fuffi-  EftaWifli- 
ciently  fkilled  in  their  refpeftive  Arts,  until  a  Marine  School  was  eflab-  Sarinc   * 
liflied,    conduced  by  a   Perfon    exercifed   fufficiently  in  the  fublime  School.. 
Mathematicks,  as  to  be  able  to  underfland  the  different  mathematical 
Trads  that  have  been  publifhed  in  great  Number  of  late  Years,    upon 
the  different  Branches  of  the  Naval  Art,  fuch  as  Ship-building,  Stowing, 
working  VefTels  at  Sea,  i^c.  by  the  mofl  eminent  Mathematicians  of 
Europe,  who  fhould  make  it  his  Bufinefs  to  communicate  to  them  after 
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a  methodical  Manners  M  the  ImproTeroents  their  refpefidve  Arti  fane 
receivedf  and  receive  daily  from  Matbematicks. 

V. 

Dnog^iog.  He  is  aided  in  this  important  Emplojrment  by  Drawiog-maftm  u 
the  Sbip-builders  cannot  finiih  properly  their  Plans,  without  t  Tno 
tnre  of  this  Art,  and  feme  Proficiency  in  it,  may  enable  the  NaTipior 
to  take  Views  of  Lands,  draw  fuch  Coafts,  and  plan  fuch  Haitwen,  a 
the  Ship  fliouid  touch  at,  which  will  contribute  very  much  to  rcnderthe 
Geography  of  our  Globe  more  corred,  and  Icffen  the  Dangen  of  Niri- 
gation ;  but  what  is  perhaps  of  more  Confequence,  it  will  make  then 
acquire  the  Habit  of  obierving  Objeds  with  Diftindnefs,  and  recoiled 
exa&ly  every  Part  of  them,  and  recall  all  the  Circumflances  of  thdr 
Appearances.  In  one  Word,  as  the  Science,  which  is  entirdj  oocii|M 
in  weighing,  meafuring  and  comparing  Magnitudes,  is  neceUiry  m  d 
Stations  and  Occurrences  of  Life,  fo  the  Art  which  teadieshow  torepl^ 
fent  them  to  the  Eye  is  indifpenfible. 

AN  EXTRACT*  from  tbePUnoJ  tbi  Scbool  of  MmlmmtAth 
wbert  Arcbiit^ty  Painter tf  Sculptors ^  and  in  general  all  Jrtifs^ 
ManufaHurers  receive  the  Infiru£iiom  in  Geometry,  Perfpeffhet  ^ 
tickh  Dynamicksy  Pbyfickt,  &c.  wbicbfuit  tbeir  rejpeiifve  Fref^y 
and  may  contribute  to  improve  tbeir  Tajte  and  tbeir  J'alentf. 

Rem  quam  ago,  non  opinionem  fed  opus  ejfe,    eamque  non  Se8s  J^ 
aut  placiti,  fed  utilitatis  effe  et  an^litudinis  immenfee  fuiidame»l^ 

Bacoi^' 

In  theme-    TTOWEVER   vigorous,   indefatigable,   or  fupple  i«  the  i»kj 

chanic  Aitt   J^  £  Hand  of  Man,  it  is  capable  of  pr^ucing  but  a  fmall  Nwabcf « 

fitetd  Ae°*  Eflfeas.    He  can  perform  great  Matters  but  by  the  Help  of  In*^ 

Theory  aud  and  Rules,  whtch  are  as  Mufcles  fuperadded  to  his  Amu.    The  duW* 

^*"^"-       Syftems  of  Inftruments  and  Rules  confpiring  to  the  fame  End,  hithffw 

invented  to  imprefs  certain  Forms  on  the  Produdions  of  Nature,  a*^ 

to  fupply  our  Wants,  our  Pleafures,   our  Amufements,    our  CunoWj' 

&c.  conftitute  the  mechanic  Arts.  , 

Every  Art  has  its  Theory  and  Pradice ;  its  Theory  is  P^'^'^^^Z^ 
Geometry,  Perfpeaive,  Staticks,  Dynamicks,  whofe  Precepts  corre^ 
by  thofc  of  Phyficks,  as  it  procures  the  Knowledge  of  the  **a«''r 
their  Qsalities,  Elafticity,  Inflexibility,  Fridion,  the  Efeft»  ^-T 
Air,  Water,  Cold,  Heat,  Aridity,  &c.  produce  the  Rules  and  lo*^' 
ments  of  the  Art.  Praaice  is  the  habitual  Ufe  of  thofc  Inftrutncnp 
and  Rules. 

*  TSib  Plan  being  too  exteniive  u  omitted  for  the  pidcat 
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It  is  fcarce  poflible  to  improve  the  Pradice  without  Theory*  and  re- 
ciprocally to  be  Matter  of  the  Theory  without  Pradice>   as  there  is  in 
every  Art  a  great  Number  of   Circumftances  relative  to  the  Materials*  ^j^  ^^^ 
to  the  InflrumetitSf  and  to  the  Operation  which  can  be  learned  only  by  ledgeof  th^ 
Ufe.    It  is  the  Bufmefs  of  Praftic*  to  point  out  the  Difficulties*  and  to  Theory  ak- 
fiirniih  the  Phenomena.     It  is  the  Bufinefs  of  the  Theory  to  explain  the  ^ceS^^Jto^' 
Phenomena*  to  remove  Difficulties  and  to  open  the  Road  to  further  Im*  erciy  ArutL 
provement  v,  from  whence  it  follows*  that  only  fuch  Artifts  who  have  a 
competent  Knowledge  of  ihp  Theory*  can  become  eminent  in  their  Pro* 
feffion. 

But  unfortunately  fuch  is  the  Influence  of  Prejudice  in  this  Country* 
that  Artifts*  Mechanicks,  drc.  are  confldered  as  incapable  of  acquiring 
any  Knowledge  in  the  Principles  of  their  refpcSive  Profeffions,  and 
our  Youth  deftined  to  receive  a  liberal  Education*  are  taught  to  think  it 
beneath  them  to  give  a  confts^it  Application  to  Experiments  and  particu- 
lar fenfible  Objefts*  for  to  praSice  or  even  to  ftudy  the  mechanic  Arts* 
is  to  ftoop  to  Things  whofe  Refearch  is  laborious*  the  Meditation  ignoble* 
the  Expofition  difficult*  the  Exercife  diihonourable*  the  Number  end- 
Wby  and  the  Value  inconfiderable.  Prejudice  which  has  debared  an 
ufeful  and  eftimable  Clafs  of  Men>  and  peopled  our  Towns  with  arro- 
gant Reafoners*  ufelefs  Comtemplators*  and  the  Country  with  idle  and 
haughty  Landlords. 

The  Judicious*  fenfible  of  the  Injuftice  and  of  the  fatal  Confequences 
attending  this  Contempt  for  the  mechanic  Arts*  the  Induftry  of  the 
People  and  Eftabliihment  of  Manufadures  being  the  moft  aflfured  Riches 
of  this  Country*  have  come  to  the  Refolution  that  the  Juftice  which  is 
due  to  the  Arts  and  Manufadures*  fhall  be  rendered  them  ;  that  the  me- 
chanick  Arts  (ball  be  raifed  from  that  State  of  Meanefs,  which  Prejudice 
has  hitherto  kept  them  ;  that  the  ProteSion  of  the  Noblemen  and  Gen- 
tlemen of  Fortune  fhall  fecure  the  Artifts  and  Mechanicks  from  that  Indi- 
gence in  which  they  languifh*  who  have  thought  themfelves  contemp- 
tible becaufe  they  have  been  defpifed ;  that  they  fhall  be  taught  to  have 
a  better  Opinion  of  themfelves*  as  being  the  only  Means  of  obtaining 
from  them,  more  perfeft  Produftions. 

A  School  of  mechanic  Arts  is  eftablifhed*  where  all  the  Phenomena  of  The  Efta- 
the  Arts  are  colleaed,  to  determine  the  Artifts  to  ftudy*  teatfh  the  Men  ,  s^,;^^!  of^ 
of  Genius  to  think  ufefully,  and  the  Opulent  to  make  a  proper  Ufe  of  mechanic 
their  Authority  and  their  Rewards.      There  the  Artifts  receive  the  In-  Am. 
ftruftions  they  ftand  in  need  of,   they  are  delivered  from  a  Number  of 
Prejudices*  particularly  that  from  which  fcarce  any  are  free,  of  imagin- 
ing that  their  Art  has  acquired  the  laft  Degrees  of    Perfe£tion  ;    their 
narrow  Views  expofmg  them  often  to  attribute,  to  the  Nature  of  Things* 
Defefts  which  arife  wholly  from  themfelves  5   Difficuhics  appearing  to 
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them  unfurmountftbley  when  they  are  ignorant  of  the  Means  of  removbg 
them.  They  are  rendered  capable  of  refleding  and  combining,  and  of 
difcoveringy  in  fliort,  the  only  Means  of  excelling ;  the  Means  of  faving 
the  Matter,  and  the  Time,  of  aiding  Induftiy,  eitberby  a  new  Machine, 
or  by  a  more  commodious  Method  of  Woricing.  There  Experiments 
are  made,  to  advance  whofe  Succefs,  every  one  contributes,  the  Ingenious 
dired,  the  Artift  executes,  and  the  Man  of  Fortune  defrays  the  Ex- 
pence  of  the  Materials,  Labour  and  Time.  There  Infpedors  are  appoint- 
ed who  take  Care  that  good  Stuff  is  employed  in  our  Manufadures,  and 
that  they  are  properly  fupplied  with  Hands ;  that  each  Operation  em- 
ploys a  different  Man,  and  that  each  Workman  (hall  do,  during  his 
Lii^,  but  one  Thing  only ;  from  whence  it  will  refult,  that  each  will  be 
well  and  expeditioufly  executed,  and  the  beft  Work  will  be  alfo  the 
cheapeft.  'Uius,  in  a  fliort  Time,  our  Arts  and  Manufadures  will  be 
brought  to  asgreat  a  Degree  of  Perfedion,  as  in  any  other  Part  of  Europe. 

GENERAL    CONCLUSION. 

Such  is  the  Plan  of  the  new  Scene  of  ufefiil  and  agreeable  Knowledge 
calculated  for  all  Stations  in  Life,  which  the  Nobility  and  Gent^  of  the 
Kingdom  of  Irelandf  purfuant  to  their  Refolutien  of  the  4th  of  Februaiy 
1 768,  have  opened  to  Youth,  in  the  Drawing-School  eftabliflied  under 
their  immediate  Infpedion.  Encouraging  Men  of  Genius  and  Educatioo, 
from  all  Parts,  to  appear  as  Teachers,  inviting  the  Artifts  and  Connoiiieurs 
to  devote  their  Attention  to  excite  the  Emulation  of  the  Pupils  by  adjudg- 
ing and  diftributing  the  Premiums  granted  to  engage  them  to  advance 
more  and  more  their  Studies  to  the  Point  of  Perfedion,  and  taking  un- 
der their  Patronage  fuch  young  Citizens  favoured  by  Nature  more  than 
by  Fortune,  who  difcover  happy  Difpofitions  and  fuperior  Talents  for  the 
^Service  of  their  Country. 

Errata. 
Page  LXIII  Line  15,  for  the  Centrifugal  Force  diminUhes  the  Cen- 
trifugal Force,    read  the  Centrifugal   Force  diminiflies  the  Centripetal 
Force. 

Page  LXXI  Line  14,  for  ^  read  ^ 

49?  94i^ 

Page  LXXXV  Line  41,  for  this  Expreffion  6^  for  ("a^,  70  for^;> 
read,  this  Expreffion,  for  (^)  70,  for  (h)  6g. 
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DEFINITIONS. 

I.  9- 

A  Poifd,  is  that  which  has  do  parts^  or  which  hath  no  magnitude.    Pig.  i» 

xN  tbis  definittcn,  as  well  as  in  the  fecund  andfiftb^  ^MtXAJimply  explains 
tie  manner  9/  conceiving  the  fir Ji  otje£ls  of  Geometry  ^  a  Point>  a  Line,  and 
a  Superficies ;  be  does  not  demonfirate  that  there  arefuch  obje^s  in  the  clafs  of 
real  beings.  Thefe  notions f  though  very  ufeful  in  geometry ^  are  onJy  abflraffi^ 
mu  wbidf  are  not  to  be  reatifed,  by  being  reprefented  as  exijiing  independent  of 
ibeniind,  where  they  took  their  rife.  There  arena  mathematical  points  in  nature j 
(at  leaji  what  Euclid  yjjr/  does  not  prove  it) ;  but  there  exift  things  which  have 
txtenfiony  which  may  be  treated  asjimple  marks  without  magnitude ^  as  often  as  they 
esre  confidered  not  as  compofed  of  partSy  but  merely  as  the  limits  of  fome  other 
magnitude.  Thus,  when  it  is  required  to  meafure  the  diflance  of  two  flars^ 
the  Jflronomer  proceeds ^  4s  if  tbofe  ftars  wire  indivifible  points  :  and  he  is  in  the 
rigbt\ftnce  he  does  not  propofe  to  determine  their  magnitude,  but  the  di fiance 
tbatfeparates  them,  of  which  they  are  looked  upon  as  the  terms.  The  fame  is  to 
be  tisiderfiood  with  refpe£t  of  the  other  notions  of  this  kind.  We  reprefent  under 
the  farm  of  a  line,  or  of  a  length  without  breadth,  every  magnitude  wbofe  length 
aJane  is  tie  obje^  of  our  confideration,  whatever  may  he  its  breadth,  its  depths 
or  its  other  qualities.  The  imagination,  always  difpofed  to  transform  into  re^ 
ads  ties  what  has  none,  forms  of  tbofe  ahfir  anions  a  clafs  of  beings  which  feem 
ta  exifi  independent  of  the  mind,  she  Geometer  has  a  right  to  adopt  tbofe  beings, 
ms  they  may  ferve  to  render  his  f peculations  on  magnitude,  confidered  in  different 
^nts  of  view,  more  intelligible;  but  it  is  by  no  means  allowed  to  him,  to  form 
tiurangMotions  as  to  their  origin  and  their  real  ufe. 

n. 

'A  Line  b  Length  without  breadth.    Fig.  a. 
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PEFINITIONS. 

m. 

H  E  Extremities  of  a  Line,  arc  points  (A,  B,).  Fig.  3. 

IV. 
hJiraightLimy  is  that  which  lies  evenly  between  its  extreme  points  (A,  P,), 

This  drfinition  is  imperfeBj  fince  it  prefents  no  ejfential  cbaraHer  %f  g 
Jiraigbt  line ;  for  which  reafon,  Euclid  could  make  no  ufe  of  it:  it  is  no  mtn 
quoted  in  the  bo<fy  of  the  wort.  He  is  obliged  to  have  recourfe  to  other  primi* 
pies  (J or  example f  to  the  1 2th  axiom)  as  often  as  he  has  occajion  of  emphjing 
truths,  which  depend  on  a  perfect  definition  of  aflraigbt  line. 

V. 

A  Superficies,  is  that  which  hath  only  length  and  breadth.    Fig.  4. 

VI. 
The  Extremities  of  a  Superficies,  are  lines  (AB,  C  D,  A  C,  BD,).  Fig.  4. 

VII. 

A  Flare  Superfires,  or  fimplv  a  Plane,  (AD)  is  that  which  lies  evenly  be- 
tween i's  ex  trenjities  (AB,  CD,  AC,  BD,).  Fig.  5. 

This  definition  is  liable  to  the  fame  exceptions  at  the  fourth. 
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,  Plane  Anglfy  is  the  inclination  of  two  lines  (AB,  BC,)  to  one  arotheff 

which  meet  together^  and  which  are  fituated  in  the  fame  plane.   Fig.  6. 

IX. 

A  Plane  Re^i  lineal  Angle,  is  the  inclination  of  two  ftraight  lines  to  one  ano* 
ther.    Fig.  6. 

N.  B.  When  froeral  angles  are  at  one  pgint  B,  ary  cne  of  them  it  exprtff^d 
by  three  Utter s,  of  which  the  letter  that  is  at  the  vertex  of  the  angle,  that  it  at 
the  point  in  which  the  flraight  linet  that  contain  the  angle  meet  one  another,  it 
pit  between  the  other  two  letter t,  and  one  of  thefe  two  it  fomewhere  upok  one 
of  thofe  flraight  linet,  and  the  other  upon  the  other  line. 

X. 

When  a  ftraight  line  (AB)  ftanding  on  another  ftright  line  (CD)  makes  the 
adjacent  angles  (ABD^  ABC9)  equal  to  one  another,  each  of  the  angles  is 
called  a  right  angle ;  and  the  ftraight  line  (AB)  which  ftands  on  the  other 
(CD)  iscalled  a/rr/^/V»Air.     Fig.  7. 

XI. 

An  Obtufe  Angle,  (ABC)  is  that  which  is  greater  than  a  right  angle  (EBC). 

fig*  8- 
^  XII. 

hn  Acute  Angle,  (ABC)  is  that  which  is  lefs  than  a  right  angle  (EBC) .  Fig.  9. 

xin. 

A  Term  or  Boundary  f  b  the  extremity  of  any  magnitude. 
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DEFINITIONS. 
XIV. 

Xi|^  Figure,  is  that  which  is  inclofed  by  one  or  more  boundaries.    Fi^.  la 

XV. 

A  Circle,  is  a  plane  figure  contuned  by  one  line,  which  is  called  the  cirenh- 
ference,  and  is  fuch  that  all  ftraight  lines  (CB,  CD,)  drawn  from  a  certain 
point  (C)  within  the  figure  to  the  circumftrenee,  are  equal  to  one  another. 
Fig.  II. 

XVI. 

This  point  (C)  is  called  the  eetiter  of  the  circle,  and  the  ftraight  lines  (CB, 
CD,)  drawn  from  the  center  to  the  drcumference,  are  called  the  Rnt 
Fig.  II.  •'' 

xvn. 

A  Diameter  of  a  Circle,  is  a  ftraight  line  (DB)  drawn  thro*  die  center,  «od 
tenninated  both  ways  by  the  circumference.    Fig.  la. 

xvm. 

A  Semicircle,  is  the  plane  figure  (DEB)  contained  by  a  diameter  (BD)  and 
the  part  of  the  cirpumference  (DEB)  cut  oflr  by  the  diameter  (DB).  Fig.  ti. 

XIX.  . 

A  Segment  of  a  Circle,  is  a  figure  contained  by  a  ftraight  line  (AF)  called  « 
Chord,  and  the  part  of  the  circunifereBce  it  cuts  off  (AGF,  or  AEF)  calM 
mArc,    Fig.  12.  v         .  /  s.wiw 
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DEFINITIONS, 
XX. 

JtCEsiilinealFiguresy  are  thofe  which  an  contained  by  ftraight  lines.  Fig^  15, 
14,  iSf  16, 17. 

XXI. 

Trilateral  Figures,  or  triangles,  are  thofe  wiiich  are  contained  by  three 
ftraight  lines.    Fig^  13,  16,  17. 

xxn. 

^aJri lateral  Figures,  are  thofe  which  are  contained  by  ibur  ftraight  lines. 
F/g.  14. 

xxm. 

Multilateral  Figures,  or  polygons,  are  thofe  .which  are  contafaied  by  noore 
than  four  ftraight  lines.    Fig.  15. 

XIV. 

As  to  three  fided  figures  hi  particular: 

AnEquilatsral  Triangle,  is  that  which  has  three  equal  fides.    Fig,  16. 

XXV. 

An  I/o/celes  Triafigle,  is  that  which  has  only  two  fides  equal.    Fig,  1 7. 
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DEFINITIONS. 
-  XXVI. 

J\  Scalem  Tritugb,  is  that  which  has  three  unequal  fides.    Fig.  1 8. 

XXVII. 
Likewife,  amorg  thofe  fame  trilateral  figures : 
A  Right  angled  Triangle,  U  that  which  has  a  right  angle.    Pig.  19. 

xxvm. 

^  An  Ohtu/e  angled  Triangle,  U  that   which  has  an  obtufe  angle,  (A). 

XXIX. 
^  An^^ftf/*  angled  Triangle,  is  that  which  has  three  acute  angles,  (A,  B,  C,). 

XXX. 

After  the  fame  manner  !n  the  <p«cies  of  four  fided  figures : 
Fig.i^r''  "  ***  'J^J«"««it»  fides  equal,  andaUite  angles  right  angles. 

XXXI. 

XXXIL 
.Dg'tef  ^Ij''^;.  '^'  "^^'^  ^  *»  ''^  «•««  *<l'^'  «>«  its  angle,  are  not  right 
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DEFINITIONS. 
/       XXXIIL 


_  Rbomboidy  is  that  which  has  its  oppofite  (ides  equal  to  one  another^  but 
all  Its  fides  aie  not  equal>  nor  its  angles  right  angles.    Fig.  25. 

XXXIV. 

All  other  four  fided  figures  befides  thefe^  are  called  Trapefiums.    Fig.  z6. 

XXXV. 

Parallel Jlraigbi  Lines,  are  fuch  as  are  in  the  fame  plane^  and  which  being 
produced  ever  (o  far  both  ways^  do  not  meet.    Pig.  27. 

//  //  for  this  reaftm  that  every  quadrilateral  figure  wbofe  appofiteJiJes  are 
parallel,  is  i^dled  a  Parallelogram.     Fig.  25. 
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POSTULATES. 
I. 

JL/E  T  it  be  giantcd^  diata  ftnught  line  imy  be  draws  from  any  one  poiiit 
to  any  other  point. 

11. 

That  a  terminated  (baight  line  may  be  produced  to  any  length  in  a  ftni^t 
line. 

m. 

And  that  a  circle  may  be  defcribed  from  any  center^  at  any  diftance  firom 
that  center. 

AXIOMS; 

OR. 

COMMON        NOTIONS. 

I. 


T 


_   W  O  magnitudes,  which  are  equal  to  the  fame  third,  are  equal  to  one 
another.. 


If  the  limk  is  efual  to  the  line  B,  end  the  Urn  C  fouai  Htbefymlim  B, 
ihe  Urn  fLwitt  be  ffual  to  tbf  line  C     Fig.  i. 

n. 

If  to  equal  magnitudes  be  added  equal  magnitudes,  the  wholes  will  be  equal. 
If  to  the  line  AD  ie  added  the  fiart  DE,  and  to  the  line  WP,  which  is  equd 

^^^  '"^„^^'  ^^."^^  ^^  A''''  FG*  ^i^^  ^^  f^  P^l  D£>  th€  wholei  AE, 
BG,  Will  if  fftud  to  one  another. 


I 
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AXIOMS. 


F  equals  be  taken  from  equab,  the  remainders  are  equal. 

if  from  the  wbok  line  AC»  be  taken  the  part  BC^  and  from  the  whole 
line  DFy  equal  to  AC»  be  taken  the  part  £F>  equal  to  BC ;  the  remainders 
ABj^  DEy   will  be  equal.     Fig.  3. 

IV. 

If  equals  be  added  to  unequals,  the  wholes  are  Unequal. 

If  to  the  line  AB,  be  added  the  part  BC,  and  to  the  line  DE,  lefs  than 
AB»  b^  added  the  part  £F,  equal  to  the  part  BC;  the  wholes  AC,  DF> 
will  be  unequal.     Fig.  4. 

V  • 

If  equals  be  taken  from  unequals,  the  remainders  are  unequal. 

If  from  the  line  hCy  he* taken  the  part  BCy  and  from  the  line  DF,  lefs 
than  AC,  be  taken  the  part  EF  equal  to  BC  j  the  remainders  AB,  DE,  are 
unequal.    Fig.  5. 

"^  VI. 

Magnitudes  which  are  double,  or  equimultiples  of  the  fame  magnitude, 
are  equal  to  one  another. 

vn. 

Magnitudes  which  are  halves,  or  equifubmultiples  of  the  fame  magnitude, 
are  equal  to  one  another. 

B 
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AXIOMS. 

vra. 


H  E  whole  18  greater  than  its  part. 
7h€  wbolt  Urn  tiC^  is  grtaUr  than  iu  part  BC.    Fig  6. 

Magnitudes^  which  coincide  with  one  another^  are  equal. 

This  axiMt  is  called  the  principU  of  cmgruency  ;  the  nation  of  congruemjip 
includes  the  nation  of  terms^  and  the  notion  of  the  poflibility  of  their  coind* 
dence.  Two  magnitudes  coincide^  when  their  terms  perfeitty  agree  \  or  tuben 
tbey  nutf  be  contained  witbin  tbefame  bounds.  Euclid  regards  the  principle  ^ 
congruency  as  a  comsnon  notion:  be  is  autborifed  from  tbe  ufdverfal praSieo 
of  determining  the  equality  of  magnitudes^  by  inlying  one  to  tie  otber^  as 
in  tbe  menfuration  of  magnitudes  by  tbe  foot,  cubit,  pearch,  Arc.  or  by  includ- 
ing tbem  witbin  tbefame  bounds,  as  in  tbe  meafure  of  lijuids,  of  grain,  and 
tbf  like,  by  pints,  gallons,  pecks,  bujbeb,  iec.  So  'ibat  we  judge  by  tbe  eye, 
or  hand,  bow  one  agrees  with  tbe  other,  asid  accordingly  determine  their 
equality.  It  would  he  wrong  tofuppofe,  thatfuch  a  principle  could  only  conduS 
to  a  praBice  purely  snecbanical,  incompatible  with  geometrical  preciffion, 
Euclid  has  found  tbe  means  of  converting  this  maxim,  into  a  very  Jcientijical 
principle.  On  congruency  be  lays  down  but  a  few  obvious  truths,  from  which 
he  rigour oujly  demonjlrates  tbe  more  compkse  ones  which  depend  on  this  prin^ 
ciple.    Thofe  obvious  truths  are  as  follow. 
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AXIOMS. 

1.  XTLL  L  points  coincide. 

2.  Straight  lines,  which  are  equal  to  one  another  comdile )  and  rcciprMaflyf 
ftraight  lines  whore  extremities  coincfde  are  equal. 

3.  If  in  two  equal  angles  (ABC,  aic,)  the  vertexs  (B  &  *)  coincide,  and 
one  of  the  fides  (BA)  with  one  of  the  fides  (*«)  the  other  fide  (BC) 
will  coincide  alfo  with  the  other  fide  {Iw).  Likewife,  all  angles  whofe  fides 
coincide  are  equal.     Fig.  7. 

Euclid  bos  not  feparately  enounced,  tbofe  particular  axioms  fubordifud'e  to  tie 
general  one ;  be  never tbeiefs  makes  ufe  ^f  tbem,  as  ^s^iUtnjtlj  appHor  on  into- 
fyzing/everal  of  bis  demonfirations. 

All  right  angles  are  equal  to  one  another, 

XI, 

If  a  ftraight  line  (AB)  cuts  two  other  ftraight  lines  fCD,  EF,)  fituated 
in  the  fame  plane,  fo  as  to  mgke  the  two  interior  angles  (DGH,  FHG,) 
on  the  fame  fide  of  it,  taken  together,  lefs  than  two  right  angles ;  thefe  two 
lines  (CD,  EF,)  continually  produced,  will  at  length  meet  upon  the  fide 
(K)  on  which  are  the  angles  which  are  lefs  than  two  right  angles.    Fig.  8. 

Tbis  trutb  is  notjtmple  enougb,  to  be  placed  among  tin  axioms  \  it  isaconfe^ 
quence  of  tbe  XXVII  propofition  of  tbefirfi  book ;  //  //  only  there f  tbat  it  can 
be  properly  efiablifbed. 

XIL 

Two  ftraight  lines  cannot  inclofe  a  fpaqe. 

If  tbe  twojlraigbt  lines  EF  and  EXF  indole  a 
cannot  be  both  ft  rat ^t  lines ;  one  of  them  alt  tea/l  as 
line.    Fig.  9. 

B  t 


;  tbofe  two  lines 
XF  mufi  be  a  curve 
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EXPLICATION  of  the  SIGNS. 

-    Perpendicuhir.    3IX   ^   ' 


±  - 

<  -  «  -  Greater  than 

>  -  .  -  Lefsthan 

+  -  -  -  More. 

-  -  -  -  Left. 

y  -  -  -  Angle, 


-  -  Right  Angle. 

-  -  Triangle. 
=   -    -  -  Equal, 

D    -    -  -  Square. 

©    -    -  -  Circle. 

O    -    -  -  Circumference. 


ABREVIATIONS. 


Pile.     -    • 

-    -    Parallel. 

Pgr.     .     : 

-    -    Parallelogram 

Rglc.  -    - 

•    -    Redangle. 
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yj       PROPOSITION!.     PROBLEM  I 

\_J  P  O  N  a  given  finite  ftrjiight  line  (AB) ;  to  conftruft  an  equilateral  tri- 
angle (ABC), 

Given  Sought 

thtfiraight  line  AB.  t^t  c$nftru3ion  of  an  equilateral  A 

upon  the  finite  ftraigbt  line  AB. 

Refolutfon. 

1.  From  the  center  A,  at  the  diftance  AB,  defcribe  ©  BCD.  Pof.  3. 

2.  From  the  center  B,  at  the  diftance  BA,  defcribe  ©  ACE.        Pof.  3. 
5^  Mark  the  point  of  interfe£tion  C. 

4r  From  the  point  A  to  the  point  C,  dra\jr  the  ftraight  line  AC.       Pof.  i. 
5.  From  the  point  B  to  the  point  C,  draw  the  ftraight  line  BC.         Pof  i. 

Demonstration. 


B 


E  C  A  U  S  E  the.point  A  is  the  center  of  ©  BCD  (Ref  i .),  and  the 
lines  AB,  AC,  are  drawn  from  the  center  A  to  the  O  BCD  (Ref  4.). 
I.  Thofe  two  linvs  AB,  AC,  are  rays  of  the  fiune  ®.  />.  \6,B.  f. 

a.  Confequentif,  the  line  AC  is  =  to  the  line  AB.  Z>.  15.  B,  i. 

Ukewife,  becanfe  the  point  B  h  the  center  of  ©  ACE  (Ref  2.), 
and  the  lines  BA,  BC,  are  drawn  from  the  center  B  to  the  O  ACE 

(RefsX 

3.  Thofe  two  lines  are  rajs  of  the  fiune  circle  ACE.  Z>.  16.  B.  i. 

4.  Confequendy,  the  line  BC  is  al(b  =:  to  the  fame  line  AB.  Z>.  15.  ^.  i. 

5.  Therefore,  AC,  BC,  are  each  of  them  =r  to  AB  (Arg.  2.  and  4.). 
But  if  ttvo  magnitudes  are  equal  to  a  fame  third,  they  are  equal 

to  one  another.  Ax,  I. 

6.  The  line  AC  is  therefore  =  to  the  line  BC. 

But  each  of  thofe  two  lines^^  to  one  another  (Arg.  6.),  is  aUb 
=  to  the  line  AB  (Arg.  5.). 

7.  Wherefore,  the  three  Ones  AB,  BC,  AC,  which  form  the  three  fides 
of  A  ABC,  are  =  to  one  another. 

8.  Confequently,  the  A  ABC  conftruded  upon  the  given  finite  ftraight 

fine  AB>  is  an  equilateral  truuigle.  D,  24.  B,  v. 

Which  was  required  to  be  done. 
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4. 
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F  PROPOSITION  II.    PROBLEM  II 

RO  M  a  given  point  (A)>  to  draw  a  ftraight  Une  (AL),  equal  to  a  given 
ftraightline  (BG). 

Given  Soi^ht 

I .  ne  p§int  A.  AL  =  BC. 

a.  neftraifht  line  EC. 

Refolution. 

From  tbe  point  A  to  the  point  B,  draw  the  ftrai^t  Une  AB.  P*tf.  1. 
Upon  this  ftraight  line  ABconftrud  the  equilateral  A  ADB.    P.  i.B.x, 
Produce  indefinitely  the  fides  DA  and  DB  of  this  A.  /^  a. 

From  the  center  B,  at  the  diftance  BC,  defcribe  ©  CGM.  P9f.  3. 
And  from  the  center  D,  at  the  diftance  TKjy  defcribe  ©  GLN  j  /yi  3. 
which  cuts  the  ftraight  line  DA  produced,  (omewhere  in  L. 

B  Demonstration. 

£  C  A  U  S  E  the  lines  BC  and  BG»  aredrawn  from  die  center  B  to 
the  O  CGM  (Ref,  4.). 

I.  Thofe  two  lines  are  rays  of  the  &me  0  CGM.  D.i6.B,i. 

i.  Confequentiy,  BC  =  BG.  D.  15.  B.  i. 

And  becaufe  the  lines  DG  and  DL,  are  drawn  from  the  center  D  to 
the  O  GLN  fRe/  $.). 

3.  Thofe  lines,  are  alfo  rays  of  the  (ame  ®  GLN.  D.  16.  B.  1. 

4.  Confequently,  DG  =  DL.  Z>.  t$.B.  1. 
But    the   lines    DA  &    DB,     being   the    fides   of  an  equiktetal 

A  ADB  CRe/  2.). 

5.  The  line  DA,  is  =r  to  the  Kne  DB.  D.  24.  B.  i. 
Cutting  off  therefore   from    the  equal  lines  DG,  DL,  f-^g.  4.)  ; 

their  equal  parts  DB,  DA,  C^rg.  5.). 

6.  The  remainder  AL  is  sr  to  the  remainder  BG^  jix,  3. 
Since  therefore  the  line  AL  is  =  to  the  line  B(J  fjirg,  6.),  and  the 

line  BC  is  alfo  =r  to  the  (ame  Kne  BG  (^rg,  a.). 

7.  The  line  AL  is  =  to  the  line  BC.  jfjc.  I. 
But  it  is  manifeft  that  this  line  AL,  is  a  line  diuwn  from  the  given 

point  A  (R^f.  3.). 

8.  Wherefore  from  the  given  point  A,  a  ftraight  line  AL,  equal  to  the 
given  ftraight  line  BC,  has  been  dravm. 

Which  was  to  be  done. 
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r-p     PROPOSITION  in.    PROBLEM  III 

X    W  O  unequal  ftraight  lines  (A  &  CD}  being  given  ;  to  cut  off  from 
the  greater  (CD)  a  part  (CB)  equal  tQ  the  lefs  A. 

Given  Sought 

iif  lim  CD  >  line  A.  fnm  CD  to  cutoff  CB  s  A. 

Refolutiofi, 

1.  From  the  point  C  draw  {he  ftraight  line  CE  =c  to  the  given 

one  A.  P.  2.  B,  i, 

2.  From  the  center  C  and  at  the  diftance  CE,  defcnbe  0  CEB  i  Pof,  i. 
which  cuts  the  greater  CD  in  B. 

Demonstration. 

___    HE  ftraight  lines  CB,  CE,  being  drawn  fix)m  the  center  C  to 
the  O  BEF  (Ref,  2.). 

1.  They  are  rays  of  the  fame  ©  BEF. 

2.  Confcquendy,  CB  =  CE. 
But  the  ftra^t  line  A  being  =  to  the  ftraight  line  CE  (kef,  i.)  | 
and  the  ftraight  line  CB  being  Ukewife  =  to  CE  (Arg,  2.). 

3.  The  ftraight  line  A  is  =  to  the  ftraight  line  CB. 
And  fince  CB  is  a  part  of  CD. 

4.  From  CD  the  greater  of  two  ftraight  lines,  a  part  CB  has  been  cut 
oflF=:  toAthelcfs. 

Which  was  to  be  done. 


D,  i6,B.t, 
D,  15.  A  I. 


Ax,  1, 
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|-         PROPOSITION  IV.     THEOREM!. 

M.  F  two  triangles  (BAG,  EDF>)>  have  two  (ides  of  the  one,  equal  to  two 
fides  of  the  other,  (i.  e.  AB  =  DE,  &  AC  ^  DP),  &  have  likewife 
the  angle  contained  (a)  equal  to  the  angle  contained  (d) :  they  will  alio 
have  the  bafe(BC),  equal  to  the  bafe  (EF) ;  &  the  two  other  angles  (b  &  c) 
equal  to  the  two  other  angles  (e  ^  f)  each  to  each,  viz.  thofe  to  which 
the  equal  fides  are  oppofite ;  and  the  whole  triangle  (BAC)  will  be  equal  to 
the  whole  triangle  (EDF). 

Hypothefis.  Thefis. 

/.  AB  =  DE.  /.  BC  =  EF. 

//.  AC  =  DF.  //.  V^zrV^  &V^=V/- 

///.  V-i=  V^.  ///.  A  BAC  =  AEDF. 

Preparation. 
Suppofe  the  ABAC  to  «be  laid  upon  the  A  EDF,  in  fuch  a  man* 
ner  that 

1 .  The  point  A  falls  upon  the  point  D. 

2.  And  die  fide  AB  falls  upon  the  fide  DE. 

S  Demonstration. 

'INCE  the  line  AB  is  =  to  the  line  DE  (Hyp.  i.),  &  the 
point  A  falls  upon  the  point  D  (Prep,  i.),  &  the  line  AB  upon  the 
KneDE  (Prep.  2.). 

1.  The  point  B  will  fall  necefTarily  upon  the  point  E.  Ax,  9. 
Becaufe  the  V«  ;=  V^  (Hyp.  3.),   &  the  point  A  falls  upon  the 

point  D  (Prep,  i.),   &  the   fide  AB  upon  the  fide  DE  ^'Pr^/.  a.). 

2.  The  fide  AC  will  fiiU  necefl*rily  upon  the  fide  DF.  Ax.  9. 
Moreover,  fince  this  fide  AC  is  =:  to  the  fide  DF. 

3.  The  point  C  muft  fail  alfo  upon  the  point  F.  Ax.  9. 

4.  Wherefore,  the  extremiues  B  and  C  of  the  b|||BC»  coincide  with 
the  extremiues  E  and  F  of  the  bafe  EF. 

5.  And  confequently,  the  whole  bafe  BC  coincides  with  the  whole  bafe  EF  ; 
for  if  the  bafe  BC  did  not  coincide  with  the  bafe  EF,  though  the 
extremities  B  and  C  of  the  bafe  BC,  coincide  vrith  the  extremities 
E  and  F  of  the  bafe  EF ;  two  fbaight  lipes  would  inciofe  a  fpace 

.    (EXForEYF);  which  is  impoffible.  Ax.  la. 

Since  therefore,  the  bafe  BC  coincides  with  the  bafe  EF  (Arg.  $.). 


Book  I 


6. 


This  bafe  BC  wffl  be  =  to  the  bafe  EF. 

Which  was  to  be  demonftrated.  L 
Again,  the  bafe  BC  coinciding  with  the  bafe  £F  (Arg.  5.),  &  the  two 
other  fides  AB,  AC,  of  A  BAC  coinciding  with  the  the  two  other 
fides  DE,  DF,of  AEDF  (Prep.  1,  Arg,  2.). 
7.  Thofe  two  A  BAC>  EDF>  are  n^eifarity  equal  to  one  another. 

Which  was  to  be  demonftrated.  III. 
In  fine,  fince  the  V^  &  V*  to  which  the  equal  fides  AC,  OT*  are  op- 
pofitc  (Hyp,  2.) ;  likewife,  the  Vc  &  /  to  which  the  cqtial  fides 
AB,  DE,  are  oppofite  ^A{r/.  1.),  coincik  both  as  to  their  vertices 
and  their  fides  ^^r^.  i,  2,  3,  5.). 
i.  It  foUows,  that  the  V^  &  V/,  as  alfo  the  Vf  &  Vjf,  to  which  the 
equal  fides  are  oppofite,  are  equal  to  one  mother. 

Which  was  to  be  demonftrated.  II. 


Ax,  9. 


Ax.  9. 


Ax  9. 
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PROPOSITION  V.     THEOREM  11. 


__  N  every  ifofceles  triangle  (BAG) :  the  angles  (a  &  b)  at  the  bafc  (BQ 
are  equal,    &    if  the  equal   fides  (AB,    AC,)   be  produced:    the  angles 
(c+e&  J  +f)  under  the  bafe  (EC)  will  be  alfo  equal.   ^ 
Hypothefis.  Thefis. 

/.  Thi  A  BAC  is  an  ififceUs  A.  /.  Vtf  &  V*  are  equal. 

II.  AB  &  AC  are  produced  indefinitely.  11.  Wc+e&  Wd+fare  alfi  tfuml. 

Preparation. 
I.  In  the  fide  AB  produced  take  any  point  D. 
,.2.  Make  AErs  AD.  P.  3.  A  1. 

3.  Through  the  poinU  B  fr  £,  asalTo  C  &D»  draw  BE,  CD.  Pef.  t. 

B  Demonstration. 

ECAUSE  inthe  ADACthe  twofidesAD,  AC,  areequal  to 
the  two  fides  AE,  AB  of  A  EAB,  each  to  each  (Prep,  %,  Ifyp.  1.)  ^ 
and  the  V  A  contained  by  thoft  equal  fides  is  common  to  the  two  A. 

1.  The  bafe  DC  IS  =r  to  the  bafe  BE;  &thetworeniamii^  Vm&^+^ 
of  A  DAC,  are  equal  to  the  two  remaining  Vif  &  tf  +  ^  of  A  EAB, 

each  to  each  of  thofe  to  which  the  equal  tides  are  oppofite.  P.  4.  B,  1. 

And  becaufe  the  whole  line  AD  is  =  to  the  whole  line  AE  (Prep,  2.}, 
and  the  part  AB  =r  to  the  part  AC  (Hyp.  1.)  5  cutting  eff.  &c. 

2.  The  remainder  BD  will  be  =r  to  the  remainder  CE.  Ax.  3. 
Again,  fmce  in  the  A  DBC  the  fides  DB,  DC,  are  equal  to   the 

fides  CE,  EB,   of  A   ECB,  each   to  each  (Arg,  2.  and   1.},  & 
likewife    V  contained    m  is  equal   to  V  contained  n    (Arg,  i.}. 

3.  The  two  remaining  V  of  the  one,  are  =  to  the  two  remaining  Vof 

the  other,  each  to  each,  vi«.  Vc  +  #  =  V^+/  &  V^=:  Vf.  P.  4.  B.  i. 

The  whole  Vtf+^&^+^being  therefore  =  to  one  another,  as 
alfo  their  parts  Vf  &  "id  (Arg,  i.  &  3.) ;   cutting  off  kc. 

4.  The  remaining  Wa  teitLTC  likewife  1=  to  one  anodier.  Ax.  3. 
But  thofe  V  are  the  two  V  at  the  bafe  BC. 

5.  Therefore  Wa  &  V^  at  the  bale  BC  are  =  to  one  another. 

Which  was  to  be  demonftrated.  I. 
Moreover,  fince  V#  +  r  =  ^^'\'f(^rg.  3.)  are  the  V  under  the  bafe. 

6.  It  is  evident  that  the  Ve  +  ^  &  V^+/under  the  bafe,  arc  aUb  =  to 
one  another.  Which  was  to  be  demonftrated.  IL 
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I         PROPOSITION  VI.     THEOREM  III 
F  a  triangle  (ACB)  has  two  angles  (a  dc  6  +  cj  cqnal  to  one  another  f" ' 
the  fides  which  are  oppoHte  to  thofe  equal  angles^  will  be  alfo  equal  to  one 
another. 

Hjpothefis.  Thefis. 

rn  the  A  ACB,  Vfl  =  V*  +  c.  Thtfide  CA  =  /o  tbifiJk  BA, 

Demonstration. 

If  not, 

1.  The  fides  CA,  BA,  will  be  ncceflarily  unequal.  C.  N. 

2.  Codequently  one  of  them,  asBA,  will  be  >  the  other  CA.  C.  N. 

Preparation. 

1.  CutoiFthereforefTomthe>fideBA,apart=tothe<fideCA.  P.  j.  B.  i. 

2.  Draw  from  the  point  C  to  thepoint  D,  the  ftraight  line  CD.      Po/T  i. 


I 


_  N  the  A  ACB,  DBC,  the  ficje  BD  =  to  the  fide  CA  (Pre^.  i.), 
the  fide  BC  is  common  to  the  two  A»  &  V  contained  a  :=  V  conr 
taincd  i  +  c  (Hyp,  i.).         ^ 

1.  Confequently,  the  two  A  |^^DBC,  have  two  fides  of  the  one  equal 
to  two  fides  of  the  other^RUo  eaich,  &  V  ontauied  «  =£  V  con- 
tained *+^- 

2.  Wherefore  the  A  ACB  is  sc  to  A  DBO  P.  4.  B. 
But  the  A  ACB  being  the  whole,  &  die  A  DBC  its  past. 

3.  It  follows,  that  the  whole  would  be  =  to  its  part. 

4.  Which  is  impoffiblc.  Ax.  8. 
Therefore  as  the  fides  CA,  BA,  which  are  oppofite  to  the  equal 

V  tf  &  ^  H~  ^>  cannot  be  unequal. 

5.  Thofe  fides  are  equal  to  oaeanother,  or  CA  =  BA.  C  N. 

Which  was  to  be  demonftrated. 


\ 
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jjy        PROPOSITION  VII.     THEOREM  If^. 

Jt^  ROM  the  extremities  (A  &  B)  of  a  ftiaight  line  (AB),  from  whidi 
have  been  drawn  tp  the  fame  point  (C)i  two  ftraight  lines  (AC,  BC,) :  that 
cannot  be  drawn  to  any  other  point  (D)  (ituated  on  tlie  fame  fide  of  this  lioci 
two  other  ftraight  lbe9  (AD,  dD,)^  equal  to  the  two  firft  each  to  each. 

Hjpotheiis.  Thefis. 

1.  AC,  BC,  aifo  AD,  BD,  anjlrahbt  Una  ;         //  is  impoJibU  that  AC  =  AD, 

2.  Dnnvnfromtbefamepoints  A^Ei  ??BC=:BD. 

3.  T0MV9  different  points  D  &  C,  fiiuated  on 
thefamjidi  of  the  line  AB. 

Demonstration. 
If  not. 

There  is  on  the  fiune  fide  of  the  line  AB  a  point  D  (6  fira- 
atcd,  that  AC  =  AD,  &  BC  =  BD.     Confequendy  this 
point  will  be  placed, 
Case  i.  Either  in  the  hde  AC,  or  BC.     Fig,  i. 
C  A  s  E  2.  Or  within  the  A  ACB.     Fig,  a. 
Ca  SB  3.  Or  iaftly  without  the  A  ACB.    Fig,  3. 

CASE  I.  If  the  point  D  be  fuppofed  to  be  in  one  of  the  fides,  at 
in  AC.    Fig,  I. 


B. 


BECAUSE  the  point  D  is  fuppofed  to  be  a  point  in  ACdiffeient 
from  the  point  C. 

I .  The  line  AD  is  either  >  or  <  the  line  AC.       > 
a.  Confequently  it  is  impofiible  that  AD  ==  AC.  y 


C.  N. 

Which  was  to  be  demonftrated. 
CASE  n.  If  the  point  D  be  fuppofed  to  be  fituated  within  the  A  ACB.  Fig.  a. 

Preparation. 

I.  FromthepointDtothepointC,  draw  the  ftiaight  Hne  DC.      P^f.  i. 
z.  Produce  at  will  BD  to  E  &  BC  to  F.  Pof.  2, 
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ECAUSE  ACi5fiippofed  =  AD. 
1 .  The  A  CAD  will  be  an  ifofceles  A.  D.  2  j.  B.  t . 

^.  Confequently  the  V  at  th^bafctf-j-^&f  will  be  cqualto  one  another.  P.  5.  B.  I. 

And  becaufe  BC  is  fuppofed  =  BD. 

3.  The  A  CBD  will  be  likcwifc  an  ifofceles  A.  />.  2$.  B.  i. 

4.  Hencethe Vunderthebafc^&f +^>w>^^*^^^^«Jtop|icanothipr.  P.  5.  ^.  |, 
Wherefore,  if  from  Vr  -f-  ^  be  taken  its  part  V^. 

5.  V^wiUbe>  Vf.  C  N. 
And  if  to  the  fame  V^  be  afterwards  added  Vtf . 

6.  Much  more  then  will  the  whole  V«  +  *  be  >  Vc.  C  AT. 

7.  Confequendy  V<j  +  ^  &  Vf  are  not  equal.  C.  A^. 
But  it  has  been  demonftrated  that  in  confequence  of  the  fiippoikion  of 

this  cafe,  Va+  ^  &  Vf  fliould  be  equal  (^g^  2,). 

8.  From  whence  it  follows  that  this  (uppofition  cannot  fubfift^  unlefi 
thofe  angles  at  the  fame  time  be  equal  and  unequal. 

9.  Which  is  impoffible.  C.  N, 
tp.  Therefore  the  fuppofition  whiph  makes  AC  =r  AD  &  BC  =:  BD>  is 

in  itfelf  impoOible. 

Which  was  to  be  demonftrated. 

CASE  in.  If  the  point  D  be  fuppofed  to  be  without  th(?  A  ACB.  Fig,  3. 

Preparation. 


B 


From  the  point  D  to  the  point  C  let  there  be  drawn  the  ftraight 

line  DC.  ^  r  Ppf,  i. 


ECAUSE  AC  is  fuppofed  =  AB. 
I.  The  A  CAD  will  be  an  ifofceles  A.  D.  aj.  B.  I, 

z,  Confequently  V^  &  4;/ +  r  at  the  bafe  are  equal  to  one  another.       P.  5.  ^.  u 

Again,  becaufe  DC  is  b'kewife  fuppofed  =  BD  ; 

3.  The  A  CBD  will  be  an  ifofceles  A.  D,  25.  B,  1. 

4.  Hence  Vf  &  V^  +  «  at  the  bafe  will  be  equal  to  ope  another,         P.  $.  B,  1. 
If  therefore  we  taice  from  V/^  +  «  its  part  v«. 

5.  The  Vf  will  be  >  the  remaining  V*.    ^  C.  M 
And  if  to  this  fiuue  Vc  be  added  V^. 

6.  Much  more  then  will  the  whole  Vf  +  ^  ^  >  V*.  C.  AT. 

7.  Wherefore  Vf  +  ^  &  V^  are  not  equal  to  one  another.  C.  A^. 
But  it  has  been  proved  that  in  conftquence  of  the  f1^>poiltion  of  this 

cafe,  V^  4"  ''  ^  V^  are  equal  to  one  another.  (Ar^.  zj. 

8.  Froxu  whence  it  follows  that  this  fuppofition  cannot  fubfift,  un2e&  tho/e 
angles  be  at  the  fame  time  equal  and  unequal. 

9.  Which  is  impoifibJe.  C.N, 
10.  Therefore,  the  fuppofition  which  makes;  AC  =;:  AD.  &  BC  =  BD  U 

impofllble. 

Which  was  to  be  demonftrated. 
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|-        PROPOSITION  VIII.     THEOREM  F. 

1  F  two  triangles  (FHG,  ACB,),  have  the  three  fides  (FH,  HG,  OF,) 
of  the  one  equal  to  the  three  fides  (AC,  CB,  BA,)  of  the  other,  each  to 
each,  they  are  equal  to  one  another,  &  the  angles  contained  by  the  equal  iides 
are  likewife  equal,  each  to  each. 

Hypothefis.  Thefis. 

/.  FH  =  AC.  .     rVF=  VA. 

//.  HG=  CB.  *  AFHG  =  AACB,  andl  VG=:  VB. 

///.  GF=BA.  tVH=VC 

Preparation. 

Let  the  A  FHG  be  applied  to  the  A  ACB,  fo  that, 
I.  The  point  F  may  coincide  with  the  point  A. 
a.  And  the  bafe  FG  with  the  bafe  AB. 


B. 


Demonstration. 


E  C  A  U  S  E  the  point  F  coincides  widi  the  point  A  (Pref.  i . ),  &  the 

lineFGwiththeline  ABViVr/.  2.),  &  thofe  Uncs  are  equal  ^^/.j.). 

1 .  The  point  G  muft  coincide  with  the  point  B. 

The  extreme  points  F  &  p  of  the  fide  FG,  coinciding  therefore  with 
the  extreme  points  A  &  B  of  the  fide  AB  (Prep.  i.  Arg.  i.) ;  &  the 
ftraight  lines  FH,  GH,  being  equal  to  the  ftraight  line  AC,  BC,  each 
to  each. 

2.  The  ftraight  lines  FH,  GH,  will  necefiarily  coincide  with  the  ftraight 
lines  AC,  BC,  each  with  each. 

If  not ;  then  from  the  extremities  A  &  B  of  a  line  AB,  there  may  be 
drawn  to  two  different  points  C  &  D,  on  the  fame  fide  of  AB»  two 
ftraight  lines  AC,  BC,  equal  to  two  other  ftraight   lines  AD,  BD, 
each  to  each.     Which  is  impoflible. 
J.  Thofe  fides  therefore  coindde. 

4.  But  the  bafe  FG  coinciding  with  the  bafe  AB  (Prep,  2.),  the  fide  FH 
with  the  fide  AC,  &  the  (idit  GH  with  the  fide  BC,  (Arg.  %.). 

5.  It  follows,  that  the  A  ACB,  FGH,  are  equal  to  one  another ;  as  Hke- 
wife  their  V  contained  by  the  equal  fides,  each  to  each. 

Which  was  to  be  demonftrated. 


-Af.  9. 


P.  7.  A  I. 
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~^      PROPOSITION  IX.     PROBLEM.   IV. 

X    O   divide  a  riven  rediKneal  angle   (ECF),    into  two  equal  angles 
(ECD,  FCD,). 

Given  Son^t 

A  nailineal  V  ECF.  V  EGD  =  V  FCD. 

Refolution. 

1.  Take  CA  of  any  Ici^th. 

2.  Make  CB  =  CA. 

3.  From  the  point  A  to  the  point  B>  draw  the  ftraight  line  AB. 

4.  Upon  the  ftraight  line  AB,  conftrud  the  equilateral  A  ADB.     P.  i.  B.  i. 

5.  From  the  point  C  to  the  point  D,  draw  the  ftraight  line  CD.  Pof.  1. 

Demonstration. 

XJECAUSE  AC  =  BC  (Re/.i.),  DA  =  DB(Re/.  4.),  tnd  the 

fide  DC  common  to  the  two  A  CAD,  CBD. 

I .  Thofe  two  A  have  the  three  iides  of  the  one  equal  to  the  three  fides  of 

the  other,  each  to  each. 
Z.  Confequendy  the  V  FCD,    ECD,   contained    by  the   equal   (ides 

CA,  CD;  kCB,  CD,  are  equal  to  one  another.  P^  B.  B.  1. 

Which  was  to  be  done. 
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T         PROPOSITION  X.    PROBLEM  F. 
O    divide  a  given   finite  ftniight    line  (AB)    into  two  equal  parts 
(AC,  BC,). 

Given  Sought 

A  finite  ftraigbt  Km  AB.  AC  =  BC. 

Refolution. 

1.  Upon  the  ftraight  Une  AB  conftnift  the  eqniltteral  A  ADB.      P.  i.  B.  i. 

2.  Divide  into  two  equal  parts  V  ADB  by  the  ftra^ht  Kne  DC.      P.  9.  B.  i. 

Demonstration. 

XJECAUSE  AD=:BD  (Ref.  i.\  &  thefide  DC  is  common  to 
the  two  A  ADC,  BDC,  &  V  conuined  ADC  =^  V containedBDC 
(Rel  2.). 

1.  Thofe  two  A  ADC,  BDC,  have  two  fides  m  the  one  equal  to  two 
(ides  in  the  other,  each  to  each,  &  V  contained  ADC  ^  V  con- 
tained BDC  (Ref,  2.). 

2.  Confequcntly,  the  bafe  AC  =  to  the  bafe  BC.  P.  4.  ^.  i. 

Which  was  to  be  done. 
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F        PROPOSITION  XI.     PROBLEM  yi 
R  O  M  a  given  point  (C),  in  an  indefinite  ftraight  line  (AB),  to  raife  a 
perpendicular  (CF)  to  this  line. 

Given  Sought 

7h€  indefinite  ftraight  line  AB,  &f  7he  ftraight  line  CF  raifedfrom 

the  point  C  in  this  ftraight  line.  the  point  C  X  upon  AB. 

Refolution. 

1.  On  both  fides  of  the  point  C  take  CD,  C£,  equal  to  one  ano- 
ther. P,  3.  B,  I. 

2.  Upon  the  ftraight  UneDE,  conftrua  the  equilateral  A  DFE.     P.  i.  B.  i. 

3.  From  the  point  F  to  the  point  C,  draw  the  ftraight  line  FC. 


I. 


Demonstration. 


JjECAUSE  CD  18  =  to  CE  (Re/,   i.),  FD  =  FEr^^/  z.),  & 

the  fide  CF  is  common  to  the  two  A  DFC,  EFC. 

J.  It  is  evident  that  thofetwoA  have  the  three  fides  of  the  one,  equal 

to  the  three  fides  of  the  other,  each  to  each, 
a.  Confequently,  the  adjacent  V  FCD,  FCE,    (contained  by  the  equal 

fides  FC,  CD,    and  FC,  CE,)  are  equal  to  one  another.  P,  S,  B.  i. 

But  it  is  the  ftraight  line  FC,  which  Ming  upon  AB,  forms  thofe 

adjacent  V  =  to  one  another. 
3.  Wherefore,  the  ftraight  line  FC  is  ±  upon  AB.  D.io.B.i. 

Which  was  to  be  done. 
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r\     PR  OPOSITION  Xa    PROBLEMS 

X^  R  O  M  a  given  point  (C),  without  a  given  indefinite  ftraight  Ime  (Afi) ; 
to  let  fall  a  perpendicular  (CF)  to  this  line* 

Given  Songlit 

Tie  indefinite  Jiraigbt  line  AB,  W  Tbeftraigbt  line  CF,  lei  fall  firm 

the  point  C  ^without  this  line.  the  p9int  C  i.  upon  AB. 

Refohttipn. 
.  I.  Take  any  point  G,  upon  the  other  fide  of  the  ftnught  line  AB» 
with  reipedt  to  the  point  C. 

2.  From  the  center  U»   at  the^diftance  CG,  deicribe  an  arc 

of  0  DGE  cutting  the  indefinite  line  AB  in  two  points  D&£.  P(^  j. 

3.  Divide  the  linf^J^B  Into  two  eijual  parts  in  the  point  P.  P.  10.  B.  x. 

4.  From  the  point  C  to  the  point  P,  draw  the  ftraight  line  CF.      Pof.  1, 

Preparation. 
From  the  point  C    to  the  points  D  Ir  E»   draw  the  ftnight 


lines  CD  &  CE. 


B 


Demonstration. 


Pof.   I. 


ECAUSE  the  lines  CD,  CE,  are  drawn  from  the  center  C  to 
the  O  DGE  (Ref,  2.  and/*rr/.). 

1.  Thole  lines  arc  rays  of  the  ^me  ©.  D,  16.  B.  i. 

2.  Confequently>  the  line  CD  is  =  to  the  line  CE.  D,  15.  B.  1. 
Since  therefore  CD  is  =  to  CE  (Arg.  a.),  DP  =  FE  f^ef.  3.),  Be 

the  fide  CF  is  common  to  the  two  A  DCF,  ECF. 

3.  Thole  two  A  have  the  three  fides  of  the  one  equal  to  the  three  fidea 
of  the  other^  each  to  each. 

4.  Wherefore  the  V  CFD,  CPE,  conUined  by  the  equal  fides  PC,  FD, 

and  PC,  FE,  are  =  to  one  another.  P.  8,  B.  l. 

Butthofctwo  V  CFD,  CPE,  =  to  one  another  fArg.j^,)^  are  the 
adjacent  angles  formed  by  the  line  CP  which  lalls  upon  the  line  AB. 

5.  Therefore,  each  of  thofe  two  V  CFD,  CPE,    is  a  U  >    and  the 

Une  CP  is  X  upon  the  line  AB.  D,  10.  B.  i. 

Which  was  to  be  demonftrated. 
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rrs       PROPOSITION  XIII.     THEOREM  Fl 

X  H  £  gngtes  which  one  ftraight  line  EC  makes  with  another  AB  upon 
one  iide  of  it,  are  either  twp  right  angles^  pr  are  together  equal  to  two 
right  angles, 

Hypothefis.  Thefis. 

EC  is  afiraigkt  line  meeting  I  Either  each  •/ V  ACE,  ECB,  is  a  L. 

AB  '^  '*f  /««'  C.  //.  Or  their  fum  is  =  /•  /w/»  LL 

5UP.  I.     If  VACEi8  =  tp  VECB. 
—.  Demonstration. 

JtSECAUSEthe adjacent angks  ACE,  ECB,  formed b/ the ftralgfat 
lines  CE&  AB,  are  equal  to  one  another  (Su/,), 

I.  It  follows,  thfCt  each  of  them  is  ^  L.  />.  ip.  B.  i. 

Which  was  to  be  demopftrated. 

SUP.  II,    If  V  ACEisnot  =:  fo  VECB. 

Preparation. 

From  the  point  of  cenfurfe  C,  raife  upon  AB  the  X  Cp.  P.  1 1.  A  i. 

Demonstration. 

ECAUSE  DCisXuponAB  (Pf^p.). 
Thp  two  V  DCA  &  DCB  ate  U  D.  lo.  A  i . 

But  ai  V  DCB  is  s=  to  the  tw9  V  n  +  P  J  if  thjc  VDCA  or  V  w,  be 
added  to  each. 

The  two  V  DCA  +  DCB,  are  =  to  the  three  V  «  +  »+•.  Jx.  2, 

Again,  becaufe  VECAi8=:  to  the  two  Vi»+ff  {  if  the  V  ECB  or 
V^  be  added  to  each. 

ThetwoVECA,  ECB»  arcalfo==:tothofcfiuncthrce V|i  +  »+P.  ^^.  2.  • 
Confequendf,thetwoVECAfcECBare=tothetwoVDCA.&pCB.  Jx.  i. 
But  the  two  VDCA  &  DCB,  beii^twoL.  (Arg.  1.). 
It  is  evident  that  the  fum  of  the  two  V  ECA  &  ECB,  is  alfo  =  to 

tyroL..  -'•*.  h 

Which  was  to  be  demonftrated. 

P? 
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I        PROPOSITION  XIV.    THEOREM  yiL 
F  two  ftraight  lines  (AC,  BC,),  meet  at  the  oppofitc  (ides  of  a  ftnught 
line  (EC),  in  a  point  C,  making   with  this  ftralght  line  (EC)  the  fiun  of 
the  two  adjacent  angles  (ACE,  ECB,)  equal  to  two  right  angles ;  thofe 
two  (Iraight  lines  (AC>  EC,  will  be  in  one  and  the  fame  ftraight  line. 

Hypothefis.  Thcfis. 

I  The  two  lines  AC,  BC,  meet  in  the  point  C,  The  Hues  AC,  BC,  are  in  one  W  the 

II.  The  adjacent  V  ACE  +  ECB  are  =  to  fame  ftraight  lint  AB. 

Demonstration. 
If  not, 

AC  may  be  produced  from  C  to  D,  ib  that  DC  &  AC  may  make 

but  one  and  the  fame  ftraight  line  ACD.  Pof.  Z, 

Preparation. 


B, 


Produce  then  AC  from  C  to  D. 


P^/a, 


E  C  A  US  E  ACD  is  a  ftraight  line  upon  which  falls  the  line  EC. 
It  follows,  that  thefum  of  theadjacent  V  ACEH-ECDis=totwo  L.  P,  13.  A  I. 
But  the  V  ACE  +  ECB  beii^  alfo  =  to  two  L  (Hyp.  2.). 
%.  The  two  V  ACE  +  EC  B  are  therefore  =  to  the  two  V  ACE+ ECD.  v£y.  1, 
Taking  away  therefore  from  each  the  common  V  ACE. 

3.  The  remaining  V  ECB,  ECD,  will  be  equal  to  one  another.  Ax.  3. 
But  V  ECb  being  the  whole  &  V  ECD  its  part. 

4.  It  follows,  that  the  whole  is  equal  to  its  part  Ax,  1. 

5.  Which  is  impoftible.  Jbe,  8. 
0.  Confequently,  the  lines  AC  &  BC,  are  in  one  &  the  ftme  ftraight  line. 

Which  was  to  be  demonftrated. 


£ookI. 
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I       PROPOSITION  XV.    THEOREM  Fill 
F  two  ftraight  lines  (AB,  DE,)  cut  one  another  in  (C)*  the  vertical  or 
oppofite  angles  (ECA,  DCB,  &  ACD,  BCE,)  are  equal. 

Thefis. 
/.  V  ECA  =  V  DCB. 


HTpothefis. 
AB>  DE,  are  ftraight  lints  vAicb 


cut  en*  anttber  in  tbt  point  C. 


//.  V  ACD  =  V  BCE. 


B. 


Demonstration. 


P.  13.  B.  I. 
Ax,   I. 


Jx. 


BECAUSE  the  ftraightlineACfallsupon  the  ftraight  line  DE  ("//>/;/ 

I .  The  fum  of  the  two  adjacent  V  ECA  +  ACD  is  =  to  two  L. 
Aga^in,  fince  the  ftraight  h'ne  DC  hhs  upon  the  ftraight  Ime  AB  (HypJ, 

a.  The  Aim  of  the  adjacent  V  ACD  +  DCB  is  alfo  =r  to  two  L. 

'3.  Confequendy,  the  V  ECA  +  ACD  are  =  to  V  ACD  -f  DCB. 
Taking  away  therefore  from  thofe  equal  fums  (Arg,  3.)  the  com- 
mon V  ACD. 

4.  The  remaining  V  ECA,  DCB>  which  are  vertically  oppofite*  are  equal. 

Which  was  to  be  demonftrated.  L 
In  the  fiime  manner  it  will  be  proved  : 

-5.  That  V  ACD  is  =  to  V  BCE,  which  is  verticaDy  oppofite  to  it. 

Which  was  to  be  demoi^ftrated.  11. 

C  O  RO  LL  A  Rr    I. 

J^R  O  M  this  it  is  manifejif  that  if  two  ftraight  linescut  one  another f  ibe 
angles  they  make  at  the  point  where  they  cut,  are  together  e^ual  to  four 
right  angles* 

COROLLARrir. 

^ND  confequently,  that  all  the  angles  made  by  aty  number  of  lines  meiiing  in 
one  point,  fre  together  equal  to  four  right  angles. 


so 
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J         PROPOSITION  XVI.    THEOREM  IX. 

J,F  one  fide  as  (AB)  of  a  triangle  (ACB)  beprodu<*cd,  the  exterior  ^ngle 
(CBF)  is  greater  than  either  of  the  interior  oppoiite  angles  (ACB,  CAB>). 


Hypothec^. 
/.  ACB«aA. 
//.    \7  CBF«  an  exierhr  V  H  farmed  hy  Am 

fide  AB  priced, 
111  \f  ACEVCAEare tbeinurioroffpfifeofiei. 

Preparation. 


Thefii 

Wr  exterior  V  CBF  >  she  /irtf.. 
r;*f  effofite  V  ACB  pr  CAB. 


Divide  CB  into  two  ec^ual  parts  at  the  point  D.  (Ftg. 


1.) 
&  pro- 


P.  lo.A  I. 


From  the  point  A  to  the  point  D>  draw  the  line  .    « 

dace  it  iodefinitelj  to  £.  Pof. 

3.  Make  DE  =  DA.  P.  t.  JT,  i. 

4.  From  die  point  B  to  the  point  E,  draw  the  ftraight  line  BE.      Ptf.  1. 

T  Demonstration. 

HE  ftraight  lines  A$,  BC,  (Fig.  1.)  interfea  each  other  at  th^ 
point  D.  {Prep.zX 

I.  ConfequentV,  tfaeoppofitc  vertical  VCDAyBDE,  are  r=  to  one  another.  P.  ij.Ai. 
Wherefore  fince  in  the  A  ACD,  DEB,  the  fide  CD  is  =r  to  the  fide 
DB  (Prep,  I.),  AD  sz  DE  (Pr4p,  3.),  h  V  coatamcd  CDA  is  =  to 

V  contained  BDE /'i^.  1.). 

d.  It  follows,  that  the  reniatntns  V  of  the  one  are  equal  to  the  remaining 

V  of  the  other,  each  to  each  t^tkofe  to  which  theequalfidesareoppofite.  P.  4.  B,  1. 
But  the  V  ACD,  DBE,  are  oppofitc  to  the  equal  fides  AD,DE,  (Prep.  7.). 

3.  Therefore  V  ACb  Is  =:  to  V  DBfe. 

BttV  CBF  heing  the  whole,  Ik  V  DBE  tts  part. 

4.  It  follows,  that  V  CBP  >  V  DBE.     ^  Jx,  8. 

5.  Wherefore  the  exterior  V  CBFte  alfo  >  the  intetior  V  ACB.  C.  N. 
In  the  lame  manner,  dividing  the  fide  AB  into  two  equal  parts  in  the 
point  Id  (Pig.  i.)  it  wiH  he  proved. 

6.  That  the  exterior  V  AB/  is>  ift^  interior  V  CAB. 
But  this  V  AB/  IS  vertically  oppofite  to  V  CBF. 

7.  Wherefore  V  AB/  =  V  CBF.  P.  15.  A  i. 

8.  Confequently,  the  exterior  V  CBF  is  >  the  interior  V  CAB.  C.  N. 

Which  was  to  he  demonftrated. 
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yy       PROPOSITION  XVII.    THEOREMX. 

J\VY  two  angles  as  (ABC,  ACB,)  of  a  triangle  (BAC),  ftre  Icfs 
than  two  right  angles. 

Hypoihefis.  Thefis. 

ABC  is  a  A.  Th  V  ABC  + ACB are^i^o L. 

Preparation. 

Produce  the  fide  BC  (upon  which  the  two  V  ABC»  ACB,  are 
placed)  toD.  A/.  2, 


B 


Demonstration. 


ECAUSE  V  ACD  is  an  exterior  V  of  the  A  BAC. 
It  is  >  its  interior  oppofite  one  ABC. 
Since  therefore  V  ACD  is  >  V  ABC ;  if  the  V  AOB  he  added  to  each.  P.  16.  S.  f; 
The  V  ACD  +  ACB  wiU  he'>  the  V  ABC  +  ACB.  jIx.  4. 

But  the  V  ACD  +  ACB  are  the  adjacent  V,  formed  by  the  ftiaight 
line  AC,  which  falls  upon  BD  ^Prf/ J. 

Confequently,  thofe  V  ACD  +  ACB  are  =  to  two  U.  P.  13.  B.  i. 

But  the  V  ACD  +  ACB  being  =  to  two  L.  (^rg,  3.)  &  thofe  fame 
V  being  >  the  V  ABC  +  ACB  (j4rg.  2.). 

It  foUowt,  that  the  V  ABC  +  ACB  are  <  two  L.  G  K 

Which  was  to  be  demonftrated. 
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Hfpotliciis. 
ACB  is  a  A,  ^hofefide  AB  is  >  AC 


I        PROPOSITION  XVIII.     THEOREM.  XI 
N  every  triangle  (ACB) ;    the  greater  fie  is  oppofite  to  the  greater 

Thcfis. 
V  ACB,  9pp9fitt  to  yjiJeAB^isgremter 
than  V  ABC  •/ft^/#  /•  thtUfferfiii  AC 

Preparation. 

Becaufe  the  fide  AB  is  >  AC  (Hyp  J. 

1.  Make  AD  =  AC 

2.  From  the  point  C  to  the  point  D,  draw  the  firaight  line  CD. 

Demonstration. 


P.  3.  A  I. 


h}^\ 


B 


ECAUSE  the  fide  AD  is  =  to  the  fide  AC  r/Ve/.  i.A 

1.  The  A  ACD  is  an  ifofccles  A.  Z).  aj.-B.i. 

2.  Confequendy,  the  V  m  &  n  at  the  hafe  CD  aie  =  to  one  another.  P.  5.  B.  1. 
But  V  m  being  an  exterior  V  of  A  DCB. 

3.  It  follows,  that  it  is  >  the  interior  oppofite  V  DBC  P.  16.  i^.  1. 
But  V •»  is  =  to  V  If  (Arg.  2.) 

4.  Therefore  V  n  is  alfo  >  V  DBC.  C  N. 
Andif  toVifbcaddedV/. 

5.  Much  more  will  V  «  +  /  or  V  ACB,  oppofite  to  the  greater  fide  AB> 

be  >  V  DBC,  or  ABC,  oppofite  to  the  lefler  fide  AC  C.  M 

Which  was  to  bedemonftrated. 
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PROPOSITION  XIX.     THEOREM  XII 

,N  every  triangle  (BAC),  the  greater  angle,  has  the  greater  fide  oppofite  to  it. 

Hypothefis.  Thcfis. 

In  /*r  ABAC,  VC  «>  V  A.  thf  JiJe  AB  oppofite  io  VCw  >  /fc 

Jide  CB  oppofitf  to  V  A, 

Demonstration. 
If  not. 

The  fide  AB  18  either  equals  or  lefs  than  the  fide  CB.  C.  K 

CASE  I.    Suppofe  AB  to  be  =  to  CB, 


BECAUSE  thefidcABis=  tothefidc  CB  (^^i^A  I.). 

I .  The  A  BAC  is  an  ifofccles  A*  Z>.  25.  A  i . 

3.  Confequcntly,  the  V  C  &  A  at  the  hafe,  are  =  to  one  another.  P,  5.  A  i . 

But  thofe  V  C  &  A  are  not=  to  one  another  (Hyp  ), 
3.  Therefore  neither  are  the  fides  AB,  CB  =  to  one  another. 


Bi 


CASE  n.    Suppofe  AB  to  be  <  CB. 


_  I  EC  AUSE  the  fide  AB  is  <  the  fide  CB  (Sup.  a.). 

1.  It  follows,  that  V  C  oppofite  to  the  lefier  fide  AB,  is  <  V  A  oppofite 

to  the  greater  fide  CB.  P.i^.B.i. 

But  V  C  is  not  <  V  A  (Hyp  J. 

2.  Confequently,  the  fide  AB  cannot  be  <  the  fide  CB. 

The  fide  AB  being  therefore  neither  =  to  the  fide  CB  (Cafi  i.) ; 
nor  <  the  fide  CB  ((^fe  a.). 

3.  It  foUows,  that  this  fide  AB  is  >  the  fide  CB.  C  h\ 

Which  was  to  be  demon  ftrated. 


E 
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PROPOSITION  XX.     THEOREM  Xni 

N  Y  two  fides  (AB,  EC,)  of  a  triangle  (ABC)   arc  together  gwttr 

than  the  third  fide  (AC). 


A 


Hvpothefis. 
ABC  is  a  A. 


Tbefis. 
Any  tn309  fides  y  aj  AB  +  Bd 
art  >  tht  third  AQ, 


B 


Preparation. 

1.  Produce  one  of  the  two  (ideSy  as  AB,  towards  D  indefinitely.   /V  2- 

2.  MakcBD  =  toBC.  ^  .  -P.  J.  A  »• 

3.  From  the  point  C  to  the  point  D,  draw  the  ftraight  line  CD.  iV*  '• 

Demonstration. 


_     ECAUSE  intheABDCthefideBDis=tothefideBC^Pr</.  2.). 
I .  This  A  IS  an  ifofceles  A.  D.  25.  A ' 

a.  Confequcntly,  the  V  at  the  b^fe  ir  &  /  are  =r  to  one  another.  P.  5.  ^  ' 

But  V  «« +  «  being  the  whole,  &  V  «  its  part. 

3.  It  follows,  that  V  «  +  «  is  >  V  «.  iff.  8. 
But  V  *i  +  /I  being  >  V  «  T^'y.  3.)»  &  this  V  «  being  =  to  V/t 
(yfrg.  2,). 

4.  It  is  evident  that  V  «  +  »  is  >  V/.  C  A. 
Since  therefore  in  the  A  ADC,  V  «i  +  «  is  >  V^  (-^rg.  4.). 

5.  The  fide  AD  oppofite  to  the  greater  V  «  -}-  « is  alfo  >  the  fide  AC 
oppofite  to  the  lefler  V/.  P.  19.  ^  ' 
But  becaufe  the  ftraight  line  BD  is  =  to  the  ftraight  lincBC^iV^/.  *.}, 

if  the  fide  AB  be  added  to  both. 

6.  It  follows,  that  AB  +  BD  or  AD  is  =:  to  the  fum  of  the  two 
fides  AB  +  BC.  Ax,2, 

.     But  AD  is  >  the  fide  AC  fjfrg.  5.). 

7.  Wherefore,  the  fum  of  the  two  fides  AB  +  BC  Is  alfo  >  the  third 

fide  AC.  C^- 

Which  was  to  be  dcmonftrated. 
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J    ^    PROPOSITION  XXL     THEOREM  XIF. 

J^  F  from  the  ends  (A  &  B)  of  the  fide  (AB)  of  any  triangle  (ACB)  there 
be  drawn  to  a  point  (D)  within  the  triangle,  two  ftraight  lines  (DA,  DB,)  5 
the'e  ftraight  lines  will  be  lefs  than  the  other  two  fides  (CA,  CB,)  of  the 
tria^^gle ;   but  will  contain  a  greater  angle  (ADB). 

Hypothefis.  Thciis. 

PA,  DB,  are  fwo ftraight  linn  Jrawn  I.  I>A  +  PB  <  CA  +  CB. 

from  the  points  A  &  B  /o  the  point  D,  //.  V  ADB  P>  V  C. 

within  the  A  ACB, 

Preparation. 
Produce  the  ftraight  Une  DA,  until  it  meets  the  fide  CB  In  E.         Pof.  2. 
Demonstration. 

X5  EC  A  U  S  E  the  figure  ACE  UnA  (P.2i,B.  1.). 

The  two  fides  CA  +  CE  are  >  the  third  AE.  P.  20.  5.  i. 

If  the  line  EB  be  added  to  each  of  thefe. 

ThcridesCA+CB(thatisCA-f  CE+EB)aie>th€HnpsAE+EB.  Ax.  4. 

Again,  the  figure  DEB  being  alfo  ^A(D.2i.B.i .). 
3.  The  two  fides  EB  +  ED  are  >  the  third  PB.  P.  ao.  B.  1, 

If  we  add  to  each  of  thefe  the  line  DA. 
4    The  lines  AE  +  EB  (that  is  DA  +  ED  +  EB  )  are  >  the  lines 

DA  +  DB.  Ax,  4. 

But  it  has  been  proved  that  the  fides  CA  +  CB  are  >  the  lines 

AE+EBr^r^,  2.). 
5.  Much  more  then  will  the  fides  CA  +  CB  be  >  the  lines  DA  +  DB.  C.  N. 

Which  was  to  be  demonftrated.  I. 

X\  GAIN,  becaufe  V  ADB  is  an  exterior  V  of  A  DEB  (Prep  J,  & 
the  V  DEB  is  its  interior  oppofite  one. 

1 .  It  follows,  that  V  ADB  is  >  V  DEB. 

2.  For  the  fame  reafon  ;  V  DEB  i&  >  V  C 
But  fmce  V  ADB  >  V  DEB  (Jrg,  1.),  &  V  DEB  >  V  C(Jrg.  2.). 

3.  It  is  evident,  that  V  ADB  is  much  >  V  C. 

Which  was  to  be  demonftrated.  II. 
E  2 


1. 


2. 


P.  16.  B.  I. 


c  A': 
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rw^      PROPOSllTION  XXII.    PROBLEM  nil 

X  O  make  a  triangle  (FHE)  of  which  the  fides  fliall  he  equal  to  diree 
given  ftiraight  lines  (A,  B>  C,) ;  fappoTing  any  two  whatever  of  tbefe  gnrca 
ftraight  lines  to  be  greater  than  the  third. 

Given  Sonriit 

7beftraigbi  lines  A,  B,  C, /i/r*  that  The  C9nJtruBi^9fMt^fliEfuch,thM» 

A  +  B>C,A  +  C>B,  C+B>A.         EHiiw^^=A,FE=B,  »FH=C 

Refolution. 
I.  Draw  the  indelinite  (baight  line  DM.  Frf,  i. 

z.  Make  ED  =  to  the  giyen  A,  FE  =:  to  the  given  B,  &  FG 

=  to  the  given  C  1  _         ^-  3-  ^'  "• 


From  the  center  E  at  the  diAance  ED»  defcribe  the  0  DH. )  ^ /> 


From  the  center  F  at  the  diftance  FG,  defcribe  the  0  GH. 
5.  From  the  points  E  &  F,  to  the  point  of  interfedtion  H,  draw 

the  ftiaight  Ijnes  EH,  FR  P<»/  z. 

T  Demonstration. 

H  E  ftra^ht  lines  ED,  EH,  beii«  drawn  from  the  center  E  to 
theODH  (Ref,  3&S.). 

1.  Thofe  two  ftraight  lines  ED,  EH,  are  rays  of  the  lame  0  DH.  D.  16.  A  f. 

2.  Confequently,  the  ftraight  Une  ED  is  =  to  the  ftraight  line  EH.  D.  15.  B,  i. 
Since  therefore  ED  is  =  to  EH   ^^^f^.  2.),  &  £e  given  ftrafght 

line  A  is  alfo  =  to  the  fame  line  ED  (Kef.  2.). 

3.  It  follows,  that  EH  is  =  to  the  given  A.  Ax,  t. 
After  the  lame  manner  it  will  be  proved,  that 

4.  The  line  FH  is  =  to  the  given  C. 

But  the  fide  EH  being  =  to  the  given  A  (Arg,  3.),  the  fide  FH  =  to 
the  given  C  (Arg,  4.),  &  in  hne  the  fide  FE  =  to  the  given  B. 
(M.  2.). 

5.  It  is  evident,  that  the  three  fides  EH,  FE,  FH,  of  A  FHE,  are  =  to 
the  three  given  ftraight  lines  A,  B,  C. 

Which  was  to  be  done. 

rR    E    M    A    R    K. 
H  E  eondition  addedy  that  any  tnvo  of  the  given  lines  fbould  he  greater  than  tie 
thirdy   is  effentialy  in  -  confequence  cf   the  XX  prop,  of  the  I.  Book  ;  without  this 
reftriaion  the  circles  defcrihed  from  the  centers  E  Gf  F  'would  not  cut  one  etmtber  i 
a  defe&  which  tAfOti/d  render  the  conJlruSi^n  impoJfiHe, 
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yt       PROPOSITION  XXm.    PROBLEM  IX. 

XjL  T  ft  given  point  (A)  in  a  given  ftraight  line  (AM)  to  make  a  redili- 
hea]  angle  (BAC)  equal  to  another  given  nedilineal  angle  (HDG)* 

Given  Sought 

/.  An  indefinite  ftraight  line  AM.  An   angle  BAC  made  fin  AM, 

//.  I'be  point  A  in  the  ftraight  linr  AM.  at  fhe  p^int  A  =  f^  V  HDG. 
///.  The  redilineal  angle  IU>G. 

Refolution. 

1.  In  the  fides  D6,  DH,  of  th)K  giyenVHDG,  take  any  two 
points  E&F. 

2.  From  the  pobt  E  to  the  point  F,  draw  the  ftraight  line  EF.  Pof,  f. 

3.  Upon  the  indefinite  ftraight  line  AM  &  at  the  point  A,  con- 
ftrua  a  A  ABC  whofe  three  fides  ifaall  be  ;=  to  the  three 
fidcsofADFE.  P.z%.B,u 


B 


Demonstration. 


E  C  A  U  S  E  the  three  fides  AB,  AC,  BC,  of  A  ABC  are  =u^ 

the  three  fides  DF,  DE,  FE,  of  A  DFE,  each  toeach  (Ref.  3.). 
1.  It  folio ws»  that  the  V  BAC^  HPG,  oppofi^e  to  the  equal  fides 
'  Bt,  FE,  arc  =  to  one  another.  P.  9. 

Bnt  V  BAC  being  :=  to  the  given  V  HDG ;   as  alfe  made  oft  the 
the  given  ftra^ht  line  AM,  at  the  given  point  A  (Ref.  3.). 
3.  It  follows,  that  at  the  given  point  A,  in  the  given  ftraight  h'ne  AM,  the 
fe^tlineal  V  BAC  is  made  =  to  die  given  re^'tineal  V  HDG. 

Which  was  to  be  done. 


M.i. 
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J.  F  two  triangles  (ABC,  DEF,)  have  two  fides  (BA,  BC,)  of  the  one 
equal  to  two  (ides  (ED,  EF,)  of  thp  other,  each  to  each ;  but  the  angle 
contained  (B)  greater  than  the  angle  contained  (DEF)  j  the  bafe  (AC)  op- 
pofitc  tp  the  greater  angle,  will  be  alfo  greater  than  the  bafe  (DF)  oppoiite 
to  the  lefler  angle. 

Thefis 
The  bafe  AC  is  >  the  bafe  DF. 


Hypothcfis. 
/.  BA  =  ED. 
//.  BC  =  EF. 
///.  VQ>  VDEF. 


Preparation, 
E,  in  the  line    DE,    make  V  DEO 


I.  At  the  point  £,  in  the  line    DE»    make  V  DEO  sa  to 

the  given  V  B. 
a.  Make  EG  =  to  BC  or  to  EF. 
4..  Prom  the  points  D  &  F  to  the  point  G,  draw  the  ftraight 

lines  DG,  FG. 

Dhmoi^stration. 


P.zy 
P.  3. 


B. 


Pof.   I. 


J3  E  C  A  U  8  E  in  the  A  ABC  the  fides  BA,  BC,  arc  =r  to  the  fides 
ED,  EG,  of  A  DEO  (Hyp,  1,  Prep,  a.),  &  V  contained  B  =?  to  V  con- 
tained DEG  r^'-^A   ».). 
1.  It  follows,  that  the  bafe  AC  is  =  to  the  bafe  TXj,  F,  4.  B,  i. 

Again,  bccaufe  EG  is  ==  to  the  fide  EF  (Prep,  z,  Hyp,  a.), 
a.  The  A  FEG  is  an  ifofccles  A.  Z>.  25.  A  i. 

3.  Confequently,  V  «  =  V  r  +  y.  P.  5.  /?.  i. 
Since  therefore  V  «  =  V  r  +  f  (Jrg.  3.)  ;  if  from  the  lall  be  taken 

its  part  q. 

4.  The  V  m  will  be  >  V  r  C.  I/. 
And  if  to  V  «  be  added  V  n. 

5.  Much  more  will  the  whole  V  w  +  «  be  >  V  r.  C.  N. 

6.  Confequently,  the  fide  DG  oppofite  to  tlie  greater  ^  m  -^-n,  is  >  the 

fide  DF  oppofite  to  the  lefler  V  r.  P.  19.  B,  i. 

But  the  ftraight  line  DG  being  >  DF  (Jrg,  6.),  &  this  fame  ftraight 
line  DG  being  =  to  the  bafe  AC  fArg.  i.), 

7.  It  is  evident  that  the  bafe  AC  is  alfo  >  the  bafe  DF.  C.  A\ 

Which  was  to  be  demonftrated. 
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^      PROPOSITION  XXV.     THEOREM  XVI. 

X  F  two  triangles  (BAC,  EDF,)  have  two  fides  of  the  one  equal  to  two 
fides  of  the  other,  each  to  each,  but  the  bafe  (l3C)  of  the  one  greater  than 
the  bafe  (EF)  of  the  other ;  the  angle  (BAC)  oppofite  to  the  greater  bafe 
(BC),  will  bealfo  greater  than  the  angle  (D)  oppofite  to  the  Icfler  bafe  (EF). 
Hypothefis.  Thefis. 

/.  AB  =  DE.  ne  afigle  A  oppojtte  to  the  greater 

II.  AC  =  BF.  Sa/e  BC,  w  >  V  D  ofj^/te  t$  the  lejftr 

III  BOEP.  *fl/#EP. 

Demonstration. 
If  not. 

The  angle  A  is  either  equal  or  lefs  than  the  angle  D. 


C  N. 


Bi 


CASE  I.    SuppofcVAtoberrtoVD. 


_^ECAUSE  V  Ai8=:toVDr&(^.  i.),&  the  fides  AB,  AC,  & 
D£,  DP,  which  contain  thofe  V,  are  equal  each  to  each,  (Hyp.  i  &  2.). 

1.  The  bafe  BC  is  =  to  the  bafe  EF.  P.  4.  B.  i. 
But  the  bafe  BC  is  not  =  to  the  bafe  EF  (Hyp.  3.). 

2.  Therefore  V  A  cannot  be  =  to  V  D.       . 

CASE  n.    Suppofe  VAtobe<  VD. 

IJECAUSE  VAis<VD  (Sup.  2.),  &  the  fides  AB,  AC,  h 
DE,  DF,  which  contain  thofe  V  are  equal,  each  to  each,  (I^p.  i  &  2.). 

1.  The  bafe  BC  is  <  the  bafe  EF.  P.  24.  B.  1 
But  the  bafe  BC  is  not  <  the  bafe  EF  (Hyp.  3.).  . 

2.  Therefore  V  A  is  not  <  V  D. 

But  it  has  been  ihewn  that  neither  is  it  equal  to  it  (Cafe.   ij. 

3.  Confequendj,  V  A,  which  is  oppofite    to    the  greater   baie  BC, 
is  >  V  D,  which  is  oppofite  to  the  leffer  bafe  EF. 

Which  was  to  be  demonftrated. 
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J      PROPOSITION  XXVI.    THEOREM  XVIL 

J[  F  two  triangles  (ACB,  DFE,)  have  two  angles  ( A  &  B)  of  one,  eqpnl  to 
two  angles  (D  &  FED)  of  the  other,  each  to  each,  &  one  fide  equal  to  one 
fide,  viz.  either  the  fides,  as  (AB  &  DE>  adjacent  to  the  equal  angles;  or 
the  fides,  as  (AC  &  DF)  oppofite  to  equal  angles  in  each :  then  Ihdl 
the  two  other  fides  (AC,  BC,  or  AB,  BC,)  be  equal  to  the  two  other  fib 
(DF,  EF,  or  DE,  EF,)  each  to  each,  &  the  third  angle  (C)  equal  to 
the  third  angle  (F). 

Hjpotheiis.  CASE  I.  Thefis. 

/.  V  A=  VD.  When  the  equal  fides  AB,  DE,ai«  /.  AC  =  DP. 

//.  V  B  =  V  FED.      adjacent  to  the  equal  angles  A  &D,  //.  BC  =  £F. 

///.  AB  =DE.  hitFED(Fig.ih%.).  ///.  VC=VF. 

Dbmonstratiok. 
Ip  not. 

The  fides  are  unequal,  &  one,  as  DF  will  be  >  the  other  AC 
Preparation. 

1.  Cut  off  from  the  greater  fide  DF  a  part  DG= to  AC.  P.  V  >- » 

2.  From  the  point  G  to  the  point  £,  draw  the  fbatght  line  GE.  Po/i  i. 

13  EC  AUSEindie  A  ACB,DGE,  the  fide  ACis=to  the  fide  DO, 

C^r#/.i.).AB  =  DEr^/.3.),&VAis  =  toVD.  fffy^,  i.). 

I.  The  V  B  &  GED  oppofite  to  the  equal  fides  AC  &  DG  are  equal.  P.  4.  A  »• 

But  VB  being  =  to  V  GED  f^rg.  i,),  &  this  fiune  V  B  beii%  alfb 

=  tpVFEDr^Aa.). 
a.  It  Wlows,  that  V  GED  is  =  to  V  FED.  A.  i. 

But  V  FED  being  the  whole  &  V  GED  its  part : 

3.  The  whole  would  be  =  to  its  part. 

4.  Which  18  impoffibe.  Ax.  8. 

5.  The  fides  AC,  DF,  are  therefore  not  unequal, 

6.  Confequently,  they  are  equal,  or  AC  =  DF.  C  iv. 

Which  was  to  be  demonfbated.  I. 
Since  then  in  the  A  ACB,  DFE,  the  fide  AC  is  =  to  the  fide^F, 
(Arg.  6.),  AB  =  DE  (Hjp,  3.),  &  V  A  is  =:  to  V  D  (Hyp.  i  ). 

7.  The  thinl  fideBC  is  alfo  =  to  the  third  fide  EF,  &  the  VC&  F,  op- 
pofite to  the  equal  fides  AB,  DE,  are  alfo  =:  to  one  another.  P.  4.  '•  '• 

Whichwastobedemonftrated.  II  &  III. 
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Hrpothefis. 
/.  VA=VD. 
//.  VB=  VE. 
///.  AC=DF. 


CASE 


When  the  equal  fides  AC,   DF, 
are  oppofite  to  the  equal  anglei 
B&E.r%i.*3) 


Thefi?. 

/.  AB  =  DE. 

//.  BC  =  EF. 

///.  VC=VF. 


B 


Demonstration. 
If  not, 

The  fides  AB>  DE,  are  unequal ;  and  one,  as  D£,  will  be  >  the 
other  AB. 

Preparction. 

1.  Cut  off  from  the  greater  fide  DE,  a  part  DG  :=  to  AB.  P.  3.  B.  u 

2.  From  the  point  G  to  the  point  F,  draw  the  ftiaight  line  GP.       Pof,  i. 


_  BECAUSE   then  in  the  A  ACB,  DFG,    the  fide  AC  is  =  to 
the  fide  DF   (Hjp.  3.),    AB  =  DG  (Prep,  i.),  &  V  A  is  =  to  V  D, 

r^A  I.). 

I.  The  other  V  B  &  DGF,  to  which  the  eqnal  fides  AC,  DF  are  oppo- 
fite, are  =  to  one  another.  P,  4.  B.  I. 
The  angle  B  being  therefore  =  V  DGF  (Arg.  ij,  &  this  fame  V  B 
being  alfo  =  to  V  E  (Hyp,  2.). 

a.  It  follows,  that  V  E  is  =  to  V  DGF.  Ax.  i. 

But  V  DGF  is  an  exterior    V    of  A  GFE,  &  V  E,  is  its  interior 
oppofite  one. 

3.  Therefore  the  exterior  V  will  be  equal  to  its  interior  oppofite  one. 

4.  Which  isimpofiible.  P.  16.  S.  1. 

5.  Coniequently,  the  fides  AB,  DE,  are  not  unequal. 

6.  They  are  therefore  equal,  or  AB  =  DE.  C.  JV, 

Which  was  to  be  demonilrated  I, 
Since  then  in  the  AACB,  DFE,  the  fide  AC  is  =  to  the  fide  DF, 
(ffyp.v),AE  =  DE(Arg.  6.).  &VAis=to  VD  (Hyp.   1.). 

7.  It  is  evident,  that  the  third  fide  BC  is  =  to  the  third  fide  EF,  &  the 
V  C  &  F,  to  which  the  equal  fides  AB,  DE,  are  oppofite,  are  equal 

to  one  another.  P.  4.  B.  1. 

Which  was  to  be  demonftrated.  11.  &  III. 
F 
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PROPOSITION  XXVII.    THEOREM  XFIIL 

Fa  ftraight  line  (EF),  falling  upon  two  other  (Iraight  lines  (AB,  CD,) 
fuuated  in  the  fame  plane,  makes  the  alternate  angles  (m&c  p^  or  n  &i:  §gj 
equal  to  one  another  :  thefe  two  ftraight  lines  ( AB,  CD,)  (hall  be  parallel. 

Hypothcfis.  Thefts. 

/.  AB,  CD,  are  tnu^Rraifht  lines  in  the  fame  pUne.  7h€  lines  AB,  CD, 

//.  7be  line  EF  cuts  tbemfi  that  V  «  =  V  /,  •r  V  «  =  V  ».  »re  pile. 

Demonstration. 

It  not, 

The  ftraight  lines  AB,  CD,  produced  will  meet  either  towards 

BD  or  towards  AC.  D.  35.  B,  i. 


Preparation. 
Let  them  be  produced  &  meet  towards  BD  in  the  point  M. 


P#/i. 


X5eCAUSE  the  Vit  is  an  exterior  angle  of  A  GMH,   &V«its 

interior  oppofite  one. 

1.  TheV«i8>V*.  P.iS.B.i. 

But  V  «  is  =  to  V«  (Hyp,  2.). 
a.  This  V  «  is  therefore  not  >  V  ».  C  iV. 

3!  Confequently,  it  is  impoffible  that  the  ftraight  lines  AB,  CD,  fhould 

meet  in  a  point  as  M. 
4.  Prom  whence  it  follows  that  they  are  pile  ftraight  lines.  Z>.  35.  ^.  i. 

Which  was  to  be  demonftrated. 
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J   PROPOSITION  XXVm.     THEOREM  XIX. 

J^  F  a  ftraight  line  (EF)  falling  upon  two  other  ftraight  lines  (AB,  CD,) 
fituated  in  the  fame  plane,  makes  the  exterior  angle  (mj  equal  to  the  interior 
Sc  c^pofite  (ft J  upon  the  fame  fide,  or  makes  the  interior  angles  fo  +  nj  upon 
the  fame  fide  equal  to  two  right  angles  ;  thofe  two  ftraight  Iine§  AB,  CD9 
(hall  be  parallel  to  one  another. 

CASE  I. 

HypotLefis.  Thefis. 

V  «=  V  «.  AB,  CD,  are  pile  /ines. 

Demonstration. 


B 


E  C  A  U  S  E  jthe  V  w  &  /  are  vertical  or  oppfitp  V. 
I.  They  are  =  to  one  another. 

The  V  /  being  therefore  ==  to  V  «  (^rg,  1 .),  &  V  «.  being  =  tQ  the 

(anie  Vmfffy^.), 
z.  It  is  evident  that  V  p  is  alfo  zr  to  V  «. 

But  the  equal  Wp  &n  (Arg.  2,),  are  alfo  alternate  V. 
3.  Confequently,  the  ftraight  lines  AB,  CD,  are  pile. 

CA§E  II, 
Hypotliefis. 
ne  \f  0 -{- n  are  z=:  to  2\^, 

Demonstration 


P.  15.  A  I. 
Ax,  I. 

P.2J.B.I. 


Thefis. 
AB,  CD,  are  pUe.  iinet. 


B, 


BECAUSE  the  ftraight  line  EF  falling  upon  the  ftraight  line  AB, 
forms  with  it  the  adjacent  Wo  8cp, 

1.  Thofe  V* +/are  =  to  two  L.  P.  13.A1. 
The  V  tf  +/  being  therefore  =:  to  two  L.  (Arg,  i  ),  &  the  V  p  +« 

being  alfo  =  to  two  L  (HypJ. 

2.  It  folJows,  that  the  V  0  +/  are  =  to  V  0  +  n.  Ax,  \ . 
And  if  the  common  angle  0  be  taken  away  from  both  fides. 

3.  The  remaining  ^ ptc  n  will  be  equal  to  one  another.  Ax,  3. 
But  thofe  equal  W  p  &  n  (Arg.  3.),  are  at  the  fame  time  alternate  V. 

4.  Confequcntly,  the  ftraight  lines  AB,  CD,  are  pile.  P,  27,  B,  i . 

Which  was  to  be  demonftrated. 
F  2 
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IL  E  M    M  A. 
F  a  ftraight  line  (EF),  meeting  two  ftraight  lines  (LN,  CD,)  fituatcd  in 
the  fame  plane,  makes  the  alternate  angles  (p-^-n  ic  o)  unequal ;  thofe  tvo 
freight  lines  (LN  &  CD,)  being  continually  produced,  will  at  length  med 
in  (M),  upon  that  fide  on  which  is  the  lefler  of  the  alternate  angles  (9). 

Preparation, 

For  fince  V/  +  n  is  fupofed  >  V  «. 

I,  There  may  be  made  in  the  greater  \f  p  -\^ny  on  the  ftraight 

line  EF,  at  the  point  G,  an  angle  «  ==  V  0.  P.  ^y  A I 

9*  And  A6  may  be  produced  at  will  to  B.  Pff,  2. 


B. 


Demonstration. 


BECAUSE  the  two  lines  AB,  CD,  are  cut  by  a  third  EF,  fo  that 
the  alternate  V  1  &  «  are  =  to  one  another  (Pnp.  1 .). 
I.  Thofe  two  lines  AB,  CD,  are  pile. 

But  the  line  LN  cuts  one  of  the  two  piles,  n>iz,  AB  in  G. 
a.  Therefore,  if  produced  fufliciently,  it  will  cut  alfo  the  other  CD  (bme- 

where  in  M,  upon  that  fide  on  which  is  the  leifer  of  the  alternate  V  •*. 

Which  was  to  be  demonftrated. 


P.  27.^.  J 


C.V, 


w, 


COROLLART. 


HEN  V  ©  <  V/  +  »>  the  two  interior  angles  ©  +  «■  are  ne- 
ceiTarily  <  two  L  ;  fince  the  two  angles  p'\-nhmzxt  equal  to  two  L.  P*  'J-  ^-  '■ 
Confei^ttQtly,  when  the  two  interior  V,  arc  <  two  L*  1  the  lines  LN,  CD, 
which  form  thofe  aisles  wkh  EF,  will  meet  fomewhere  on  the  fide  of 
the  line  EF,  where  thofe  angles  are  finjated,  provided  they  aie  produced 
fufScieatly. 

•  EwUdregards  as  a  felf  evidfn$ primipU  tbaU  a  ftraight  line  (EF),  wkick 
cuts  one  of  two  parallels  as  (AB)  wiU  neceflarity  cut  the  other  (CD)»  f^ 
vided  this  cutting  line  (EF)  be  fufficiently  produced.  Ste  the  prep,  9/  fff- 
pofttUns  JCXXf  XXXV  11^  and  feverol  9tbers^ 
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PROPOSITION  XXIX.     THEOREM  XX. 


Fa  ftraight  line  (EF),  falls  upon  two  parallel  ftraight  lines  (AB,  CD),  it 
makes  the  alternate  angles  (n  &c  m)  equal  to  one  another ;  and  the  exterior 
angle /^ry)  equal  to  the  interior  &  oppofite  upon  the  fame  fide  (^m^ ;  and 
likewife  the  two  interior  angles  upon  the  fame  fides  (p^  m)  equal  to  two 
right  angles. 

Hypothefis.  Thefis. 

AB,  CD,   are  two  pile  lines,  cut  by  1.  "i  nzn'i  m. 

tbg  fame  ftraight  line  EF.  //.  \fr='im. 

Ill  "if+mziztozL^ 

Demonstratioii^. 

If  not, 

The  V  «  &  «  arc  unequal,  C  ^, 

And  one  of  them  as  V  «»  will  be  <  the  other  V  n. 


B 


ECAUSE  the  Vjiiis<  V«;  if  the  V/ be  added  to  both. 
TheV«+/willbe<the  V«+A  Jx.  4. 

But  fince  the  V  «  &  V  >  are  adjacent  V,  formed  hj  the  ftraight 
line  EF  which  falls  upon  AB. 
a.  Thcfe  V  «  -f-  ^  are  =  to  two  L..  A  13.  S.  i. 

3.  Confcquend7,theVffli+/(lef3  than  the  V«H-/.^arealfo<twoL.  C.  N. 

4.  From  whence  a  follows,  that  the  lines  AB,  CD,  are  not  pile.  Cor.  oflem. 
But  the  ftraight  lines  AB,  CD,  are  pile.  (Hyp.). 

5.  Confequently,  the  V  «»  &  »  are  not  unequal.  ^.  ay.  y?.  i. 

6.  Thej  arc  therefore  equal,  or'i  n=:^  m.  C.  N. 

Which  was  to  be  demonftrated.  I. 
Moreover,  V  r  &  V  n  being  vertically  oppofite. 

7.  Thefe  angles  are  =  to  one  another.  P.  15.^1. 
But  V  m  being  =:  to  V  /»  C-^rg,  S,),^^  r  being  =  to  the  (ame  V  »f 

(^rg.  7.). 

8.  It  follows,  that  V  r  is  =  to  V  m.  Ax.  \. 

Which  was  to  be  <|emonftrated.  11. 
Likewife,  V  n  being  =  to  V  «  (Arg.  6.)  1  if  V/  be  added  to  both. 

9.  The  V  «  +/  will  be  =  to  V  •!  +/>.  Ax.  a. 
But  the  V  «  +/  are  =  to  two  L  (Arg,  a.). 

so.  From  whence  it  follows  that  the  Vm  -Arp  are  alfo  =  to  two  L..  Ax.  i. 

Which  was  to  be  demonftrated.  III. 
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FROPOSITION   XXX.     THEOREM  XXI, 


1.   HE  ftraight  lines  (AB,  EF),  which  are  parallel  to  the  fame  ftraicht 
line  (CD),  are  parallel  to  one  another. 

Hypothcfis.  Thefis. 

AB,  EF,  are  ftraight  lines,  pUc  /•  CD.  The  ftraight  lines  AB,  EF  <rrr 

pile  to  one  another. 

Preparation. 
Draw  the  ftraight  line  GH,  cutting  the  three  lines  AB,  CD,  EF. 

Demonstration. 


B. 


•  E  C  A  U  S  E  the  ftraight  lines  AB,  CD,  are  two  piles,  (ffjpJ  cut 

by  the  fame  ftraight  line  GH.  (Prep). 

1.  The  alternate  V  «  &  «  are  =r  to  one  another.  P,  29.  B.  1. 
Likewifc  fince  the  ftraight  lines  CD,   EF  are  two  piles.  {Hyp.)  cut 

by  the  fame  ftraight  line  GH.  (Prep). 

2.  The  exterior  angle  n  h  =  to  its  interior  oppofite  one  on  the  (anie  fide/.  P.  29.  B.  i. 
^    But  V  n  being  =  to  V  m   {Arg.  i).   &  the  fame  V  n  being  aifo 

=  to  V/  {j^rg.  2). 

3.  The  ^  rt  &L  p  will  be  zii  to  one  another.  Jx.  i.     . 
Butthefe  V  «  &/ (-^rp^.  3.)  arc  alternate  V,   formed  by  the  two 

ftraight   lines    AB,  Et ,  which  arc  cut  by   the  ftraight  line   GH. 

4.  Conicquently,  thefe  ftraight  lines  AB,  EF  are  pile.  P.  Zf,  B  i. 

Which  was  to  be  demonftratcd 


Of  EUCLID. 


To 


wemmmsm 

PROPOSITION  XXXI. 


PROBLEM  X. 


_  O  draw  a  ftraight  line  (AB),  thro'  a  given  point  (E),  parallel  to  a  given 
ftraight  line  (CD). 


Given  • 

The  ftraight  line  CD  and  the  point  E, 


Sought 
The  ftraight  line  AR,  pile  to  CD, 
ig  faffing  thro'  the  point  E. 


Refolntion, 


t.  In  the  given  ftraight  line  CD  take  any  point  P. 

2.  From  the  point  F  to  the  point  E,  draw  the  ftraight  line  FE.  Pof.  i. 

3.  At  the  point  E  in  the  ftraight  line  ¥Ey  make  V  «  =  to  V  ^.  ^.  23-  ^-  '• 

4.  And  produce  the  fide  feB  to  A.  ^^f,  z, 

Demonstratiok. 

JjE  CAUSE  the  alternate  V  »»&«,  fc:med  by  the  ftraight  line 
EF,  which  cuts  the  tv/o  lines  AB,  CD,  are  =  to  one  another  (/?{/!  3.). 
1.  The  ftraight  lines  AP,  CD,  are  pile.  P.  27  ^  » 

Which  was  to  be  deinonftrated. 


The  ELEMENTS 


J    PROPOSITION  XXXIL     THEOREM  XXll 

J^  F  a  fide  as  (AC)  of  any  triangle  (ABC)  be  produced,  the  exterior  angle 
^c  -f-^)  is  equal  to  the  Aim  of  the  two  interior  and  oppofite  angles  («  -|-  ai) ; 
and  the  three  interior  angles  (fr  4-  m  4-  r  J  are  equal  to  two  right  angles. 

Hjpothefis.  Thefia. 

ABC  wtf  A,»w#/wA«/r/^w  /.  Vr  +  /»='«  V«  +  ». 

PiQ^it produced inJefinitefy  toD.  IL  /Ar  V  «  +  «  +  r  «rr  =  /•  aL. 

Preparation, 

Thro*  the  point  C»  draw  the  ftra^t  l!neCE>  pile  to  the  ftnu^t 
lineAB.  P.  31.  A  I. 

Demonstration. 

13  E  C  A  U  S  E  the  ftraight  lines  AB,  CE,  are  two  piles  {Pnp.)  cut 
by  the  fame  ftraight  Hne  EC. 

I .  The  alternate  V  11  &  r  arc  =  to  one  another.  P.  29.  J5. 1. 

Likewife  becaufe  the  ftraight  line  AB,  CE,  are  two  piles  (Prep  J  cut 


by  the  fame  ftraight  line  A 
a.  The  exterior  angle  /  is  ^  to  its  interior  oppofite  one  «»  on  the 

fame  fide.  P.  z%  A  1. 

The   V  c  being  therefore  =  to  V  «  (Arg.   i.),  &  V/=  V  *», 

(Arg.  a.), 
j.  The  V  f  +/  is  =  to  the  V  «  &  «  taken  together.  Ax.  2. 

Which  was  to  be  demonftrated.  I. 

Since  then  theVf+/is=:  toVw-j-*  (Af'g.  l)  i  if  the  V  r  be 

added  to  both  fides. 

4.  The  Vf +/+rwillbe  =  tothethreeVif+«+roftheAABC  Ax.t. 
But  thcfe  V  f  +/  +  r  are  the  adjacent  V,  fonned  hj  the  line  BC, 
which  meets  AD  at  the  fame  point  C. 

5.  ConfcqucnJy,  the  V  ^  +  ^  -h  r  are  =  to  two  L.  P.  13.  A  f . 
Wherefore,   the  three  V  n  +  «  +  r,  which  ait  =  to  Vr+/  +  r, 

(Arg.  4.)  arc  alfo  =:  to  two  U.  Ax,  i. 

Which  was  to  be  demonftrated.  II. 


Book  I.  Of   E  U  C  L  I  D.  4p 


^^^M^^v^i^ 

^^^^^^^^^^ 

^^^^^^^« 

■^ 

A      .. 

.  . 

B 

/ 

n^ 

7 

^ 

'^^ 

I 

i 

I 

D 

PROPOSITION  XXXIII.     THEOREM  XXIIl 

X  H  E  ftraight  lines  (AC,  BD,)  which  join  the  extremities  (A,  C,  &-  B,  D,) 
of  two  equal  and  parallel  ftraight  Irncs,  tov/ards  the  fann.e  parts,  are  alfd  therri- 
felves  equal  and  parallel. 

Hypoihcfis.  Thefle. 

AG,  BD,  are  fwoftratgbt  lines ^  nvbichjoin  I,  Thejfrargbl  lines  A C,  BD,  aneqitiil, 

tutvards  the  fame  parts  ^  the  extremities  J  I,  And  thoje  ftraight   lines  AC,  BD, 

§f  two  =r  tf  ^\k  ftraight  lines  AB,  CD.  .  are  pile. 

Preparation. 
From  the  point  B  to  the  point  C,  draw  the  ftraight  fine  BC. 

Demonstration. 

£>  E  C  A  U  S  E  the  ftraight  lines  AB,  CD,  f.re  two  piles  (LypJ  cut  by 

the  feme  ftraight  line  BC  (Prep  J, 

I.  The  alternate  ^  nh  m  are  r=  to  onennolher.  P.  29.  B.  t. 

Since  therefore  in  the  tvo  A  CAB,  BDC,  tlie  fide  CD  is  =:  to  tl^e 
fide  AB  (Hyp.)y  the  fide  BC  is  conunon  to  the  two  A,  &  the  V  m 
is  =  to  the  V  n  (Arg.  i.). 

i.  It  follows,  that  the  bafe  AC  is  =  to  the  bafe  I^D.  T 

Which  was  to  be  c^emonf. rated.  I  (     p         /> 

3.  Likewife  that  the  V  ACB,  DBC,  to  which  the  equal  fides  AB,  CD.  r   ^-  4.  ^.  ^ 
are  oppofite,   are  alfo  =  to  one  another.  J 

But  thofc  equal  V  ACB,  D6C,  (Arg.  5.)  ri-c  alternate  V  formed  by 
the  ftraight  lines  AC,  BD,  cut  by  the  ftra'glit  lirr  EC. 

4.  Confequently,  the  ftraight  lines  AC,  DD,  r.re  pile.  P.  27.  B,  i. 

Which  v.'as  to  bo  c'encr.rwrat'jd.  II. 


PROPOSITION  XXXIV, 


T 


HE oppofite  fides  (AC,  BD,  &  CD,  AB,)  and  the  oppoiite sigb 
(A,  D,  &  m  +  r,  «  +  /,)  of  a  parallelogram  (AD)  are  equal  to  one  another,  8t 
the  diagonal  (BC)  divides  it  into  two  equal  parts. 

Hypothefis.  Thefis. 

I  AD  is  a  Pgr.  /.  Tie /des  AC,  BD,  e^  CD,  AR 

//.  BC  is  tie  diagonal  of  this  Pgr,  are  zz:  to  one  another^  fd>f  A:zzlk 

///.  The  A  CAB,  BDC,  formed  hy  tk 
diagonal^  art  =  to  one  another. 

Demonstration. 


B. 


_>ECAUSEtlic  ftraight  lines  AB,  CD,  arc  two  piles  (Hjp,  i .)  cut 
by  tke fame  ftraight  line  CB  (ffyp,  a.). 

1.  The  alternate  V  m  &  if  are  =  to  one  another.  P.  29^  B,  r. 
Again,  becaufe  the  ftraight  lines  AC,  BD,  are  two  piles  (H;P.  i.)  cut 

by  the  iame  ftraight  line  CB  (Hjp,  2.). 

2.  The  alternate  v  r  &  /  are  =  to  one  another.  P.  29.  A  i, 
But  the   A  BDC,  CAB,  have  two  V  «  &  j  =  to  two  V  «  &  r, 

(Arg.  I  &  2.),  &  the  fide  BC  adjacent  to  thofe  equal  V  isconunon  to 
the  two  A. 

3.  Conlequently,  the  fides  AC  &  BD,  oppofite  to  the  equal  V  if  &  «, 

aJfo  the  fides  CD,  AB,  oppofite  to  the  equal  V  x  &  r,  are  =:  to  one  P.  26.  <9.  l. 
ahother,  &  the  third  V  A  is  =:  to  the  third  V  D. 

Which  was  to  be  demonftrated.  I. 
But  V*ibeing  =  toVif  (">#r^.  1.),  &  V  r  =  V  /  ('yfr^.  2.). 

4.  The  whole  V  «f  +  r  is  =  to  the  whole  V  if  + 1.  Ax,  a. 

Which  was  to  be  demonftrated.  II. 
In  fine,  becaufe  in  the  A  CAB,  BDC,  the  fide  CD  is  =  to  the  fide  AB, 
(•^g-  })*  the  fide  BC  is  common  to  the  two  A,  and  V  m  is  =  to 

;.  Thofe  two  A  CAB,  BDC,  formed  by  the  diagonal  BC,  are  =  to  one 

another.  P.  4.  B.  i. 

Which  was  to  be  demonftrated.  III. 
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PROPOSITION  XXXV.     THEOREM  XXF. 

JT  AR  ALLELOGRAMS  (AD,ED,)  upon  the  fiimc  bafe  (BD)  &  be- 
iween  the  fame  parallels  (AF>  BD^) ;  are  equal  to  one  another. 

I^potheiis.  Thcfis. 

/.  AD  W  ED  ati  tw9  Pgrt.  9/S«  Pgr  AD  ^  ==  /0  /iSf  PgrED. 

J  J,  And  tbofe  tw9  Pgr8»  art  up^n  the  fame  hafi 
BD,  &  ietween  tbtfamt  piles  AF,  BD^ 


B. 


Pbmonstratiok. 


Ax.  u 
Ax.  s. 


lECAUSE  the  figuic  AD  is  a  Pgr  ^/^/.  I.). 

The  oppofite  fides  AC,  BD»  &  AB,  CD,  are  =  to  one  another. 

Likewile,  becaufe  the  fi^re  ED  is  a  Pgr  (Hyp.  i.). 
a.  The  oppofite  fide^  EF,  m),  &  BE,  DF,  are  ==  to  one  another. 

But  the  ftraight  line  AC  being  =r  tothe  ftraigfat  lineBD  (Arg,  i.),  & 

the  (Iraight  line  EF  befn^  alfo  =:  to  the  £une  ftraight  line  BD  (Arg,  %.). 
3.  It  follows,  that  the  ftraight  line  AC,  is  =  to  the  ftraight  line  EF. 

Since  therefore  AC  is  =  to  EF  (Arg,  3.)  ;  if  CE  be  added  to  both. 
«|.  The  ftraight  line  AE  is  neceflarily  =  to  the  ftraight  Une  CF. 

Therefore  in  the  A  ABE,  CDF,  the  fide  AB  is  =  to  the  fide  CD, 

(^rg.  I.),  the  fide  BE  is  =  to  the  fide  D^''  (Arg.  2.},  ar  the  bafe  AE 

is  =  to  the  bafe  CF  (Arg.  4.). 

5.  Confequently,  the  A  ABE  is  =  to  the  A  CDF.  P.  8.  B.  u 
Taking  away  therefore  from  thofe  equal  A  ABE,  CDF,  (Arg.  $,) 

their  common  part  CME. 

6.  The  remainiif  trapezhims  ABMC,  MDFE,  are  =  to  one  another.       Ax.  3. 
Adding m  fine  to  thofe  equal  trapeuums ABMC,  MDFE, (Arg.6.)^ 
conuaon  part  MBD.  ^ 

7.  The  Pgrs  AD  &  ED  will  be  =  to  one  another.  ^.  ^^ 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXXVl     THEOREM  XXVI 

17  ARALLELOGR  AMS  (AC,  GE,)  upon  equal  bafes  (EC,  DE,)& 
between  the  fan.e  parallels  (AH,  BE,),  arc  equal  to  cne  another. 

Hypothefis.  Thefis, 

/.  AC,  GE,  are  fivo  Pgrs.  Tire  PgT  AC  IJ  =  to  tie  Pgr  GL 

//.  j^nJ  thofe  two  prrs  are  upon  equal  hajei 
BC,  DE,  y  hetnxeen  the  fane  piles  AH,  BE. 

Preparation. 

1 .  From  the  point  B  to  the  point  G,  draw  the  ftraight  line  BG.  \    p  r 

2.  From  the  point  C  to  the  point  H,  draw  the  ftraight  ime  CH,  3      ^'  '* 

Demonstration. 


B, 


E  C  A  US  E  the  figure  GE  is  a  Pgr  (Hyp,  i.). 
The  oppofite  Ades  DE,  GH,  are  =:  to  one  another.  P.  34.  A  i. 

But  the  ftraight  h'ne  BC  ia  =:  to  DE  (Hyp,  2.),  &  GH  is  =  to  the 
fa  me  ft  ra  ight  1  ine  D E  (Arg,  i . ) . 

Therefore  i^C  is  =  to  GH.  Ax.  i. 

But  fmce  BC  is  r=  to  GH  (Arg.  2.)  5  &  they  are  plies  (Hyp  2.)  whofe 
extremities  are  joined  by  the  ftraight  lines  0%^  HC,  (Prep,  i  &  2.). 

3.  It  is  evident  that  thofe  ftraight  lines  GB,  HC,  arc=  3r  pile.  P.  '^i.  B.  i. 

4.  Confequenilv,  the  figure  GC  is  a  Pgr.  D.  35,  A  i. 
Moreover,  the  Pgrs  AC,  GC,  being  upon  the  famebafeBCy  &. be- 
tween the  fame  plies  AH,  BE,  (Hyp.  2.). 

5.  Thofe  Pgrs  AC,  GC,  are  =  to  one  another.  p.  35.  B, !. 
It  will  be  proved  after  the  fame  manner. 

6.  That  the  Pgr  GC  is  =  to  the  Pgr  GE. 

Since  thci*efore  the  pgr  AC  is  =  to  the  pgr  GC  (Arg,   5.),  &  the     . 
Pgr  GE  is  =i  to  the  lame  Pgr  GC  (Arg.  6J. 

7.  It  follows,  thai  the  Pgr  AC  is  =  to  the  Pgr  GE.  Jx.  f . 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXXVII,     rUEOREM  XXVIl 

I  R I  ANG  LES   (ACB,  ADB,)   upon  the  fame  bafe  (AB)  &  between 
ihe  fame  parallels  (AB,  CD,)  are  equal  to  one  another, 

Hypothefis.  Thefis. 

/.  ACB,  ABD,   fire  t<w9  A.  "  The  A  ACB  is  :pz  to  the  A  ADB, 

//.  AnJ  ihofe  tiuo  A  are  upon  the  fame  A^y  EsT 
betnueen    the  famg  piles  AB,   CD. 

Preparation. 

u  Produce  the  ftraigbt  Ifne  CD  both  v/ays  to  E&  P.  Pof,  1. 

^.  Thro'  the  points  A  &  B,  draw  the  ftraight  lines  AF,  BE, 

pile  to  the  fides  BC,  AD;  which  will  meet  the  produced  CD  P.  31.  B.  i, 

fomewhere  in  F  &  in  E. 


B. 


Demonstration. 


_  I E  C  A  U  S  E  in  the  figure  BF  the  oppolite  (ides  AB,  FC,  &  AF»  BC. 

are  pile  (Hyp.  2  &  Prep,  z.). 

I .  The  figure  BF  is  a  Pgr.  A  .3  J.  B.  1 . 

It  will  be  proved  after  the  fkme  manner, 
Z.  That  the  figure  AE  is  a  Pgr.  i^ 

But  the  Pgrs  BF,  AE,  are  upon  the  fame  bafe  AB  and  between  thp 

fame  plies  AB,  FE,  fHyp,  2  &  Prep:  i.). 

3.  Confequently,  the  Pgr  BF  is  =  to  the  Pgr  AE.  P.  35.  B,  i. 
But  the  ftraight  lines  AC,  BD,  are  the  diagonals  of  the  Pgrs  BF,  AE, 

fPrep.  I  &  2.). 

4.  Wherefore  thofe  diagonals  AC,  BD,  divide  the  Pgrs  BF,  AE,  into 

two  equal  parts,  P,  34.  B.  l. 

5.  Confequently,  the  A  ACB  is  the  half  of  the  Pgr  BF,  &  the  A  ADB 
the  half  of  the  pgr  AE. . 

Since  then  the  wholePgrsBF,  AE,are  equal  to  one  another  ('-^r^.  3.),  & 
the  A  ACB,  ADB^  are  the  halves  of  thofe  Pgrs  (Arg.  $.). 

6.  It  is  evident  that  the  A  ACS,  ADB,  are  alfo  =  to  one  another.  Ax.  7. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXXVin.    THEOREM  XXFIIl 

RI  ANGLES   (ADB^EGP,)   upon  equal  ixifw   (AB,  £F,)  &  be« 
tween  the  fame  parallels  (AF,  DG,)  are  equal  to  one  another, 

Hjpotlicfis.  Thefis, 

/.  ADB,  EOF,  are  two  A.  Th  A  ADB  u  =  t$tieA  EGP. 

//.  Andtbofe  /wo  A  are  upon  =:  hajes  AB,  EF, 
fi    between    the  fame  piles    AF>   DO. 

Preparation, 

•*- 

I,  Produce  the  ftraight  line  DG  both  wajs  to  the  points  H,  C.  Prf.  i* 
«.  Thro' the  points  A&F»«draw  die  ftraight  lines  AC»  FH> 

pile  to  the  fides  BD,  EG ;  which  will  meet  the  produced  Une  f.  31.  Jl  1. 

\)G^  (bmewhere  in  C  &  in  H. 


B 


Demonstration. 


•  E  C  A  U  S  E  tn  the  figure  BC,  the  oppofite  fide^  AB,  CD,  &  AC,  BD, 
are  pile  [Hjp,  a  &  Prep,  2.), 
\ ,  The  figure  BC  is  a  Pgr.    "  D.  35.  A  i. 

It  may  be  proved  after  the  fiune  manner, 
a.  That  the  figure  EH  is  a  Pgr.      ^ 

But  the  pgrs  BC,  EH,  (Arg,  %  &  a.)  are  upon  =  bafes  AB,  EF,  & 

between  the  feme  piles  AF»  CH,  (Hyp,  a.). 

3.  Confcqucnily,  the  Pgr  BC,  is  =  to  the  Pgr  EH.  P.  36.  At. 
But  the  ftraight  lines  AD,  FG,  being  the  diagonals  of  the  Pgrs  BC, 
l£Xi,(?rep,  i&a.). 

4.  Thofe  ftraight  lines  AD,  FG,  divide  the  Pgrs  BC,  EH,  into  two 

equal  parts.  P.  34.  A  I. 

5.  Wherefore,  the  A  ADB,  is  half  of  the  Pgr  BC,  &  the  A  EGF  is  the 
half  of  the  Pgr  EH. 

Since  then  the  whole  Pgrs  BC,  EH,  are  =  to  one  another  (Arf^  3.). 
and  the  A  ADB,  EGF,  are  the  halves  of  thofe  Pgrs  (Arg,  j  J. 
^6.  It  follows,  that  thofe  A  ADB,  EGF,  are  alfo  =  to  one  another.         Ax.  7. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXXIX.     THEOREM  XXIX. 


f  QJJ  A  L  triangles  (ACB,  ADB,)   upon  the  fame  bafe  (AB)   fir  up* 

on  the  fame  fide  of  it,  arc  between  the  fame  parallels  (AB,  CD,). 

Hypothecs.  Thefis* 

/.  Tbi  A  ACB,  ADB,  are  e^ual.  Tbe  A  ACB,  ADB,  an  hetwett 

J  J.  And  tbofe  A  are  upon  tbe  fame  bafe  AB.  tbe  fame  plies  AB,  CD. 

Demonstration. 
If  noty 

The  ftrajght  lines  AB,  CD,  are  not  pile,  &  there  may  be  drawn 
thro'  the  point  C,  fome  other  ftraight  line  CO,  pile  to  AB» 

Preparation. 

\ ,  Draw  then  thro'  the  point  C,  the  ftraight  line  CO  pile  to  AB  i  P.  31.  B,  u 

which  will  cut  the  ftraight  line  AD>  fomewhere  in  £. 
2.  From  the  point  B,  to  the  point  of  interfeftion  £,  draw  the 

ftraight  Une  BE.  Fof  i. 


B. 


^ >ECAVSE  the  two  A  ACB,  AEB,  are  upon  the  fame  bafe  AB, 

J[Hyp,  a.),  &  between  the  feme  piles  AB,  CO,  (Frep.  i.). 
^f.  The  A  ACB  is  =  to  the  A  AEB.  P.  37.  *.  i- 

But  the  A  ADB  being  =  to  the  A  ACB  (Hyp,  1.),  &  the  A  AEB 
being  =  to  the  fame  A  ACB  (Arg,  i.). 
a.  The  A  ADB  is  =  to  the  A  AEB.  Ax,  i. 

But  the  A  ADB  being  the  whole,  &  the  A  AEB  its  part. 
9.  It  follows,  that  the  whole  is  equal  to  its  part. 

4.  Whichisimpoffible.  Ak,  ^. 

5.  Coniequently,  the  ftraight  line  CO  is  not  pile  to  AB. 

It  maV  be  proved  after  the  feme  manner,  that  no  other  ftraight  line 
but  CD,  can  be  pile  to  AB, 

6.  Coniequently,  the  ftraight  line  CD,  drawn  thro'  the  vertices  of  the 
A  ACB,  ADB,  is  pile  to  the  bafe  AB. 

Which  was  to  be  demonftrated 
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PROPOSITION  XL.     THEOREM.  XXX. 

JlLqJJ  a  L  triangles  (BAC,  EDF,)  upon  equal  bafcs  (BC,  EF,)  &  up- 
on  the  fame  fide,  are  between  tHe  fame  parallels  (BF,  AD,). 

H7pt)thens.     .  ThcSs. 

/.  Hht  A  BAC,  EDF,  an  equal.  Tht  A  BAC,  EDF,  art  fetwum 

11  And  tbofe  A  are  upon  =  bafu  BC,  EF.  the  fame  piles  BF,  AD. 

Demonstration, 

If  not. 

The  ftraight  lines  BF,  AD,  are  hot  pHe^  &  tliere  may  be  drawn 
thro'  the  point  A  fonie  other  ftraight  line  AO  pile  to  BF. 

Preparation. 

1.  Draw  then  thro'  the  point  A  the  ftraight  line  AO  pile  to  BF,  P.  31.  i?.  f. 
which  will  cut  the  ftntight  line  ED  fomewhefc  in  G. 

2.  From  the  point  F  to  the  point  of  interfedion  G,  draw  the 
ftraight  line  FG.  ?•[,  i. 

Jl>  E  C  A  U  S  E  the  A  BAC,  EGP,  are  upon  the  equal  bafes  BC,  EF, 

(Hyp.  2.),  &  between  the  fame  piles  BF,  AO,  (?rep,  i.). 

I.  The  A  BAC  is  =  to  the  A  EGF.  P.  38.  B,  1/ 

But  the  A  EDF  is  =  to  the  A  BAC  (Hyp,  i.),  &  the  A  EGF  is  == 

to  the  fame  A  BAC  (Arg,  i.). 
3.  Wherefore  the  A  EDF  13  =  to  the  A  EGF.  Ax.  i. 

But  the  A  EDF  being  the  whole  &  th;  A  EGF  its  part. 

3.  It  follows,  that  the  whole  is  =  to  its  part. 

4.  Which  is  inipollible.  Ax.  8. 

5.  Confequently,  AO  is  not  pile  to  BF. 

It  will  be  proved  after  the  fame  manner  that  no  other  ftraight  line 
but  AD  can  be  pile  to  BF. 

6.  Confequently,  the  ftraight  line  AD,  drawn  thro'  tlie  fummets  of  the 
A  BAC,  EDF,  is  pile  to  the  ftraight  line  BF. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XLI.     THEOREM  XXXI 


F  a  parallelogram  (BD)  and  a  triangle  (BEC)  be  upon  the  fame  ba^e 
(BC),  and  between  the  fame  parallels  (BC,  AF,) ;  the  parallelogram  (hall 
be  double  of  the  triangle. 

Hypothefis.  Thefis. 

/.  BD  IS  a  Pgr  ^  BEC  a  ^.  The  Pgr  BD  is  Jouble  of  the  A  BEC 
//.  7hofe  figures  are  upon  the  fame  hafe 
BCy^  between  the  fame  p\le&BC,  AE. 

Preparation. 

From  the  point  A  to  the  point  C,  draw  the  ftraight  line  AC.         Pof  i. 

Demonstration. 


B 


I E  C  A  U  S  E  the  A  B AC,  BEC,  are  upon  the  fame  bafe  BC,   &  be- 
tween the  fame  piles  BC,  AE  (Hyp,  2.). 

1.  The  ABAC  is  z=  to  the  A  BEC.  P.SJ.B.i. 
But  the  ftraight  line  AC  being  the  diagonal  of  the  Pgr  BD  (Prep  J. 

2.  This  diagonal  divides  the  Pgr  into  two  equal  parts.  P,  34.  B.  1. 

3.  Confequently,  the  PgrBD  13  double  of  the  A  BAC. 
•  But  this  A  BAC  being  =  to  the  A  BEC  (Arg,  i .). 

4.  The  Pgr  BD  is  alfo  double  of  the  A  BEC.    .  ^  ^x.  i . 

WhiehJras  to  be  demonftratod. 
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PROPOSITION  XLn.     PROBLEM  XI 


O  defcribe  a  parallelogram  (ED),  that  fhall  be  equal  to  a  given  triangle 

(BAD),  &c  have  one  of  its  angles  (DCE)  equal  to  a  guen  rcdilineal angle  (M). 

Given  Sought 

/.  The  A  BAD.  The    c^nftruaion   of  a   Pgr  =  /•    ihe  A  BAD, 

//.  jf  reailineal  V  M.  IS  halving  an  V   DCE   =  /•  the  ghiem  V  M. 

Refolution, 

1.  Divide  the  bale  BD  into  two  equal  parts,  at  the  point C  P,  to.  B.  r. 

2.  Upon  the  (Iraight  line  BD  at  the  pomt  C,  make  an  V  DCE  = 

to  the  given  V  M.  P.  zy  B.  i. 

3.  Thro'  the  point  A,  draw  the  ftraight  line  AF  pile  to  BD.  P.  3 1 .  -5.  i. 

4.  Produce  the  fide  CE  of  the  V  DCE,  until  it  meets  the  ftraight  PoJ,  a. 
(Inc  AF  in  a  point  E. 

5.  Thro'  the  point  D,  draw  DP  pile  to  CE,  &  produce  it  unul  it 
meets  AF  u  a  point  F.  Pof,  a. 

Preparation. 
From  the  point  A  to  the  point  C,  draw  the  ftraight  h'ne  AC.  Pof.  1. 

B  Demonstration. 

E  C  A  U  S  E  thf  A  BAC,  CAD,  are  upon  equal  bafes  BC,  CD, 
(Ref.  I.),  &  between  the  fame  piles  BD,  AF,  (Ref.  3.). 

I.  The  A  BAC  is  =r  to  ihe  A  CAD.  P.  38.  B,  i. 

a.  Confcquentlj,  the  A  BAD  is  double  of  the  ACAD.  C  A'; 

But  in  the  figure  ED  the  fides  CD,  ^  &  CE,  DY,  are  pile  (Ref.  3  &  5.). 

3.  Confequently,  ED  is  a  Pgr.        .    •>    **  Z>.  35.  B.  i. 
But  this  Pgr' ED  &  the  ACAD,  are  upon  the  fame  bafc  CD,  &  be- 
tween the  fame  piles  BD,  AF,  (Ref  i.  3.  &  Prep,). 

4.  From  whencTe  it  follows,  that  the  Pgr  ED  is  double  of  the  A  CAD.       P.  41.  S.  1. 
Since  then  the  Pgr  ED  is  double  of  the  A  CAD  (Arg.  4.),  &  the 

A  BAD  is  alfo  double  of  the  fame  A  CAD  (Arg,  2.). ' 

5.  It  is  evident,   that  the  Pgr  ED  is  z=  to  the  A  BAD.  *  Ax.  6. 
And  as  its  V  DCE  is  al&  =  to  the  given  V  M  (Ref.  2.). 

6.  This  Pgr  ED  is  =  to  the  given  A  BAD,  &  has  an  V  DCE  =  to  the 
given  V  M.  Which  was  to  be  demonftrated. 
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PROPOSITION  XLIII.     THEOREM  XXXII. 

X  H  E  complements  (AF,  FD,)   of  the  parallelograms  (HG,  EI,)   about 
the  diagonal  (BC)  of  any  parallelogram  (AD),  are  equal  to  one  another. 

Hypothefis.  Thefis. 

/.  AD  is  fl  Pgr,  tuhofe  diagonal  is  BC.  ne  Pgrs  AF,  FD,  <which  are  the 

II,  HG,  EI,  are  the  Pgrs   about   the  complements  of  the  Pgrs  HG,  EI, 

diagonal,  are  zz,  to  one  another. 


B. 


Demonstration. 


>  E  C  A  U  S  E  AD  IS  a  Pgr,  whofe  diagonal  is  BC  {ffyf-  i .). 
This  diagonal  divides  the  Pgr  into  two  equal  parts.  P.  34.  B,  i. 

2.  Confequentiy,  the  A  CAB  is  r=  to  the  A  BDC. 
Likewife,  EI  being  a  Pgr,  yrhoCc  diagonal  is  BF  (ffyp,  2.), 

3.  It  divides  alfo  the  Pgr  into  two  equal  parts.  '  P,  34.  A  i. 

4.  Wherefore  the  A  FEB  is  =  to  the  A  BIF. 

In  fine,  HG  is  a  Pgr,  whofe  diagonal  is  FC  (Hyp.  2.). 

5.  Which  conlequently  divides  it  into  two  equal  parts.  P,  34.  B,  i. 
>6.  Confequentiy,  the  A  CHF  is  =  to  the  A  FGC. 

Since  then  the  A  FEB  is  =  to  the  A  BIF  fJrg,  4.),  &  the  A  CHF 
=  to  the  A  FGC  fJrg.  6.). 

7.  The  A  FEB,  together  with  the  A  CHF  is  =  to  the  A  BIF,  together 

with  the  A  FGC.  ^  Ax.  2. 

But  the  whole  A  CAB,  BDC,  being  ^  to  one  another  fJrg,  2.) ;  if 
there  be  taken  away  from  both,  the  A  FED  +  CHF,  &  the  A  BIF 
-j-  FGC,  which  are  equal  fArg.  7.). 

8.  The  remaining  Pgrs  AF,  FD,  which  are  the  complements  of  the  Pgra 

HG,  E|,  will  be  aJfo  =  to  one  aiiother.  Jx,  3. 

Which  wa9  to  be  demonftrated. 
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PROPOSITION  XLIV.     PROBLEM  XII. 


P  O  N  a  given  ftraight  line  (AB),  to  make  a  parallelogram  (BC)  which 
(hall  bs  equal  to  a  given  triangle  (T),  and  have  one  of  its  angles  as  (BAG) 
equal  to  a  given  reSilineal  anglp  (M), 

Given 
7.  Tbe  firaight  line  A^. 
JI.  The/^r. 
Ill  The  reaUineal  >f  M. 


Sought 
A  Pgr  made  up^n  aftraghi  line  ^B 
=  to  the  A  T,  baling  one  of  its  V 
BAC  =  to  the  given  V  M 


B, 


RefoJutiott, 

1 .  Produce  the  ftraight  h'ne  AB  indefinitelj.  Pof,  2. 

2.  Take  AL  =  to  one  of  the  fides  of  the  given  A  T.  P.  3.  B.  1. 

3.  Make  the  A  AKL  =  to  the  given  A  T.  P.  aa.  B.  i. 

4.  Defcnbe  the  Pgr  EH  =  to  the.  A  AKL,  having  an  V  HAE  = 

to  the  given  V  M.  ^  ^  p^  42.  B.  1. 

5.  Thro'  the  point  B,  draw  a  ftraight  h'ne  BF  pile  to  EA  or  GH.^  P.  31.  B  1. 

6.  Produce  GH  indefinitely,  as  alfo  GE,  until  it  meets  BF  in  F.       Pof.  2. 

7.  Thro*  the  points  F  &  A,  draw  the  ftraight  line  FA,  which  Pof.  1. 
when  produced  will  meet  GH  produced,  fomewhere  in  I. 

8.  Thro'  the  point  I,  draw  the  ftraight  line  ID  pile  to  HB  or  GF.     P.u.Bu 

9.  Produce  FB,  EA,  until  they  meet  ID  in  the  points  D&  C  Pof.  a. 

Demonstration. 


►  E  C  A  U  S  E  in  the  figure  DG  the  oppofite  fides  GI,  FD,  &  GF,  ID, 
are  pile  (Ref,  j.  6.  8.  &  9.}. 
I .  The  figure  DG  is  a  Pgr. 
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Again,   the  oppofte  tides  EA,  FB,  &  EP,  AB ;  alfo  HI,  AC,  & 
HA,  IC,  of  the  figures  EB,  HC,  being  pile  (Re/,  5.  6.  8.  &  9.). 
^.  Thofe  figures  EB,  HC,  are  Pgrs.  D.  35.  B.  i. 

But  the  llraight  line  FI  is  the  diagonal  of  the FgrDGfRef,  7.),  & 
EB,  HC,  are  Pgrs  about  this  diagonal  C^rg.  2,  &  Re/.  7.). 

3.  Confequently,  the  Pgrs  BC,  EH,  which  are  the  compliments,  ure  = 

to  one  another.  ^-43-  ^' '• 

But  the  Pgr  EH  is  =  to  the  A  AKL  (RfjT,  4.),  &  the  given  A  T  is  = 
to  the  fame  A  AKLt^^r/:  3.). 

4.  From  whence  it  ibllows,  that  the  Pgr  EH  is  =  to  the  given  A  T.  4x.  i. 
The  Pgr  EH  being  therefore  =  to  the  given  A  T  (j^rg.  4.),  &  das 

fame  Pgr  EH  being  =  to  the  Pgr  BC  (^rg.  3.). 

5.  The  Pgr  BC  is  =  to  the  given  AT.  Jx,  i. 
Moreover,  becaufe  the  V  HAE,  BAC,  are  vertically  oppofite. 

6.  Thofe  V  are  =  to  one  another.      '  P,  1$,  B.  y. 
Wherefore,  V  HAE  being  =  to  the  given  V  M  CR^/^  4). 

7.  The  V  BAC  is  alfo  =  to  this  given  V  M.  Ax.  i. 

8.  Therefore,  upon  the  giyen  ftraight  line  AB,  there  has  been  made  a  Pgr 
BC  =  to  the  given  A  t  (Arg,  5.),  &  >vhich  has  an  V  BAC.=  to 

•     diegiven  VM  f-^r^.  7.). 

Which  was  to  be  done.  ^ 
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PROPOSITIOM  XLV.     PRO  BLE  M  XIII. 

X  O  defcribe  a  parallelogram  (AF),  equal  to  a  rediline^l  figure  (IH); 
and  having  an  angle  (n)  equal  to  a  given  re&ilineal  angle  (N). 

Given  Sought 

/.  A  redilineal  figure  IH.  li^he  cotiftruSion  of  a  Pgr  =  to  the  reffi/inetl 

J  J.  A  reSilintal  V  N.  fg^^^  IH,  l^  having  an^  n^zto  a  given  V  M 

Refolution. 

1.  Draw  the  diagonal  GK.  Pof,  i. 

2.  Upon  nn  indefinite  ftraight  line  AP,  make  the  Per  AE  =r  to 

the  A  GHK,  having  an  V  »  =  to  the  given  V  N.  P.  42.  B.  1. 

3.  Upon  the  fide  BE  of  the  Pgr  AE,  make  the  Pgr  DF  =  to 

the  A  GIK  J  having  an  V  r  =:  to  the  given  V  N.  P.  W-B.i 

Demonstration. 


B 


EC  A  USE  V  N  is  =  to  each  of  the  V  «  &  r  (Ref.  z  &  3.). 

1.  The  V  «  is  5p  to  the  V  r.  Ax.  1. 
*If  the  V  w  be  added  to  both. 

2.  The  V  «  +  w  will  be  =  to  the  V  r  +  m.  Ax,  Z, 
But  becaufe  the  fides  AD,  BE,  are  piles  (Ref,  2,)  cut  by  the  fame 
ftraight  line  AB. 

3.  The  two  interior  V  //  +  ^>  »rc  =  to  two  L.  P.  Z^.  B.  u 

4.  Confeqv.cntIy,    the  adjacent   V  r  +  *"»    which   arc  =  to  them 
fArg.  2.),  are  alfo  =  to  two  L,.  Ax,  i. 
The  ftraight  lines  AB,  BC,  which  meet  on  the  oppoftte  fides  of  the 

line  BE  at  the  point  B,  making  with  this  ftraight  Ime  BE  the  fum  of 
the  adjacent  V  f -f-  «  =  to  two  L.  fArg.  4.). 

5.  Thofe  jlraight  lines  AB,  BC,  foim  but  one  &  the  fame  ftraight  line  AC.  P,  ij^,B.  i. 
Moreover,  the  ftraight  lines  DE,  AC,  being  two  piles  (R^f.  Z.)  cut  by 

the  fame  ftraight  line  BE. 
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6.  The  alternate  W  r  &  s,  are  =  to  one  another.  P.  29.  B.  1 . 
And  if  the  V  w  be  added  to  both. 

7.  The  V  r  -}-  «>  ^vill  be  c=  to  V  j  -f"  "•  ^^-  ^• 
But  becaufe  the  fides  EF,  BC,  are  two  pllesf/?ir/3.)  cut  by  the  Cxme 
ftraight  line  BE. 

8;  The  interior  V  r  -f-  «/,  are  =  to  two  L.  P.  29.  B.  i . 

9i  From  whence  it  follows,  that  the  adjacent  V  i  +  w ,  which  are  =  to 

them  (yfrg.  7.),  are  aIfo=:  to  two  L.  y^x,   i, 

Yhe  ftraight  lines  DE,  EF,  which  meet  on  the  oppofite  fides  of  the 
line  BE  at  the  point  E,  making  with  this  ftraieht  line  BE,  the 
fum  of  the  adjacent  V  J  -j-  </  =±:  to  two  L.  (-^rg.  9J. 

10.  Thofe  ftraight  lines  DE,  EF,  form  but  one  and  the  fame  ftraight      '* 
lineDF.  Z'.  14.  ^.  i. 
But  fince  the  ftraight  lines  AD,  BE,  Sc  BE,  Cf,  are  the  oppofite 

fides  of  the  Pgrs  AE,  BF,  (Re/.  2*3.).               .  P.  34.  ^.  i . 

1 1 .  The  ftraight  line  AD  is  =  &  pile  to  BF,  &  BE  is  =  &  pile  to  CF.  j-  p         ^ 

12.  Confequenily,  AD  is  =  &  pile  to  to  CF.      ------  i  ^-^30-  ^-  >• 

Moreover,  thofe  =  and  pile  ftraight  lines  AD^  CF,  are  joined  by  ^    ^' 

the  ftraight  lines  AC,  DF,  fJrg.  5  &  10.).  <  P  77  B  i 

13.  Confequently,  the  figure  AFisaPgr.      -------  ]  n^l   ii  ,' 

And  becaufe  the  Pgr  BF  is  =  to  the  A  GIK  (Re/.  3.),  the  Pgr    C  ^.  35-  ^-  «• 
AE  is  =  to  the  A  GHK,  ^  V  «  z=  to  the  given  V  N  fRef.  2.}. 

14.  The  whole  Pgr  AF  is  t=  to  the  redilineal  figure  IH  ;  &  has  an  V  ft 

=  to  the  given  V  N.  ^x.  2. 

Which  was  to  be  demonftrated. 
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PROPOSITION.  XLVI.     PROBLEM  XIV. 

\J  P  O  N  a  given  ftraight  Knc  (AB)  to  defcribc  a  Tquare  (AD), 
Given  Sought 

*[bt  firaigbt  line  AB.  A  f quart  wtade  upon  tbeflraigbi  line  AB. 

Refolution' 

1.  At  the  point  A,  ered  upon  the  ftraight  line  AB  the  perpendi- 
cular AK.  P,ii.B.i. 

2.  From  the  ftraight  h'ne  AK  cut  off  a  part  AC  =  to  AB.  P,  ^,  B.  i. 

3.  Thro*  the  point  C,  draw  the  ftraight  h'ne  CO  pile  to  AB.  7  p  ,.    » 

4.  And  thro'  the  point  B,  draw  the  ftraight  line  BD  pile  to  AC,  J  ^-  3  "•  -«^.  "• 
which  will  cut  CO  fomewhere  in  D. 

B  Demonstration. 

E  C  A  U  S  E  in  the  figure  AD  the  oppofite  fides  AB,  CD,  &  AC,  BD, 
arc  pile  (Re/,  x  &  4.). 

I .  The  figure  AD  is  a  Pgr.  D,  35.  A  i. 

a.  Confcqucntly,  the  oppofite  fides  AB,  CD,  &  AC,  BD,  are  =  to  one 

another.  P,  34.  B,  i. 

But  AC  is  =  to  AB  r^^/ 2.). 
3.  Confcqucntly,  the  four  fides  AB,  CD,  AC,  BD,  arc  =z  to  one  ano- 
*  thcr.  Ax,  I. 


Again,  becaufit  the  ftraight  lines  AB,  CD,  are  pile  (Ref,  3.). 
4.  The  interior  oppofite  V  A  &  ACD,  arc  =  to  two  L.. 


P.  29.  B,  f . 
C.  N, 
P.34.A1. 


But  the  V  A  being  a  U  (Ref.  i.) 
%,  It  is  evident,  that  V  ACD  is  alfo  a  L. 
Moreover,  bccaufi:  AD  ia  a  Pgr  f'v/r^.  1.). 

6.  The  oppofite  V  are  =  to  one  another. 

7.  Wherefore,  the  V  BDC  &  B  oppofite  to  the  right  V  A  &  ACD^, 
are  al(b  L». 

The  figure  AD  being  therefore  an  equilateral  Pgr  (Arg,  3.),  &  rec- 
tangular (Arg,  7.). 

8.  It  follows,  tnat  this  figure  AD  defcribed  upon  the  ftraight  line  AB, 

is  a  fquare.  *  D,  30.  B.  i 

Which  was  to  be  done. 


I 
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COROLLARY    L 

_^FERT parallelogramy  that  has  invo equal Jides  AB,  AC,  including  a  rigbi 
igle^  is  afifuare  ;  fir  Jranving  thro''  the  points  C  £sf  B  the  ftratpht  lines  CD,  BD, 
irallelto  the  fwo  fides  AB,  AC,  the /quart  AD  'voillhedefcrihed  (D.  30.  A  i.). 


parallel 


COROLLARY    II. 


r,  VERY  parallelogram  that  has  one  right  angle  ^  has  all  its  angles  right  an^ 
gles.  For  fince  the  oppofite  angles  A  W  BDC,  are  equal  (F.  34*  B.  i.),  t^  the 
angle  A  is  a  right  ar.gle,  the  angle  BDC  wiV/  he  alfo  a  right  angle :  moreover ^  the 
lines  AB,  CD,  cf  AC,  BD,  being  parallels  j  the  interior  angles  A  H  ACD,  lihe^ 
njoife  A  fcf  B,  are.  equal  to  two  right  angles  (P.2g,B,i,);  tut  the  angle  A  being 
a  right  angle^  it  is  manifeft  that  the  angles  ACD  W  B,  are  alfo  right  angles, 

COROLLARY    III. 

JL  HEfquares  defer ihed  on  equal  fir aight  lines y  are  equal  to  $ne  another,  W  rf- 
csprocalfy,  equal fquares  are  defcriied  on  equal  ftraight  lines. 
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PROPOSITIONXLVII.     THEOREM  JCXX/Il 

J[N  any  right  angled  triangle  (ABC)  ;  the  fquare  which  is  defcribed  opoo 
the  fide  (AC)  fubtending  the  right  angle,  is  equal  to  the  fquares  made  opoo 
the  fides  (AB,  BC,)  including  the  right  angle. 

Hypothcfis.  Thefis. 

W#  A  ABC  1/  Rgle,  or  V  ABC  is  a  L.  rbeUofihifide  ACisz=z  /» tBiDrf 

AB,  together  nvitb  the  D  •/  BC 

Preparation. 

1.  On  the  three/idej  AC,  AB,  BC,  defcribe  (Tig,  i.)  the  D 

AG,  AM,  CD.  P.46.A1. 

a.  Thro'  the  point  B,  draw  the  ftraight  line  BH  pile  to  CG.  P.  qi.  A  i. 

5.  From  the  point  B  to  the  point  F,  draw  the  ilraight  line  BF. 
4.  From  the  point  C  to  the  point  N,  draw  the  ftraight  line  CN. 

y^  Demonstration. 

rjECAUSE  thefigureAMisaDr^ff/.  i.). 

1.  The  V  ABM  is  a  L.  i).  30.  A 1. 

But  V  ABC  being  alfo  a  L  (Uyp.), 
a.  The  two  adjacent  V  ABM,  ABC,  are  =  to  two  L.  Ax.  a. 

The  ftraight  lines  MB,  BC,  which  meet  on  the  oppolite  (Ides  of  the 

line  AB  at  the  point  B,  making  with  this  ftraight  line  AB  the  (um  of 

the  adjacent  V  ABM,  ABC,  =  to  two  L.  (^^g^  2.). 

3.  Thefe  ftraight  Imes  MB,  BC,  are  in  one  and  the  fame  ftraight  liheMC,  P.  14.  A  i- 
which  is  pile  to  NA.  P.  a8.  B.  i. 
In  like  manner  it  may  be  demonftrated. 

4.  That  AB,  BD,  are  in  one  &  the  fame  ftraight  line  AD,  which  \% 
pile  to  CE. 

Moreover,  becanfe  AG,  AM,  are  D  (Prep.  i.). 

5.  The  V  FAC,  NAB,  are  =  to  one  another,  (being  right  angles)  &  the 

fides  AF,  AC,  &  AB,  AN,  are  alfo  =  to  one  another.  '  D.50.  B,  I. 

Ther^bre,  if  tp  thofe  equal  V  FAC,  NAB,  V  CAB  be  added. 
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6.  The  whole  V  FAB  will  be  =  to  the  tvhole  V  NAC. 
Since  then  in  the  A  AFB,  ACN,  the  fides  AF,  AB,  &  AC,  AN,  are 
=  each  to  each  (Arg.  5.),  &  the  V  FAB  is  =  to  the  V  NAC, 

(Arg.  ex 

7.  The  A  AFB  will  be  =r  to  the  A  ACN.  P.  4.  B,  f. 
But  the  A  AFB  &  the  Pgr  AH,  are  upon  the  fame  bafe  AF  &  be- 
tween the  fame  piles  AF,'BH,  (Prep.  2.). 

8.  From  whence  it  follows,  that  the  Pgr  AH  is  double  of  the  A  AFB.  P.  41.  -5.  1. 
Likewife,  the  A  ACN  &  the  D  AM  being  upon  the  (ame  bafe  AN, 

and  between  the  fame  piles  AN,  MC,  (Arg.^,). 

9.  The  D  AM  is  double  of  the  A  ACN.  P.  41.  B,  ^ 
The  A  AFB,  ACNf  being  therefore  =  to  one  another  (Arg.  7.). 
and  the  Pgr  AH  &  the  D  AM  their  doubles  (Arg.  8  &  9.); 
It  follows,  th^t  the  Pgr  AH  is  =  to  the  D  AM.  Ax.  6. 


10 


II. 
12. 


»3 


In  the  fiume  manner,  hy  drawing  (Fig.  a.  J  the  lines  BG,  AE,  it  is 

demonftrated,  that  the  Pgr  CH  is  =  to  the  D  CD. 

But  the  Pgr  AH,  together  with  the  Pgr  CH,  form  the  DAG. 

Wherefore,  this  D  AG  is  =  to  the  fum  of  the  D  AM  &  CD. 

But  iince  the  D  AG  is  the  D  made  upon  the  (ide  AC,  &  the  D  AM 

and  CD  the  D  upon  the  fides  which  include  the  L.  ABC. 

The  D  made  upon  the  fide  AC  is  1=  to  the  Dmade  uponAB&BC 

taken  together. 

Which  was  to  be  demonftrated 


Ax.  i^ 
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PROPOSITION  XLVIII.     THEO REM  XXXIV. 

I^F  the  fquare  defcribed  upon  one  of  the  fides  (CA)    of  a  triangle  (CBA) 

be  equal  to  the  fquares  defcribed  upon  the  other  two  fides  of  it  ( AB,  BC,) ; 

the  angle  (ABC)  included  by  thefe  two  fides  (AB,  BC,),  is  a  right  angle. 

Hypothciis.  Thcfis. 

"the  n  o/CA  is  =  H  the  D  e/AB,  the  V  ABC  included  by  the 

together  tuitb  the  Q  of  BC.  Jides  AB,  BC,  is  L- 

Preparation. 
I.  At  the  point  B,  iq  the  ftraight  line  BA,  ered  the  perpendi- 
cular BH.  -P.  ii.JB.  I, 
a.  MakeBH  =  BC.  P.  y  B.  i. 
3.  From  the  pomt  K  to  the  point  A,  drew  the  ftraight  line  HA.  Pof,  1. 

B  Demonstration. 

ECAUSE  BHis3?toBCrPrfA2.).  cp    ^  n  . 

1.  TheDof  BHwillbe  =  totheDof  BC I  r.  4^. /f.  i. 

If  the  D  of  AB  be  added  to  both,  ^  ^^'"^  3- 

2.  The  D  of  AB  &  BH,  will  be  =  to  the  D  of  AB  &  BQ  jix.  a. 
But  the  A  HBA  being  Rglc  in  B  (Prep.  1  J. 

3.  It  follows,  that  the  Q  of  HA  is  =  to  the  D  of  AB  &  BH.  P.  47.  B.  i. 
Since  then  the  Qof  CA  is  =  to  the  O  of  AB  &  BC  (Hyp,  1.),  the 

D  of  HA  =  to  the  D  of  AB  &  BH  (jlrg,  3.),  &  the  D  of  AB  &BH, 

are  =  to  the  D  of  AB  &  BC,  (yirg.  aj. 

The  D  of  CA  muft  ncccffarily  be  =  to  the  D  of  HA. 


jix,   I. 


Confequently,  CA  is  =  to  HA. 

But  in  the  A  CBA,  HBA,  the  fide  CA  is  =:  to  the  fide  HA,  ^ 

(jirg.    5.),  AB  is  common  to  the  two  A,  &  the  bale  BC  is  :=  to  the 

bafc  BH  (Prep.  2.). 

Wherefore,  the  V  ABC,  ABH,  included  by  the  equal  fides  AB,  BC, 

and  AB,  BH,  are  =  to  one  another.  P. 

But  the  V  ABH  is  a  L  (Prep^  i.). 

Con&quently,  the  V  ABC  will  be  alfo  a  L. 

Which  was  to  be  demonftrated 


P.^e.B.u 


Cor, 


8.  B.  \. 
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Dl- 


HD 


He 


DEFINITIONS. 
h 

J^j  VERY  right  angled  parallelogram  (DF),  is  faid  to  be  contained  by 
any  two  of  the  ftraight  lines  (AD,  DE,)  which  include  one  of  the  right 
angles  (ADE). 

I .  J  right  atigled  parallelogram  may  be  tbut  denoted,  becaufe  a  right  angle  C^ 
the  twoftdet  which  include  it,  are  vjhat  determine  this  figure.  When  the 
length  oj  the  fides  AD,  DE,  including  the  right  angle  it  fixed,  the  mag- 
nitude of  the  rectangle  is  determined,  its  conftruHion  being  compleated  by 
drawing  tbr<^  the  extremities  h  iS  1£- of  thofe fides,  the  lines  (AD>  DE,) 
parallel  to  them,  according  to  D.  ^$  fS  P.  ^i.  B.  I. 

3.  A  right  angled  parallelogram  DP  is  for  brevity  fake  often  denoted  by  the 
three  letters  about  the  right  angle,  in  this  manner  ;  the  Rgle  Pgr  ADE. 
//  is  alfo  reprefented  thus:  The  Rgle  Pgr  AD,  DE^  that  is,  the  Rgle  Pgr 
refulting  from  the  two  fides  AD  W  DE,  which  form  <s  right  angle ;  If 
is  expreffed  thus:  The  Rgle  Pgr  under  AD  fcf  DE,  or  the  Rgle  Pgr 
•/  AD  y  DE. 
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A 
C 

D 
B 

A 

c 

Ar- 

Fjg.i 

,     1  Trt          Y^ 

FIga 

C 

t 

—IB     D 

B 

PEFINITIONS. 

Sometimes  the  parts  of  a  Pralgbt  Uneferve  to  denote  a  righi 
angled  parallelGgram,  for  example  (Fig,  I  J,  tpe  Jlrpigbt  line  AB  be^ 
ing  divided  in  C,  there  may  be  defer i bed  (P.  31.  B.  i.),  with  tbofe 
two  lines  AC,  CB,  a  right  angled  parallelogram^  by  joining  tbem  at  right 
angles 9  W  this  parallelogram  is  exprejfed  thus:  The  RglePgr  AC,  CB, 
or  Jimply  the  Rgle  Pgr  ACB,  the  letter  that  marks  the  point  tvbs'cb  is  , 
tomf^mi  to  the  two  lines,  being  put  between  the  other  two  letters  ;  in 
like  manner,  by  the  Rgle  Pgr  ABC,  //  to  he  underftood  the  pareUklo- 
gram  defrrihed  according  to  the  fame  rules,  one  of  wbofe  fides  is  AB  ii 
f  be  other  ^C. 

When  the  lines  AD  iS  DB,  including  the  right  angle,  are  equal  (Fig,  2.)» 
the  parallelogram  DC  //  a  fquare  (D.  30.  iB.  i.).  As  in  this  cafe  cwf 
of  theftdes  DB  with  the  right  angle,  determine  the  fquare,  which  may 
be  defer  i  bed  from  tbofe  data  by  P,  31.  B,  i.  This  fquare  may  be  eX' 
prejfed  thus :    The  D  of  DB,  or  the  D  of  AD.. 
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DEFINITIONS. 
II. 

_  H  E  figure  (ABCGDH)  compofed  of  a  parallelogram  (DB)  about 
the  diagonal  (BE),  together  with  the  two  complements  (AD,  DC,)  i^ 
called  a  Gnomon. 

The  Gnomon  is  marked  by  an  arc  of  a  circle  (abc)^  which  pajfes  thro*  the 
fwo  complements  {AD 9  DC,)  W  /A<?  Pgr  about  the  diagonal.  There  may  be 
formed  in  every  parallelogram  two  different  gnomons ;  one^  by  taking  away 
(Fig.  I.)  from  the  whole  Pgr,  the  greater  Pgr  ED  about  the  diagonal \  the 
§ther,   by  taking  away  (Fig.  2.)  the  leffer  Pgr  ED  about  the  diagonal 


ThcELEMENTS 


AXIOMS. 

H  E  whole  is  equal  to  all  Its  parts  taken  tpgether. 

The  whole  Pgr  PQ^  (Fig.  2.)  //  equal  to  all  its  parts^  tbe  Pgrs  PR,  TS,  VQ, 
taken  together. 

n. 


R 


I  G  H  T  angled  parallelogranis  contained  by  equal  fides,  are  equal. 


7  oe  isgic  rgr  ur  [  rtg.  i.;  //  comatnea  oy  loe  nraigui  unes  i\lj,  ur*  ; 
eonffauentlyt  if  the  Jlright  line  N  //  eaud  to  AD,  cf  the  ftraigbt  line  M  // 
equal  to  DE,  the  Rgle  formed  ty  tbejraight  lines  N  W  M,  will  he  necej/a^ 


rily  equal  to  tbe  Rgle  DF. 
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PROPOSITION   L     THEOREM  I 


__  F  there  be  two  ftraight  lines  (AD  &  N),  onfe  of  whlcii  (AD)  is  divided 
into  any  number  of  parts  (AB,  BC,  CD,)  {  ;he  reaangle  contained  by  thefe 
ftraight  lines  (AD  &  N)  is  equal  to  the  redangles  contained  by  the  undivided 
line  (N),  and  the  fcveral  parts  (AB,  BC,  CD,)  of  the  divided  line  (AD). 

Hypothefis.  Thefis. 

AD£5*N  aretiuoJWaightUws^  oneoftuhich  The  Rgle  AD  .  N  ij=  /o  the  Rgles 
ADisdi'videdintofe'veralpartsKQ,  BC,CD.         AB .  N  +  BC.  N  +  CD  .  N. 

Preparation. 
I.  At  the  point  A  in  the  ftraiaght  line  AD,  crcft  the  ±  AK.         P.  1 1.  A  t. 
•  2.  From  AK,  cut  off  a  pan  EA  =  N.     .  P.  3.  B.  i. 

3.  Thro'  the  points  D  &  E,  draw  the  ftraight  Unes  DH,  EH,  pile  1 
toAE,  AD.  (p 

4.  And  Thro'  the  points  of  divifion  B  &  C,  draw  the  ftraight  lines  ^  ^-  3  *  •  '^.  i . 
BF,  CG,  plletoAEorDH.  J 

^       ^  DEMONSTRAriOK. 

1.  JL   H  E  Rgle  AH  is  =  to  the  Rgles  AF,  BG,  CH.  taketi  together.  Ax.  i.H.i. 
But  becaiife  the  Rgle  AH  is  coRtained  by  the  ftraight  lines  EA,  AD, 

(Prep.  3.),  &  AE  is  =  to  N  (Prep.  2.). 

2.  This  Rgle  AH  is  contained  by  the  ftraight  lines  AD  &  N. 
Lilcewife,  becaufe  the  Rgle  ^F  is  contained  by  the  ftraight  lines 
EA,  AB,  (Prep.  4.),  &  EA  is  z=  to  N  (Prep.  2.). 

3.  This  Rgle  AF  is  contained  by  the  ftraight  line»  AB  &  N. 

4.  In  like  manner,  the  Rgle  BG  is  contained  by  the  ttrai;:^ht  lines  BC  &  N, 
becaufe  it  is  contained  by  the  ftraight  lines  FB  &  BC,  &  that  FB  =  N.  P.  34,  B,  \. 
And  fo  of  all  the  others. 

<.  Coniequent'y,  the  Rgle  contained  by  the  ftraight  lines  AD  &  N  is  = 
to  the  Rgles  contained  by  the  ftraight  lines  AB  &  N,  BC  &  N,  CD  &  N, 
taken  together. 

That  is  the  Rgle  AD.N  is  =  to  the  Rgles  AB.N  +  BC.N  + 
CD.  N.  Ax,i,B.i. 

Which  was  to  be  demon  ftrated. 
K 


Ax.  2.  B.  2, 


Ax.  2.  B.  2. 
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PROPOSITION  II.     THEO  REM  IL 

X  F  a  ftraight  line  (AC)  be  divided  into  any  two  parts  (AB,  BC,) ;  the 
reflangle  contained  by  the  whole  line  (CA),  and  each  of  the  parts  (AB,  BC,)j 
are  together  equal  to  the  fquare  of  the  whole  line  (AC). 

Hypothefis.  Thefis. 

AC  is  a  Jlraigh  line  divided  into  The  Rgle  CAB  +  Rgle  ACB, 

itv^  parts  AB,  BC.  are  =  to  the  Q  ©/AC. 

Preparation. 

1 .  Upon  the  ftraight  line  AC,  dcfcribe  the  D  AP.  P.  46.  B.  i. 

2.  Thro' the  point  of  fedtion  B,  draw  the  ftraight  line  BE  pile 

to  AD  or  CF.  P.  31.^.1. 

T  Demonstration. 

H  E  whole  Rgle  AF  is  =  to  the  Rgles  AE,  BF,  taken  together.  Ax.  i.B.2. 
But  this  Rgle  AF  is  the  Q of  the  line  AC  (Prep.   i.). 

2.  Confequcntly,  the  Rgles  AE,  BF,  taken  together,  are  =  to  the  D  of 

the  line  AC.  Ax.\,B,i. 

3.  But  the  Rgle  AE  is  contained  by  th©  ftraight  lines  CA,  AB,  becaufe  it 
is  contained  by  the  ftraight"  lines  DA,  AB,  of  which  DA  =  CA, 

{Prep.  I,),  Jx.2.B,z. 

4.  Likewise,  BF  is  a  Rgle  contained  by  the  ftraight  lines  AC,  CB,  be- 
caufe it  is  contained  by  the  ftraight  lines  EB,  BC,  of  which  EB  =  AC, 

(Prep.  I  &  2.).  P.34.  j5.i. 

5.  Wherefore,  the  Rgle  contained  by  the  ftraight  lines  CA,  AB,  toge- 
ther with  the  Rgle  contained  by  the  ftraight  lines  AC,  CB,  is  =  to 
the  D  of  the  ftraight  line  AC  3  or  the  Rgle  CAB  +  the  Rgle  ACB, 

are  =  to  the  D  of  AC.  Ax.  i.  B.\. 

Which  was  to  be  demonftrated. 
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PROPOSITION 


THEOREM  III. 


J[^  F  a  ftraight  line  (AC)  be  divided  into  two  parts  in  (B) ;  thfB  reflrangle  con- 
toined  by  the  whole  line  (AC)  &  of  one  of  the  parts  (AB),  is  equal  to  the 
reaangle  contained  by  the  ty^o  parts  (AB,  BC,)  together  with  the  fquarq 
of  the  aforefa'd  part  (AB). 

.  Hypothcfis.  Thefis. 

AC  is  a  ftraight  line  di'vided  Th  Rglc  CAB  is  =2  to  tie 

into  anj  tnuo  par^s  AB,  BC.  Rgle  ABC-f-Zi^f  D©/AB, 

Preparation,    . 

1 .  Upon  the  ftraight  line  AB,  defcrlbe  the  D  AE.  P.  lS,  B,  t, 

2.  Produce  the  line  DE  indefinitely  to  F.  Poj.  z. 

3.  Thro*  the  point  C,  draw  the  ftraight  line  CF  pile  to  AD  or 

'  BE  and  produce  it,  until  it  meets  DF  in  F.  Pof.  z, 

^     y  Demonstration. 

I .    i  H  E  Rgle  AF  is  3  to  the  Rgles  AE  &  BF  taken  together.  Ax.  i.B.z. 

2..  But  the  Rgle  AF  is  contained  by  the  ftraight  lines  CA,  AB ;  becauie  ^ 

it  is  contained  by  CA  h  AD,  of  which  AD  z=  AB  (Prtp,  i.).  ^       \Ax.  2.  B.  Z. 
t.  And  the  Rgle  BF  is  contained  by  AB,  BC  ;  becauie  it  is  contained  J 

by  EB,  BC,  of  which  EB  =  AB  fPrep,  i.). 

Moreover,   the  Rgle  AE   being  thp  D  of  the  ftraight  line  AB:» 

fPrep.  I.). 
4.  The  Rglc  of  CA  .  AB,  is  =  to  the  Rgle  of  AB .  BC  together  with 

the  D  of  AB  J  or  the  Rgie  CAB  is  =  to  the  Rgle  ABC  +  the  D  of 

AB.  -rfy.l.iP.i. 

Which  was  to  be  dcmonftiated^ 
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PROPOSITION  IV.     THEOREM  11^. 

J^Faftraight  line.  (AC)  be  divided  into  any  two  parts  (AB,.BC,);  tie 
fqiiare  of  the  whole  line  (AC)  is  eqiial  to  the  fquares  of  the  t^vo  [wm 
( AB,  BC,)  together  with  twice  the  reftangle  contained  by  the  parts  (AB,  fcC,). 

Hypothefis.  Thefis. 

AC  is  a  firaight  lin$  druidei  The  D  »/  AC  is  =  to  the  D  •/  AB  + 

intoanj  two  parts  AB,  BC.  the  Q  0/ BC  +  2  Rglcs  ABC. 

Preparation. 
Upon  AC,  df  fcribc  the  D  AI.  P.  46.  B.  i 

Thro*  the  point  of  divifion  B,  draw  BH  pile  to  CI  or  AD.      P.V.B.i 
Draw  the  diagonal  CD,  which  will  cut  BH  fomewhere  in  E.  PoJ.  i- 
Thro*  thepoint  E,  draw  GF  pile  to  the  oppoTitc  fides  Dior  AC.  P.^lBa. 

—.  Demonstration. 

iJECAUSEthe  lines  AD,  BH,  CI  j  likcwife  AC,  GF,  Dh  arc 
piles  fPrep.   i.  2.  &  4.). 
I .  The  four  figures  AE,  EI,  BF,  GH,  are  Pgrs.  D.  35  J.  h 

And  fince  each  cf  thofe  figures  include  one  of  the  right  angles  of 
the  DAI.  (Pi6BA. 

a.  Thofe  Pgrs  are  alfo  Rgle^  J  ^^\ 

Moreover,  bccaufe  the  (ides  DA,  AC,  </  the  D  AI,  are  equal,  ^ 
fD.  30.  B:  I.). 

3.  The  yri8=tothe  Vt. 
And  becaufe  the  ftraight  lines  AD,  BH,  are  pUc3  (Prep,  a.)   cut  by 
the  ftraight  line  DC  fPrcp.  3.). ' 

4.  The  interior  V  r  is  =  to  its  exterior  oppofite  V  /. 

5.  Confcquently,  V  ^  =  V^. 
0.  Wherefore,  the  fide  BE  is  =  to  the  fide  BC.      ' 

7.  And  the  Rgle  BF  is  a  D,  ^iz.  the  D  of  BC. 

8.  It  may  be  proved  in  the  fame  manner,  that  the  Pgr  GH  h  a  D,  v»«. 
■the  D  of  AB,  bccaufe  GE  =  AB. 
Moreover,  BE  being  =  to  BC  (^''g-  6.). 

9.  The  Rgle  AE,  or  the  Rgle  of  AB .  BE,  will  be  =  to  the  Rgic  of 
AB.BC.  Jx,%J.^ 
But  the  Rgle  AE  is  =  to  the  Rgle  EI  fP.  43.  B.  i.). 

From  whence  ic  follows^  that  the  Rgle  £1  b  alfo  =  to  the  Rele 
f  AB.BC,  ^x.iJ.«* 


P  V  B.  » 


P.  29.  A  I. 

P  6.  A ». 
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Confeqyently,  the  two  Rgle.s  AE,   EI,  taken  together,  arc  z^  to 

twice  the  RgJe  of  the  pans  ^B,  BC 

Since  then  the  twoD  QH  &  BF  are  the  fquares  of  l^e  two  parts 

AB  &  BC  (yfrg.  7.  &  8.),  &  the  Rgles  AE,   EI,  taken  together, 

are  z=  to  twice  the  Rgle  of  the  parts  AB,  BC. 

It  follows,  that  the  0  of  the  whole  line  AC  is  =  to  the  D  of  AB-^r 

the  □  of  BC  H-  a  R^les  ABC. 

Whick  was  to  be  denaonftcatfid. 

COROLLARV.    I 

pl^  HEN  t<woflrai^bt  lines  HB,  PF,  pile  to  tbefifles  of  afquare  interfeaiach 
ether  in  a  point  E  of  the  fiiagonaly  the  Rgles  BF,  DH,  formed  fihout  the  diagonal^ 
are  fquares^ 

COROLLARr   11. 

J  F  the  line  AC  he  di<vided  into  tivo  equal  parts  in  B,  the  complements  AE,  EI, 
are  fquares^  fcf  thofe  complements  equal  to  one  another,  are  alfo  equal  to  the 
fquares  about  the  diagonal ^  £^  the  the  fquare  of  th^  ivhoh  lint  AC  is  four  times 
thefquaYe  of  one  of  the  parts  AB  or  BC. 

For  BF,  DH,  are  fquares  (by  the  precpdent  Corollary),  6f  are  equal  to  one  ano- 
ther, becaufe  BC  =  AB  =  DE.  Moreover,  AE  beings:  to  BF,  y  EI  being  z=z 
foBF  (P.  36.  B.  1.),  the  complements  KF.^  EI,  are  alfo  fquares  i  y  ftnce  they 
are  equal  to  one  another y  the  D  p/  AC  =  4  D  «/  AB  =  4  D  0/  BC.      . 


78 


The  ELEMENTS 


BookH 


K 


Ei 


B 


P.31.B.U 

Po/  1. 


J  PROPOSITION  V.     THEOREM  K 

J[  F  aftratghtline  (AB)  bedividcd  equally  in  (C)  &  unequally  in  (D) ;  the  rec- 
tangle contained  by  the  unequal  parts  (AD,  DB,)  together  with  the  fquarc 
of  the  part  (CD),  between  the  points  of  fcSion  (C  &  D),  is  equal  to 
the  fquare   of    the   half  (AC  or  CB)  of  the  whole  ftraight  line  (AB). 

Hypothefis.  Thcfis. 

AB  is  a  ftraight  line  din)ided  We  Rjrle  ADB  ■+• /i^^  D  e/CD, 

equally  in  C>  ^  unequally  in  D.  are  =:  U  the  D  of  CB. 

Preparation, 
\.  Upon  the  ftraight  line  CB,  defcribe  the  D  CF. 

2.  Thro'  the  point  of  feaion  D,  draw  DG  pile  to  BF  or  CHL 

3.  Draw  the  diagonal  BH. 

4.  Thro'  the  pomt  of  feaion  E,  draw  IL  pile  to  BC  or  FH,  & 
thro'  the  point  A,  the  ftraight  line  AK  pile  to  CL. 

—.  Demonstration. 

IJE CAUSE  the  figure  CF  is  a  fquare  r'^^e/^.  i.).  i?.\Xi^ 

1 .  The  Rglcs  LG,  DI,  about  the  diagonal  are  D.  \  Or.  \. 

2.  Namely  DI  theD  of  DB,  &  LG  theQof  CD  ;  bccaufe  LE  =  CD.  P.'^^Bx 

3.  Moreover,  the  complement  CE  is  =  to  the  complement  EF.  P.  43.  ^-  ^• 
I,et  the  fquare  DI  be  added  to  both. 

4.  The  Rgle  CI  will  be  =  to  the  Rgle  DF.  Ax.  2.B.  i. 
But  becaufc  AC  is  =  to  CB  ^/i^/.). 

5 .  The  Rgle  AL  is  =  to  the  Rgic  CI.  Jx.  2.  B.  t. 

6.  Confequently,  the  Rgle  AL  is  =  to  the  Rgle  DF.  yfx.  i .  ^-  »• 
Therefore,  if  the  Rgle  CE  be  added  to  both. 

TheR^leAEwillbc  =  totheRglesDF,CE,  L  e,  to  the  Gnomon  tf^r.  Ax,i.Bx 
But  the  Rrle  AE  is  contained  by  AD,  DB  ;  becaufe  it  is  contained 
by  AD, DE,  of  which  DE  =  DB  (Arg.  i.).  Ax.%.  Bx 

Confequently,  the  Rgle  of  AD.  DB,  is  alfo  =  to  the  Gnomon  ahc.  Ax.  i.^-  *• 
Adciing  to  bodi  the  U  LG,  whichie  the  D  of  CD  (Arg.  a.). 
The  Rgle  AD.  DB,  together  with  the  D  of  CD,  will  be  =  to  the 
Gnomon  tf^f,  togetlier  with  the  O  LG.  Ax,iX'^' 

But  this  Gnomon  ahc  together  with  the  D  LG,  is  =  to  the  D  CF, 
which  is  the  D  of  the  half  CB,  of  th«  whole  line  AB  CPrefi.  i.). 
Wherefore,  the  Rgle  ADB  +  the  D  of  CD,  are  =  to  the  D  of  CB.  Ax,  iJ^  '• 

Which  was  to  be  dcmonftiatcd*  ^ 
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PROPOSITION  VI.     THEOREM  VL 


Pof.  I 


_  F  a  ftraight  line  (AC)  be  bifcSed  in  (B),  &  produced  to  any  point  E;  the 
reftanglc  contained  by  the  whole  line  thus  produced  (AE),  &  the  part  of  it  pro- 
duced (EC),  together  with  the  fquare  of  the  half  (BC),  is  equal  to  the  fquare 
of  the  ftraight  line  (BE)  made  up  of  the  half  (BC)  &  the  part  produced  (CE). 
Hypothefis.  Tliefis. 

/.  AC  is  a  ftraight  lint  bifiaed  in  B.  The  Rgle  AEC  +  the  D  of  BC, 

//.  And  which  is  produced  to  the  point  E.  is  =  to  the  Qo/  BE. 

Preparation, 

1.  Upon  the  ftraight  line  BE,  dcfcribe  the  D  BN.  P,  46.  B.  i. 

2.  .Thro'  the  point  C,  draw  CL  pile  to  EN  or  BK.  P.^i.B^ 

3.  Draw  the  diagonal  EK. 

4.  Thro'  the  point  G,  draw  FH  pile  to  EB  or  NK. 

5.  And  thro'  the  point  A,  draw  the  ftraight  line  AI  pile  to  BK. : 

Demonstration. 

13  E  C  AU  S  E   the  figure  BN  is  a  fquare  C^rep.  i.). 

1.  The  Rgles  CF,  HL,  about  the  diagonal  are  fqtiares.    -    -    ^ 
AndbecaufeHGis  =  toBCr''.  34-  B,  1.).  r  p    ^  d  . 

2.  The  DHL  is  =  to  then  of  BC. \kf\ 

Moreover,  AB  being  =  to  BC  r^/v.  i).  ^  ^' 

3.  The  Rgle  AH  is  =  to  the  Rgle  BO.  Ax.  2.  B.  2. 
But  the  Rgle  BG  is=:  to  the  Rgle  GN  (P.  43.  J9.  1.). 

4.  Therefore,  the  Rgle  AH  is  alforr  to  the  Rgle  GN.  Ax.i.B.x, 
>\nd  if  the  Rgle  BF  be  added  to  both. 

5.  The  Rgle  AF  will  be  =  to  the  Rgles  GN,  BF, ;.  e,  to  the  Gnomon  ahc.  Ax.  2.  B.i, 

6.  But  this  Rgle  AF  is  contained  by  AE,  EC  ;becaufe  EC  =  EF  (Arg.  1.). 

y.  Confequerttly ,  the  Rgle  AE.  EC,  is  alfo  =  to  the  Gnomon  ahc.  Ax.  i.  B.i. 

Thwfore,  if  the  D  HL,  which  is  the  D  of  BC   (Arg.  2),  be 

added  to  both. 
$.  The  RgJc  AE.  EC,  together  with  the  Q  of  BC,  will  be  =  to  the 

Gnomon  ahc,  together  with  the  D  HL.  Ax.  a.  B.i. 

But  the  Gnomon  u^r  &  the  DHL  foAi  the  D  of  BE,  C^^-^P-  1). 
9.  Confequejitly,  the  Rgle  AEC  +  tbeD  of  BC  is  i=  to  the  D  of  BE.  Ax.  i.  B.i. 

Which  was  to  be  denionftrated. 
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PROPOSITION  VII     THEOREM  VIL 

J[  F  a  ftraight  line  (BE)  be  divided  into  any  two  parts  (BC,  CE,) ;  the 
fquarcs  of  the  whole  line  (BE)  di  of  one  of  the  parts  as  (CE),  are  cqd 
to  tw'ce  the  redangle  contained  by  the  whole  (BE)  ic  th?*t  part  (EC),  to- 
gether with  the  fqiiare  of  the  other  pa.t  (BC). 

Hvpothefi?.  Thelis. 

BE  iV  a  Jfrai'gli  line  divided  Tie  □  o/  FE  +  iBe  Q  of  CE,  are  = 

u  nequallj  in  C.  to  z  RgJcs  BEC  +  ibe  D  of  BC. 

Preparation, 
Upon  BE,  defcribc  the  D  BN.  P.  46.  ^  '• 

Thro*  the  point  C,  draw  the  ftraight  line  CL  pile  to  EN  or  BK.  P.yB,h 
Draw  the  diagonal  EK.  ?©/  i. 

Thro*  the  point  G,  dm w  the  ftraight  line  FH  pile  to  E3  or  NK/  P.y.B-^- 

BDemonstr  ation. 
E  C  A  U  S  E  the  figure  RN  is  a  fquare  fPrr^.  i .).  C  ?.  4.  B.  2. 

1.  The  Rglcs  about  the  diagonal  CF,  HL,  are  Q  (  Cor.  i. 

2.  Namely  CF  the  Q  of  CE,  &  HL  the  O  of  BC  ;  becaufe  HG  =  BC.  P.  34-  B-  »• 
But  the  Rg!e  EG  bcirg  =  to  the  Rgle  NGf  (P.  43.  B  i.)  5  if  the 

a  CF  be  added  to  both. 

3.  The  Rgle  BF  will  be  =  to  the  Rgle  NC.  Jx.z. B.  i. 

4.  Confequcnily,  twice  the  Rgle  UF  is  =:  to  the  Rgles  BF  &  NC. 

And  becaufe  the  RgleJ  BF,  NC,  are  =  to  the  Gnomon  ale  together     . 
wiih  the  n  CF. 

5.  This  Gnomon  abi  together  wiih  the  D  CF,  will  be  alio  double  of  the 
RgleBF.  Jx.i.B-^' 
But  the  Rgle  BF  is  =  to  the  Rgle  contained  by   BE,   EC,  becaufe 

EF=:ECr'^''^.  I.)- 

6.  Wherefore,  the  Gnomon  tf^r  together  with  the  D  CF  la  =  to  twice 

the -Rgle  contained  by  BE  .  EC.  yfx.  i.B.u 

If  the  DHL  which  is  =  to  the  Q  of  BC  (Jrj^.  a.)  be  advied  to  both. 
7   The  Gnomon  ahc  -}-  the  D  CF  +  the  D  IiL  will  be  =  to  twice  the 

Rgle  BE  .  EC  +  the  D  of  BC;  Jx,2.BJ^ 

Since  then  the  Gnomon  ale  +  the  D  HL  are  =r  to  the  D  of  BE, 
and  the  D  CF  is  the  D  of  CE  C^rg.  2  ). 
—  8.  It  is  manifeft  that  the  Q  of  DE  +  the  D  of  CE,  arc  =  to  2  Rgles 

BEC+theDof  BC.  Jx.i.BJ- 

Which  vrzz  to  be  dcmonftrated 
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PROPOSITION  Vni.     THEOREM  nil 


_  F  a  ftraight  line  (AB)  be  divided  into  any  two  parts  (AC,  CB,) ;  four 
times  the  redangie  contained  by  the  whole  line  (AB)  &  one  of  the  parts 
(BC)»  together  with  the  fquare  of  the  other  part  (AC),  is  equal  to  the 
ft^uareof  the  ftraight  line  (AD),  which  is  made  up  of  the  whole  (AB),  & 
the  part  produced  (BD)   equal  to  the  part  (BC)* 

HTpothefis.  Thefis. 

AB  is  a  ftraight  line  divided  in  C,  tf  Four  times  tbe  Rgic  ABC  +  the  Q 

produced  to  D,/o  that  BD  =  BC.  i    '  of  AC  are  ==  to  the  D  of  AD. 

Preparation, 

1.  Upon  AD,  dcfcribe  the  D  AN.  P,  46.  B,  u 

2.  Thro' the  fNoiott  B  &  C,  draw  BR  &  CO  pile  to  DN  or  AP.  P.  31.  B.  i. 

3.  Draw  the  diagonal  DP.  Pof,  i. 

4.  Thro' the  pomtsL&K,  draw  G£  &  HP  (die  to  DA  or  NP.  P.^i.B.  i. 

_^  Demonstration. 

15eCAUSE  the  figure  AN  is  a  fquare  (Pref.  i.). 

1 .  The  Rgles  ahout  the  diagonal  CH,  £R,  FO,  are  fquares. 
And  becaufe  in  the  O  CH,  the  fide  CD  is  biieaed  in  B  (ffyfj 

2.  The  Rgles  BG»  CL,  LH,  IM,  are  four  equal  fquares. 

3.  And  the  D CHis  =  to  four  times  the  DCL. 
Moreover,  becaufe  ER  is  a  ibuare  (Arg.  i.). 

4.  The  Rgle  £K  is  =  to  the  Rgle  KR. 
But  fince  IK  =r  IC  (Arg.  z,%  &  CO  pile  to  AP  (Pre^.  2.). 

5.  TheRgle  AI  is  ==  to  the  Rgle  EK. 
^  Coofequentljy  the  Rgle  AI  is  alio  =  to  the  Rgle  KR. 

Likewifc,  becaufe  KM=MHr^^.a-),  &  HE  pile  to  NPifPw/.  4.). 

TheRgle  KR  is  =  to  the  R^e  MN. 

Whct^oie,  the  Rgles  AI,  EK,  KR,  BdN,  are  =:  to  one  another. 


{^J: 
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Confeauentiy,  their  fum  is  =:  to  four  times  the  Rgle  AI. 

If  the  U  CH  which  is  ^=  to  four  times  the  D  CL  (Arg,  3)  be  added 

to  both. 

The  Gnomon  ahc  which  refults  on  one  fide,  is  =  to  four  times  the 

Rgle  AI  &  to  four  times  the  Q  CL,  f.  e,  to  four  times  the  Rgle  AL, 

the  Rgle  AI+  the  D  CL  being  =  to  the  Rgle  AL. 

Adding  to  both  the  D  of  AC,  which  is  =  to  the  D  FO,  becauie 

AC  =  FKr^.  34.  B.  I.). 
1 1.  Four  times  the  Rgle  AL  &  the  D  of  AC  will  be  =  to  the  D  AN. 

But  the  Rgle  AL  is  =  to  the  Rg^  contained  by  AB,  BC,   becaufe 

BC  =  BL  (Arg.  2.),  &  the  D  AN  is  =  to  the  D  of  AD  (Prep,  i .). 
iz.  Wherefore,  four  umcs  the  Rgle  ABC  +  the  D  of  AC,  are  =  to 
the  D  of  AD. 


Ax.  2,  S.  I. 


Ax,i.B,i. 


Ax,  I,  B.  I. 
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PROPOSITION  IX.     THEOREM  IX, 

J[  F  a  ftraight  line  (AB)  be  divided  into  two  equal  parts  (AC,  CB,),  &  in^ 
to  two  unequal  parts  (At),  DB,) ;  the  fquares  of  the  two  unequal  parts 
(AD,  DB,)  are  together  double  of  the  the  fquare  of  the  half  (AC)  of  the 
whole  line  (AB)  &  of  the  fquare  of  the  part  (CD)  between  the  points  of 
feaion  (C  &  D). 

HypothefiB.  Thcfis. 

AB  i$  a  ftraight   line  divided  the  D  of  AD  +  the  D  «/DB,  are 

equally  in  C  &  unequally  in  D.  d9uhle  of  the  Q  0/  AC + the  D  c/CD. 

Preparation. 
I.  At  the  point  C  in  Ac  line  AB,  credt  the  ±  €E.  P.  \\,  B.  i. 

^.  Make  CE  =  to  AC  or  EC.  .  P.  3.  B.  1. 

3.  From  the  points  A  &  B  to  the  point  £,  draw  AE,  BE.  Pof.  1. 

4.  Thro'  the  points  D  &  G,  draw  the  ftraight  lines  DG  &  OF 
pUetoCE&AB.  P.  3i.-ff.  1. 

B  Demonstration, 

EC  A U S  E  CE  is  =  to  AC  (Pre^^  ».). 
«•  The  VCAEi8  =  tothc  V«.  P.  5.  A  i. 

But  the  V  ECA  is  a  L  (Prep.  1.). 
^-  Wherefore,  the  two  other  V  CAE  &  n  tog^her,  make  alfo  a  lU.     P.  3a.  B.  i. 
3'  Confequentlj,  each  of  them  li  half  a  lU ;  becauie  they  are  =  to  one 
another  ('^rg.  i.). 
It  may  be  proved  after  the  fame  jnanner  that : 

4.  Each  of  the  VCBE  &  n  is  half  aL. 

5.  Coniequently,  the  whole  V  w  +  «  is  =  to  a  L.  Ax.  Z.B.i. 
Again,  V  n  being  half  a  L  (Arg.  4.),    &   V  EFG  a  L  >    being 

=  to  its  interior  oppofite  one  ECB  (P.  29.  B.  i.),  which  is  a  IU> 
(Prep.  I,).' 

6.  The  V  EGF  is  alfo  half  a  L.  P.  32.  B.  i. 

7.  Confequently,  EF  is  =  to  FG.  P.  6.  B.  i. 
It  is  proved  in  the  (ame  manner  that : 

8.  The  V  BGD  is  =  to  half  a  L,  &  DG  =  DB. 

Since  then  the  D  of  AE  is  =  to  the  D  of  AC  together,  with  the  D 
of  CE  fP-  47.  B.  I.),  &  AC  =  CE  (Prep,  a.), 

9.  The  D  of  AE  is  double  «f  the  D  of  AC. 
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For  the  fame  reafon  : 

The  D  of  EG  is  double  of  the  D  of  FG,  r.  e.  of  the  D  of  CD, 

becaufc  FG  =  CD.  P.  34.  B.  i. 

Confequently,    the  D  of  AE  &  the  D  of  EG  taken  together,  are 

double  of  the  D  of  AC  &  of  the  D  of  CD.  jfx.  a.  B,  i. 

And  becaufe  the  D  of  AE  &  the  D  of  EG  taken  together,  arc  = 

to  the  D  of  AG  (P.  47.  B.  i.  &  Arg,  5.). 

The  D  of  AG  is  alfo  double  of  the  U  of  AC  &  of  the  D  of  CD.  jfx,  i.  B.  i 

But  V  ECAbeing=  to  a  L  (Prep,  i.),  &  V  GDC  =  to  V  ECA, 

(P.  ao.  B,  I.). 

13.  The  IJ  of  AG  is  =  to  the  D  of  AD  &  to  the  D  of  DG.  P.  47.  B,  i. 

14.  Or  the  D  of  AG  is  =  to  the  D  of  AD  &  to  the  D  of  DB  taken 
together,  becaufe  DB  is=:  to  DG  f^rg^  8.). 
Wherefore,  the  D  of  AD  &  the  D  of  DB  taken  together,  are  dou- 
bic  of  the  D  of  AC  &  of  the  D  CD  ;    or  the  D  of  AD  +  the  D 
pf  DB,  are  double  of  the  Q  of  AC  -|-  the  D  of  CD.  Jx.  i.B.t. 

Which  was  to  be  demonftrattd. 
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PROPOSITION  X.     THEOREMS 

j[  F  a  ftraight  line  (AB)  be  bireSed  in  (C)  &  produced  to  any  point  (D), 
the  fquare  of  the  whole  line  thus  produced  (AD)  &-  the  fquare  of  the  part 
of  it  produced  (BD),  are  together  double  of  the  fquare  of  the  half  (AC)  of 
the  wholfe  line  (AB),  &  of  the  fquare  of  the  line  (CD)  made  up  of  the 
half.  (CB)  &  the  part  produced  (BD), 

Hypothefis.  Thcfis. 

AB  is  a  flraight  line  hifiatd  in  C  ^be  D  <t^  AD  +  the  Q  •/  BD,  are  JoU" 

and  produced  to  the  point  D,  hie  of  the  Q   0/  AC  +  the  D  pf  CD. 

Preparation. 

1.  At  the  point  C  in  the  line  AB,  creft  the  ±  CE.  P.i\.B,i. 

2.  Make  CE  =  AC  or  BC.  P.  3.  B.  i. 

3.  From  the  points  A  &  B  to  the  point  E,  draw  AE  &  BE.  Pef.  i. 

4.  Thro'  the  points  E  &  D,  draw  EG,  DG,  pile  to  AD  &  CE,  P,%i.B,i. 
and  produ<:e  DG  until  it  meets  EB  produced^  in  F.  Pef.  z. 

Demonstration. 


B 


IE  C  AU  S E  fn  the  A  ACE  the  fide  AC  is 25:  tp  CE  (Prep.  a.). 

ITic  V  CAE  fe  =  to  V  «.  P.  5.  B,  I. 

But  VACEisaLr^'-^Ai). 

2.  Hence  each  of  the  V  CAE  &  m  js  half  a  L.  P,  32.  B.  i. 
It  is  proved  in  the  ianie  manner  that : 

3.  Each  of  the  V  /  &  «  is  half  a  L. 

4.  Confequently,  V  w  +  ^  ^i^^  ^e  =  ^o  L-  ^*-  2,B.t. 
Moreover,  V/  being  half  a  L.  C^rg,  3.). 

5.  The  V  r  will  be  alfo  half  a  L.  P.  15.  B.  i. 
But  the  V  BDF  being  a  L-  (^P.  29.  B.  i.),  becaufe  it  is  the  alter- 
nate of  V  ECD  which  is  a  L  O^rep,  i.). 

6.  The  V  7  is  alfo  half  a  L.  P.  32.  B.  i. 

7.  Confcquentlv,  the  fide  BD  is  =^  to  the  fide  DF.  P.  6.  A  i. 
Likewife,  V  f  being  half  a  L-  f^fg,  6.)>  &  V  G  a  L,  as  being  di- 
agonally oppofite  to  V  ECD  (P.  34.  B.  1.). 

8.  The  V  0  is  half  a  L.  P.  32.  B,  i. 

9.  Therefore  EG  =  GF.  p  6.  B.  i. 
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Alfo  AC  being  =  to  CE  (Prep,  2.). 

10.  The  D  of  AC  is  =  to  the  D  of  CE. 

1 1.  Confequcntly,  the  D  of  AC  &  of  CE  are  double  of  the  D  of  AC 
And  thofe  U  of  AC  &  CE  beii^  =  to  the  D  of  AE  (P,  47.  B.  1.). 

\i.  The  D  of  AE  will  be  alfo  double  of  the  D  of  AC 
It  is  proved  after  the  (ame  manner  that : 

13.  The  tj  of  EF  is  double  of  the  Q  of  EG  5  /.  r.  of  the  D  of  CD, 
becaufe  EG  =  CD. 

14.  Confequently,  the  D  of  AE  together  with  the  D  of  EF,  are  dou- 
ble of  the  U  of  AC  &  of  the  O  of  CD. 

But  the  D  of  AE  &  the  D  of  EF  being  =  to  the  D  of  AF, 

(P.  47.  ^.  «■)• 

15.  The  D  of  AF  is  double  of  the  Q  of  AC  &  of  the  D  of  CD. 

And  this  fame  D  of  AF  beii^  alfo  =  to  the  D  of  AD  &  to  the  D 
of  DF  (F,  47.,-ff.  I.),  or  of  BD,  finceDF  =  BD  (Arg,  7.). 

16.  It  follows,  that  the  D  of  AD  +  the  D  of  BD,  are  double  of  the 
Dof  AC  +  thcDof  CD. 

Which  was  to  be  dcmonftrated 


CP.46.i?.i. 
iC^r.  3. 


Ax.e.B.t 


p.  34.^.  I. 
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PROPOSITION.  XI.     PROBLEM  I 


__  O  divide-a  given  ftraight  line  (AB)  into  two  parts,  fo  that  the  redan- 
gle  contained  by  the  titk  whole  (BA)  &  one  of  the  parts  (AC)  Ihall  be 
equal  to  the  fquare  of  the  other  part  (C6). 

Given  Sought 

TBe  Jlraigbi  line  AB.  The  point  of  inUrfedion  C,  fuch  that  ihe 

Rgle  B AC  Jhall  he  =  to  the  Q  of  CB. 
Refolution. 

1.  tFpon  the  ftraight  line  AB,  defcribc  the  Q  AE.  P.  46.  B.  i. 

2.  Bifeft  the  fide  BE  in  D,  &  draw  thro'  the  point  D  to  the  P.\o.B.x, 
point  A  the  ftraight  hne  DA.  P^f,  i. 

3.  Upon  EB  produced,  takeDH  =  DA.  P.  3.   B.  i. 

4.  Upon  the  ftraight  line  BH,  defcribe  the  D  CH.  P.  46.  B,  i. 
$.  And  produce  the  fide  KC  to  F.  PoJ,  2, 

BDemonstratiok. 
E  C  A  U  S  E  the  ftraight  line  BE  is  bifeaed  in  D  &  produced  to  the 
point  H.  P  ^    p  ^ 

I .  The  Rgle  EH .  HB  +  the  D  of  BD  is  ±1  to  the  D  of  DH.  .  V  ^-  ^-  ^' 

a.  And  thisDof  DHis=tothenofDA,becaufe  Dn  =  T>\(ReJ.^.).  \  p  ^o.  ^.  i. 

3.  Confequently,  the  Rgle  EH  .  HB  +  the  O  of  BD  is  :^  to  the  Q  ^  ^*''-  •3- 

of  DA.  y/;^.  1.5. 1. 

But  this  fame  D  of  DA  is  =  to  the  D  of  AB  +  the  D  of  BD 

r^.  47.  ^.  1). 

4.  Wherefore,  the  Rgle  EH .  HB  +  the  D  of  BD  is  =  to  the  D  of 

AB  +  the  D of  BD.  Ax.i.  B.  1. 

^  Therefore  if  the  D  of  BD  be  taken  away  from  both  fides. 

5.  The  Rgle  EH .  HB  will  be  =  to  the  D  of  AB.  j4x,  3.  A  i. 
And  if  from  the  Rgle  EH .  HB  which  is  =  to  the  RgleFH  CRef.  4. 5.) 

and  from  the  D  of  AB  which  is  =  to  the  D  AE  (Ref.  1 .)  the  Rgle 
FB  be  taken  away. 

6.  There  will  remain  the  D  CH  =  to  the  Rgle  GC.  Ax.  3.  5.  i . 
This  D  CH  being  therefore  =:  to  the  D  of  BC   (Ref.  4.),    &  the 

Rgle  GC  =  to  the  Rgle  BA .  AC  ;  becaue  AG  =  AB  (^^f  i). 

7.  It  follows,   thai  the  ftraight  line  AB  is  divided  in  C,  fo  that  the  Rgle 

BAC  Is  =  to  the  D  of  CB.  Jx.  i.  B,  i. 

Which  was  to  be  done. 
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PROPOSITION  XII.     THEOREM  XL 

X  N  any  obtu&  angled  triangle  (CBA) ;  if  a  perperdicular  be  drawn  from 
one  of  the  acute  angles  ^B)  to  the  oppofite  fide  (CA)  produced;  the  fquait 
of  the  fide  (BC)  fubttnding  the  obtufe  angle  (A),  is  greater  than  the 
fquares  of  the  fides  (AB,  CA,i  containing  the  obtufe  angle^  by  twice  thr 
reSangle  contained  by  the  fide  (CA),  upon  which  when  produced  the  per- 
pendicular falls,  &  the  ftraight  line  (AD)  intercepted  between  the  perpen- 
dicular &  the  obtufe  angle  (A). 

Hypothefis.  Thcfis. 

/.  CBA  is  an  obtufe  angled/^.  The  D  o/BC  isz=z  /•  the  D  •/AB 

//.  BD  the  ±  Jrawn  from  the  vertex  of  the  -f  /Af  D  •/AC.+  2  Rgtei  CAD. 
VB  to  the  opfofitefide  CA  produced. 

Demonstration. 

O^CAUSEthe  ftraight  line  CD  as  divided  into  two  pans  CA,  AD, 

(HyP.  2.), 

I.  The  a  of  CD  is  =  to  double  the  Rgle  CA .  AD  together  with  the  O 

ofCA&ofAD.  P.i.B.t. 

Therefore  if  the  D  of  BD  be  added  to  both  fides, 
a.  The  D  of  CD  +  the  D  of  BD,  will  be  =  to  double  the  Rgle 

CA  .  AD  +  the  D  of  CA  +  the  Dof  AD  +  theD  of  BD.  j1x,i,B.u 

But  the  D  of  CD  together  with  the  D  of  BD  is  =  to  the  D  of  BC, 

and  the  O  of  AD  together  with  the  O  of  BD  is  =  to  the  Q  of  AB, 

(P.  47.  B,  I.). 
3.  Confcquently,  the  D  of  BC  is  =  to  double  the  Rgle  CAD  +  the  D 

of  CA  +  the  D  of  AB.  jIm.  u B,h 

Which  was  to  be  demonftrated. 
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PROPOSITION  XIII.     THEOREM  XII. 


Never)' acute  angled  triangle  (CBA) ;  the  fquare  of  the  fide  (BA)  fub- 
tending  one  of  the  acute  angles  (C),  is  lefs  than  the  fquares  of  the 
fidej  (CB,  CA,)  containing  that  angle,  by  twice  the  reSangle  contained  by 
One  of  thofe  fides  (AC)  dr  the  ftraight  line  (CD)  intercepted  between  the 
perpendicular  (BD)  let  fall  upon  it  from  the  oppofite  angle  (B),  &  the  acute 
angle  (C). 

Hypothefis.  The/is. 

/.  CBA  //  an  acute  angled  A.  ^e  D  d/BA  +  twice  the  Rgle  ACD 

//.  BD  the  ±  let  fall  upon  AC  is  =:  to  the  D  0/  CA  +  the  Q  of  CB. 

from  the  opfojite  angle  B. 

Demonstration. 

IjECAUSEthe  ftraight  line  CA  13  divided  into  two  parts  CD,  DA, 
(Hyp,  2.). 

1.  The  D  of  CA  together  with  the  D  of  CD  is  =  to  twice  the  Rgle 

AC.  CD  together  with  the  D  of  AD.  P.  7.  B.  2. 

Therefore  if  the  D  of  DB  be  added  to  both  fides : 
a.  The  D  of  CA  +  the  O  of  CD  +  the  □  of  DB  will  be  =  to  twice 

the  Rgie  AC  .  CD  +  the  D  of  AD  +  the  D  of  DB.  Ax,  2.  B.  \. 

But  the  D  of  CD  -f  the  D  of  DB  is  =  to  the  D  of  CB,  &  the  D  of 
AD  +  the  D  of  D^  is  =  to  the  D  of  BA  (P.  47.  B,  f.). 

2.  Wherefore  the  D  of  BA  +  twice  the  Rgle  ACD  is  =  10  the  Q  of 

CA  +  theDof  CB.  Ax,i,B,^, 

Which  was  to  be  demonftrated. 
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_^     PROPOSITION   XIv^     PROBLEM  II 

J^  O  defcribe  a  fquare  that  fliall  be  equal  to  a  given  rcOilir.eal  figure  (A). 

Given  S.u/'u 

The  re&ilimalfgure  A,  The  conftruSion  of  a  fquare -=, 

U  a  gi<ven  redilineal  fgurt  A. 

Refolution. 

1.  Defcribe  the  Rgle  Pgr  CE  =  to  the  figure  A.  P,  45.  B.  i. 

2.  Produce  the  fide  BE,  &  make  EF  =  to  ED.  P.  3.   B.  i. 

3.  Bifea  the  ftraight  line  BF  in  H.  P,  lo.  B.  i. 
From  the  center  H  at  the  diftance  HB,  defcribe  the  ©  BGF.  Pof.  3. 


4< 

5.  Produce' the  fide  DE,  until  it  cuts  the  O  BGF  in  G. 

Preparation. 
From  the  point  H  to  the  point  G,  draw  the  ftraight  line  HG. 
Demonstration. 


Pof   I. 


I. 


15eCAUSEBF  isdivided  equally  in  H  &  unequally  in  E  (Ref  3  &  a.). 
I.  The  Rgle  BE .  EF  together  with  the  D  of  HE  is  =r  to  the  Dof  HF. 


P.  5.  B.  2. 


Bi. 


3.  And  becaufe  HF=HG  (D.is.B.i .),  theQof  HF  =  the  D  of  HG,  ^  p    , 
the  Rgle  BE .  EF  +  the  Q  HE  is  =  to  the  Q  of  HG.  \  K:  ^^' 

But  the  Dof  HG  being=  to  the  D  HE + the  Dof  EG  fP.^j.B.  i.).  ^  ^^'*'  3- 

3.  The  Rgle  BE .  EF  +  the  D  of  HE  is  alfo  z=  to  the  D  of  HE  + 

the  Dof  EG.  Ax,  I.  B.I. 

Therefore,  if  the  D  of  HE  be  taken  away  from  both  fides  : 

4.  The  Rgle  BE .  EF  will  be  =  to  the  D  of  EG.  Ax.  S-B.i^ 
And  this  Rgle  BE  EF  being  moreover  =  to  the  Rgle  BE  .  ED  j  be- 
caufe EF  =  ED  CRef  2.). 

5.  The  Rgle  BE .  ED  will  be  alfo  =  to  the  D  of  EG.  Ajc.i.B.i. 
But  the  Rgle  BE  .  ED  is  =  to  thj  given  figure  A  (Ref  i.). 

6.  Confequently,  the  O  of  EG  will  be  alfo  =  to  this  given  figure  A.     Jx.  i.  A  i. 

Which  was  to  be  done, 

^  REMARK. 

iF  thepotniUfalls  upon  tie  ^intE,  the  ftraight  lines  BE,  EF,  ED,  nut U  he 
each  equal  to  EG,  W  the  Rgle  Pgr  CE  itfelf  'will  be  the  fquare  fought  (Or.  i.  £* 
3.  of  P.  46,^.1.). 
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DEFINITIONS. 

£\^  Straight  line  (ADB)  is  faid  to  tQucb  a  circle  when  it  meets  the  cirfle  & 
being  produced  does  not  cut  it.     Fig,  i . 

II. 

Circkt  are  faid  to  touch  one  another  when  their  circumferences  (ABC,  CEF, 
or  ABC,  GBH)  meet  but  do  not  cut  one  another.    Fig.  2. 

in. 

Two  circles  touch  each  other  externally,  when  one  (CEP)  falh  without  the 
ether  (ABC) :  Lut  two  circles  touch  each  other  internally,  when  one  (GBH) 
/alii  within  the  other  (ABC).     Fig.  2. 
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J^  H  E  diftancc  of  a  ftraight  line  (FB)  from  the  center  of  a  circle,  //  the  per^ 
fendicular  (CM)  let  fall  from  the  center  of  i  be  circle  (C)  upon  this  Jir  at gbt  lint 
(FB)  ;  for  which  reafon  twoflraigbt  lines  (FB,  DE,)  are  faid  to  he  equally 
diflant  from  the  center  of  a  circle y  when  the  perpendiculars  (CM,  CN,) 
let  fall  upon  thofe  lines  (FB,  DE,)  from  the  center  (C),  are  equal.     Fig,  i. 


And  a  flrai^bt  line  (AG)  is  faid  to  be  farther  from  the  center  of  the  circle 
than  (BF  or  ED),  when  the  perpendicular  (CH)  drawn  to  this  line  from  the 

center  (C),  is  greater  than  (CM  or  CN).     Fi%,  i* 

VI. 

The  angle  of  a  ferment  y  is  the  angle   (CAB  or  DAB)    formed  by  the  arch 
(CA  or  DA)  of  the  fegment  (ACB  or  ADB)  &  by  its  chord  (AB).    Fig.  2. 
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DEFINITIONS. 

VIL 

^[  N  angle  in  a  figment,  is  the  angle  (BAC)  contained  by  two  ftraight  lines 
(AB,  AC,)  drawn  from  any  point  (A)  of  the  arch  of  the  fegment,  to  the 
extremities  (B  6c  G)  of  the  chord  (BC)  which  is  the  bafe  of  the 
fegment.  Fig.  2.  M^'btn  the  Jlraigbt  lines  (AB,  AD,)  are  drawn  from  a 
point  (A)  in  the  circumference  of  the  circle ^  the  angle  (BAD)  is  an  angle  at 
the  circumference  :  but  wben  the  Jlraigbt  lines  (CB,  CD,)  are  drawn  from 
the  center,  the  angle  (BCD)  //  an  angle  at  the  center.     Fig,  i. 

VIII. 

An  anzle  is  faid  to  infijl  or  fl and  upon  tbe  arcb  of  a  circle,  when  the  ftraight 
lines  (AB,  AD,  or  CB,  CD,)  which  form  this  argle  (BAD,  or  BCD,^  are 
drawn;  either  from  the  fame  point  (A)  in  the  circumference;  or  from  its 
center  (C),  to  the  extremities  (B  &  D)   of  the  arch  (BEQ).   Fig,  r. 

JX. 

A  fe^or  of  a  circle,  is  the  figure  contained  by  two  rays  (CA,  CB,)  3c  the 
arch  (ADB)  between  thofe  two  rays.     Fig,  3. 
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XJIjQJJAL  circles   (ABD,   FGH,),  arc  thofe  of  which  the  diamctcn 
(AD,  EH,)  or  the  rays  (CB,  FG,)  are  equal.     Fig.  i. 

If  the  circles  be  applied  to  one  another y  fo  that  their  centers  coincidey  when 
their  rays  are  equal,  the  circles  tnujl  likewife  coincide, 

11. 

Similar  fcgmcnts  of  circles  (ABC,  DEF,),  are  thofe  in  which  the  ingte 
(ABC,  DEF,),  are  equal.     Fig.  2. 

Cfrcles  are  ftmilar  figures.  If  then  the  twofegmenti  (ABC,  DEF,)  &^ 
ten  away  by  fubjlituting  tbf  equal  angles  (ABC,  DEF,),  thofe  fegmenls  trt 
Jimilar, 
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O  find  the  center  (F)  of  a  given  circle  (ACBE), 

Given  Sought 

ne  ©  AdJE.  Th  center?  of  ibis  ©. 

RefolutioH. 

1.  Draw  the  chord  AB.  lof.  \, 

2.  Biledl  it  in  the  point  D.,      .  P.  lo.  B.  i. 

3.  At  the  point  D  in  AB,  ereft  the  -L  DE  &  produce  it  to  E.        P.\i,B.i. 

4.  Bifcft  CE  in  F.      *  P.  lo.  B,  i. 
The  point  F  will  be  the  center  fought  of  the  given  ©  ACBE. 


Demonstration. 


If  not. 


Some  other  point  as  H  or  G  taken  in  the  line,   or  without  the 
line  EC,  will  be  the  center  fought  of  the  ©  ACBE. 

Cafe  I 

BSuppofe  the  center  to  be  in  EC  at  a  point  H  different  from  F. 
E  C  A  U  S  E  the  center  of  the  ©  is  in  the  line  EC,  at  a  point  H  dif- 
ferent from  F  (Sup,  i.). 
1.  The  rays  HE  &  HC  are  =  to  one  another. 

But  FE  being  z=  to  FC  (Ref.  4.)  &  HC  <  FC  (Ax,  8.  B,  i.). 
3.  HC  will  be  alfo  <  FE,  &  a  fortiori  <  HE. 

3.  Therefore  HE  is  not  =  to  HC. 

4.  Confequently,  the  point  H  taken  in  the  line  EC  different  from  the 
point  F,  cannot  be  the  center  of  the  ©  ACBE. 

Cafe  II. 
Suppofe  the  center  to  be  without  the  line  EC  in  the  point  G. 
Preparation. 

BDraw  from  the  center  G,  the  ftraight  lines  GA,  GJ^^  GB. 
E  C  A  U  S  E  in  the  A  AGD,  DGB,  the  fide  GA  is  =  to  fide  GB 
(Prep,  W  Z>.    15.   B,    I.),    the  fide  GD common  to  the  two  A,  & 
the  bafe  AD  =  to  the  bafe  DB  (Ref.  2.), 
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5. 


The  adjacent  V  a  -j-  ^  &  f  to  which  the  equal  fides  GA,  GB,  are 
oppofice,  are  =:  to  one  another. 
1  herefore  V  <i  -j-  ^  is  a  L.. 
But  V^  being  ^(o^l^rRef.  3.). 

It  follows,  ^at  V  a  -|-^  is  =  to  V  tf ,  which  is  impoflible. 
Therefore  the  point  G  taken  without  the  line  EC,  cannot  be  the  cen- 
ter of  the  ©  ACBE. 

Confequcntly,  fince  the  center  is  not  in  the  line  EC,  at  a  point  Hdiffc- 
rent  from  F  (Cafe  i . )  nor  without  the  lihe  EC  in  a  point  G  (Cafe,  11.) 
The  center  fought  of  the  ©  ACBE,  will  be  necefTarily  in  F. 

Which  was  to  be  done. 


8.  B.  I. 
10.  B.  I. 


Ax.  8.  B.  I. 


COROLLARr, 


I  Fin 
chord  CE 
(D.  17.  B, 


a  circle  ACBE,  a  chord  EC  hifeds  another  chord  AB   a/  right  angles ;  /to 
ZE  is  a  diameter^    IS  confequently  paJJ'es   thrcl'   the  center  of  the  circle^ 

■  "  1.). 
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_  PROPOSITION  IL     THEOREM  I. 

X  P  any  two  pobts  ( A  &  B)  be  taken  in  the  circumference  of  a  circle 

(AEB) ;  the  ftraight  line  (AB)  which  joins  them,  ihall  fall  within  the  circle. 

HTpothciis. 

The  two  points  Ai^  B  are  tat  en 

intbiOAEB. 

Preparation^ 


Thefis. 
rhiftraipht  line  ABfalh 
nniibin  the  ©  AEB. 


B. 


1.  Find  the  center  C  of  ©  AEB. 

2.  Draw  the  ftraight  lines  CA,  XS^^  GB.  . 

Dbmonstratiok. 


p.  I.  B,  3. 


__  EC  A  USE  inthe  AACB»  the  iide  CA  is  =  to  the  fide  CB, 

(Prep.  2.  &  2>.  15.  B.  i.). 

I.  The  V  CAD,  CBD,  are  =  to  one  another.  P  t   B    \ 

But  V  CDA  being  an  exterior  V  of  A  CDB. 
jt.  It  is  >  than  its  interior  CBD.  P  16  B  i 

And  becaufe  the  V  CBD  is  =  to  the  V  CAD  (Jrg,  i  ).  •      •    •    . 

3.  This  V  CDA  will  be  alfo  >  than  V  CAD. 

4.  Confequently,  the  fide  CA  oppofite  to  the  greater  V  CDA,  is  >  the 

fide  CD  oppofite  to  the  lefler  V  CAD.  P.  19.  jB.  i. 

5.  From  whence  it  follows,  that  the  extremity  D  of  this  fide  CD  fa'^s 
within  the  ©  AEB. 

And  as  the  &me  may  be  demonftrated  with  re(pe6l  to  any  other  point 
ID  the  line  AB. 

6.  It  is  evident  that  the  whole  line  AB  falls  within  the  ©  AEB. 

Vi  htch  was  to  be  dcmoitftrated 


a 
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PROPOSITION  in.     THEOREM  II. 

JL  F  a  diameter  (CD)  bifeas  a  chord  (AE)   in   (F) ;   it  fhall  cot  it  at 

right  angles,  &  reciprocally  if  a  diameter  (CD)  cuts  a  chord  (AB)  at  right 
angles,  it  ihall  bifed  it. 

Hypothefis.  Thcfij. 

CD  is  a  diameter  of  the  ©  ACBD,  The  diameter  QD  is  Jl  ufm 

wHcb  Hfids  AB  in  F.  /Ar  chord  AB. 

Preparation. 
Draw  the  rajs  EA,  EB.  Fof.  i. 

Demonstratiok. 


I 


_  N  the  A  AEP>  BEF,  the  fide  EA  is  =  to  the  fide  EB  (Prep,  & 
D.  15.  B.  !.)»  the  fide  EF  is  common  to  the  two  A,  ^  the  bale  AP 
il  ==  to  the  bafe  BF  (Hyp.). 

1.  Confequentljy  the  adjacent  V  m  &  »>  to  which  th^  equal  fides 

'    EA,  EB,  are  oppofitc,  are  =  to  one  another.  P.  8.  B.  f. 

2.  Wherefore,  the  flraightf  ilhe  CD;  which  (lamh  upon  AB  makii^  the 

adjacent  V  «» &  «  =  to  one  another,  is  JL  upon  AB,  2).  10,  B.  1. 

Which  was  to  be  demonftrated. 

'  '  '    '  IL 

Hypothcfis.  Thefis. 

CD  is  a  diameter  of  the   ©  ACBD,  JL  npon  AF  is  =  /•  FB. 

the  chord  AB  i  or  luhich  makes  V  «»  =  V  «. 

Demonstration. 


T> 


_  H  E  fides  EA,  EB,  of  the  A  AEB  being  =  to  one  another 
(Prep.  &  D.  15.  B,  i.). 
I.  The  V  EAF,  EBF,  will  be  alfo  =  to  one  another.  P.  i  B    u 

Since  then  in  die  A  AEF,  BEF,  the  V  EAF,  EBF,  are  =  (jfrg.  i.), 
as  alfo  the  V  «  &  «  (HypJ^  &  the  fide  EF  common  to  the  two  A. 
a.  The  bafe  AF  will  be  =  to  the  bafe  FB.  />.  -^g.  B.  i. 

Which  was  to  be  dtmonftratcd. 
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PROPOSITION  IV.     THEOREM  III 


F  w  a  «^irde  (ADCB)  two  chords  (AC,  I>B,)  cut  one  another,  they  zxp 

divided  into  two  unequal  parts. 

Hypothefis.  Thefis. 

ne  two  cberds  AC,  DB,  of  the  ©  ADCB  Thefe  chords  are  di<uided  in', 

cut  one  another  in  the  point  £.  to  tivo  unequal  parts. 

Demonstration. 
If  not, 

The  chorda  AC,  DB,  biied  one  another.         . 


B 


Preparation. 

From  the  center?  to  the  point  E»  draw  the  portioa  of  thedia- 
meter  FE.  »  ^^  ^ 


_      ECAUSEthe  diameter,  or  its  part  FE,  bifefts  each  of  the  chords 

AC,  DB,  of  the  ©  ADCB  (Sup J. 

I.  This  ftraight  line  FE  is  ±  upon  each  of  the  chorcls  AC,  DB.  P.  3.  B,  f 

z.  Confequentlf,    the   VFEB,  FEA,  are  =  to  one  another ^  which  (  jix.io.Bjh^ 

isimpofllble.  I'^x.B.B.i] 

3.  Wherefore,  the  two  chords  AC,  DB,  are  .divided  in^o  t^wro  unequal 

parts. 

Wych  wfis  tp  be  dcmonlhated. 
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PROPOSITION  V.     THEOREM  IF. 

J^  F  two  circles  (ABE>  ADE,)  cut  one  another,  they  ihall  not  have  the  bat 
center  (C). 

Hypothefis.  Thcfij. 

ABE,  ADE,  are  tiv9  ©  'wBicbcui  Thift  iw$   ©   iin/e  d^erm 

§ne  anotbtr  in  tbefoinu  A  {^  E.  tenters. 


If  not, 


B 


Demonstration. 

The  circles  ABE,  ADE,  have  the  fiune  penter  C. 

Preparation. 

1 .  From  tbe  point  G  to  the  pomt  of  (edton  A,  draw  the  my  CA.  Xp  f 
a.  Andfrom  the  fame  point  C,  draw  the  ftraight  line  CB  i  which  \    -''  ^' 
cuts  the  two  ©  inD  ^  B. 


E  C  A  U  S  E  the  ftraight  lines  CA,  CD,  are  drawn  from  the  center  C 

to  the  O  ADE  (Prep.  i.  &  2.). 

1 .  Thefc  ftraight  lines  CA,  CD,  are  =  to  one  another.  /).  15. 1. 1. 

It  is  prove(^  in  the  fame  manner,  that : 
a.  The  ftraight  lines  CA,  CB,  are  =  to  one  anotfier. 

3.  Confemiently,  CB  will  be  =  to  CD  ;  which  is  impoflWe.  Ax.ZJx 

4.  Ther^ore,  the  two  circles  ABE,  ADE,  have  not  the  fame  center. 

Which  was  to  be  demonftiatedL 
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PROPOSITION  VL     THEOREM  V. 


Thefig. 
nofe  /wa  ©  bav€  dsfferfnf 
centers. 


^  F  two  circles  (BCA,  ECD,)  touch  one  another  internally  in  (C) ;  Hicy 
ihall  not  have  the  fame  center  (F). 

Hypothefis. 
The  ©  ECD  tmches  the  ©  BCA 
^nternaify  in  C. 

Demonstration. 

If  not. 

The  ©  BCA,  ECD,  have  the  fiune  center  F. 

Preparation. 

Draw  the  rays  FB,  FC. 

Jj  E  C  A  U  S  E  the  point  F  is  the  center  of  the  ®  BCA  (Sup.), 
i.  The  rays  FB,  FC,  are  =  to  one  another. 

Again,  the  pomt  F  being  alfo  the  center  of  ©  ECD  (Sup  J 
a.  The  rays  FE,  FC,  are  =  to  one  another. 

3.  Confequendy,  FB  =  FE  (jIx,  i,  B.  i.)  ;  which  is  impoflible. 

4.  Wherdbre^  the  two  ©  BCA,  ECD,  have  not  the  fame  center^ 

Which  was  to  be  dcmoni^ted. 


Pof.  i. 
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PROPOSITION  VII.     rUEOREMVI. 


_  F  any  point  (F)  be  taken  in  a  circle  ( AHG)  which  is  not  the  center  (E), 
of  all  the  ftraight  lines  (FA,  FB,  FC,  FH,)  which  can  be  drawn  from  it 
to  the  circumference,  the  greatefl  is  (FA)  in  which  the  center  is,  &  the 
part  (FD)  of  that  diameter  is  the  leaft,  &  of  any  others,  that  (FB  or  FC) 
which  is  nearer  to  the  line  (FA)  which  paffes  thro'  the  center  is  alva}^  greater 
than  one  (FC  or  FH)  more  remote,  &  from  the  fame  point  (F)  there  can  be 
drawn  only  two  ftraight  lines  (FH,  FG,),  that  are  equal  to  one  another,  one 
upon  each  fide  of  the  fhorteft  line  (FD). 


Hypothcfia. 
/.  7hi  p9int  F  taken  in  ibe  ©  AHG  // 
not  the  center  E. 

//.  The  ftraight  JifieFA^  dranjun  from 
the  point  F,  paffes  thro'  the  cenierE 
of  the  ©  AHG. 


Thefis. 

/.  FA  ii  the  greateft  of  all  tie 
ftraight  lines  ^vhich  can  he  Jra^on 
from  the  point  F  to  the  O  AHG. 

//.  FD  is  the  leaft, 

III.  And  of  any  others  FB  or  FC  which 
is  nearer  to  FA  «  >  FC  tr  FH  mtre 
remote. 

/r.  From  the  point  F  there  can  be  Jrawn 
only  two  :=: ftraight  lines  FH,FGs 
one  upon  eacbft£oftbeJborteftFD, 


HI.  AnJ  the  ftraight  lines  FB,  FC,  FH, 
are  drawn  from  the  point  F  to  the 
0  AHG. 

/.  Preparation. 
Draw  the  rays  EB,  EC,  EH,  &c.    Fig.  i. 

T  Demonstration. 

H  E  two  fides  FE  +  EB  of  the  A  FEB  are  >  the  third  FB.       P.  20.  A  i. 
But  EB  is  =  to  EA  CD.  15.  B.  1.). 
a.  Therefore,  FE  +  EA,  or  FA  is  >  FB. 
It  is  proved  in  the  fame  manner  that : 

3.  The  ftraij^ht  line  FA,  is  the  greateft  of  all  the  ftraight  lines  drawn 
fiom  the  point  F  to  the  O  AHG. 

Which  was  to  be  demonftrated  L 

4.  Again,  the  two  fides  FE  +  FH  of  the  A  FEH  are  >  the  third  EH.  P.zo.  B.  i. 
And  ED  being  =  to  EH  (D,  15.  B.  i.). 
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5.  The  ftraight  lines  FE  +  FH  are  alfo  >  ED. 
Therefore,  taking  away  from  both  fides  the  part  FE  : 

6.  The  ftraight  line  FH  will  be  >  FD ;  or  FD  <  FH.  Ax,  5.  A  i. 
It  is  proved  In  the  fame  manner  that : 

7.  The  ftraight  line  FD,  which  is  the  produced  part  of  FA,  is  the  leaft 
of  all  the  ftraight  lines  drawn  from  the  pomt  F  to  the  O  AHG. 

Which  was  to  be  demonftrated.  II. 

Moreover,  the  fide  FE  being  common  to  the  two  A  FEB,  FEC, 
the  fide  EB  =  the  fide  EC  (D,  15.  B,  j.),  &  the  V  FEB  > 
VFECM*.  8.  B.  I  J. 

8.  The  bafe  FB  will  be  >  the  bafe  FC.  P.  24.  B.  i . 
For  the  fame  reafbn : 

9.  The  ftraight  line  FC  is  >  FH. 

10.  Confcquently,  the  ftraight  line  FB  or  FC  which  is  nearer  the  line 
FA,  which  paifes  thro'  the  center,  is  >  FC  or  FH  more  remote. 

Which  was  to  be  demonftrated.  III. 

//.  Preparation,    '  Fig.  2. 

I.  Make  V  FEG  =  to  V  FEH,  &  produce  EG  undl  it  meets 

the  O  AHG.  P,  23.  B.  i. 

^  a.  From  the  point  F  to  the  poiiit  G,  draw  the  ftraight  line  FG.  Pcf.  i . 

Then^  EF  being  common  to  the  two  A  FEH,  FEG,  the  Mc  EH 
=  the  fide  EG  (D.   15.  B.  i.),  &  the  V  FEH=  to  the  V  FEG    ' 
(llPref^.i.l 

1 1.  The  bafe  FH  will  be  =  to  the  bafe  FG.  P,  4.  5.  i. 
But  becaufe  any  other  ftraight  line^  different  from  FG,  is  either 

nearer  the  line  FD,  or  more  remote  from  it,  than  FG. 

12.  Such  a  ftraight  line  will  be  alio  <  or  >  FG  (Arg.  lo.). 

23.  Wherefore,  from  the  fiune  point  F,  there  can  be  drawn  only  two 

ftraight  lines  FH,  FG»  that  are  =  to  one  another,  one  upon  each       ' 
'      ikk  of  the  ihorteft  line  FD. 

Which  was  (0  be  demonftrated.  IV. 


The  E  L 


PROPOSITION  VIIL    THEOREM  P-IL 

J[f  a  point  (D)  be  taken  without  a  circle  (BGCA),  &  ftrai^t  lines 
(DA9  DE,  DP,  DC>)  be  drawn  from  it  to  the  circumference,  whereof 
one  (DA)  pafles  thro*  the  center  (M) ;  of  thofe  which  fall  upon  the  conca^ 
circumference,  thegreateft  is  that  (DA)  which  pafles  thro'  the  center  ;  &  of  the 
reft,  that  (DE  or  DP)  which  is  nearer  to  that  (DA)  thro*  the  center^  is  al* 
ways  greater  than  (DP  or  DC)  the  more  renM>te :  but  of  thofe  (DH»  DK» 
DL,  DG,)  which  fall  upon  the  convex  circumference,  the  leaft  is  that  (DH) 
which  produced  pafles  thro*  the  center :  &  of  the  reft,  that  (DKorDL)  which 
is  nearer  to  the  leaft  (DH)  is  always  lefs  than  (DL  or  DG)  the  more  remote: 
&  only  two  equal  ftraight  lines  (DK,  DB,)  can  be  dtawn  from  the  point  (D) 
unto  the  circumference,  one  upon  each  fide  of  (DH)  the  leaft. 


Hypothefis. 

/,  The  point  D  u  taken  without  a 

0  BGCAiii  the  fam  plane, 

II,  The  ftratght  lines  DA>  DE, 
DF,  DC,  are  Jraiun  /rem  this 
point  to  the  concave  pari  of 
the  ©  BGCA. 


///. 


And  thofe  ftraight  lines  cut  the 
convex  part  in  the  points  H, 
K>  L,  G. 


Thefo. 

/.  DA  vobich  pajgpts  thro'  the  center  M  « 
the  greateft  of    all  the  ftraight    iitm 
DA,  DE,  DF,  DC. 
//.  DE  or  DF,  which  is  nearer  to  DA  is  > 

DF  or  DC,  the  more  remote. 
Ill  DH  which  when  produced  pafts   thr^ 
center  M  is  the  Uaft  of  all  the  ftraight 
/i>f«DH,DK,DL,DG. 
ir.  DK   or  DL  which  is  nearer  to  the  iime 

DH,  is  <Dl  orDG  the  mere  remote. 
y.  From  the  point  D  only  two  equal ftrmight 
lines  DK,  DB,  can  be  drawn,  one  mfem 
each  fide  of  DH  the  leaft^ 


/  Preparation. 
Draw  the  rays  ME,  MF,  MC,  MK,  ML. 

DeMONSTR  ATION. 


I.   1  HEtwo  fides  DM+N^Eof  the  ADMEarc>thethirdDE. /*.to.At. 
And  bccaufe  ME  =  MA  ('Z).  15.  B.  i.}. 
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z.  DM  +  MA  or  DA  will  be  >  DE. 

It  is  demonilra^ed  after  the  (aine  manner  that : 

3.  The  ftraight  line  DA,  which  pafTes  thro'  the  center  M,  is  >  any 
other  ilraight  line  drawn  from  the  point  D  to  the  concave  part  of 
the  ©  BGCA.  Which  was  to  be  demonftrated   I. 

Moreover,  DM  being  common  to  the  two  A  DME,  DMF,  ME  = 
MF  fD.  15.  B.  I.),  &  V  DME  >  V  DMF  (Jx.  8.  B.  i.). 

4.  The  bafe  DE  vnil  be  alfo  >  the  bafe  DF.  P.  24.  B.  i. 
In  like  manner  it  ma/  be  ihewn  that : 

5.  The  ftraight  line  DF  is  >  DC,  &  fo  of  all  the  others. 

J  6.  Confequendy,  the  ftraight  lines  DE  ot  DF,  which  is  nearer  the  line 

DA,  which  palTes  thro'  the  center,  is  >  DF  or  DC  more  remote. 

Which  was  to  be  demonftrated.  II. 

c  7.  Again,  the  fides  DK  +  KM  of  the  A  DKM  are  >  the  third  DM.  P.  zo.  B.  i . 

If  the  equal  parts  MK,  MH,  (D.  15.  B,  i.)  be  taken  awav. 
P  8.  The  remainder  DK  will  be  >  DH,  or  DH  <  DK. 

It  may  be  proved  in  the  fame  manner,  that : 
9.  The  ftraight  line  DH  is  <  DL,  &  fo  of  all  the  others. 
\  10.  Confequently,  the  ftraight  line  DH,  which  produced  pailes  thro'  the 

center  M,  is  the  leaft  of  all  the  ftraight  lines  drawn  from  the  point 
»  D  to  the  convex  part  of  the  ©  BGCA. 

I  Which  was  to  be  demonftrated.  III. 

Alfo,  DK,  MK,  being  drawn  from  the  extremities  D  &  M  of  the  iide 
^  DM  of  the  A  DLM  to  a  point  K,  taken  within  this  A  (Hyp,  3.). 

1 1 .  It  follows,  that  DK  +  MK  <  DL  +  ML.  P.iuB,  u 

And  taking  away  the  equal  parts  MK,  ML,  (D.  15.  B,  i.). 
?  1  a.  The  ftraight  line  DK  will  be  <  DL. 

r  In  like  manner  it  may  be  ftiewn,  that : 

13.  The  ftraight  line  DL  is  <  DG,  &  fo  of  all  the  others. 
*  14.  Confequendy,  the  ftraight  lines  DK  or  DL,  which  are  nearer  the 

line  DH,  which  produced  pafles  thro'  the  center,  are  <  DL  or 
f  DG  the  more  remote.  Which  was  to  be  demonftrated.  IV. 

//.  Preparation, 
I.  Make  V  DMB  =  VDMK,  &  produce  MB  'till  it  meets  the  O.  P.  23.  B.  i. 
,  a.  From  the  point  D  to  the  point  B,  draw  the  ftraight  line  DB.  Pof.  i . 

Then,  the  fide  DM  beingcommon  to  the  two  ADKM,  DBM,  the  fide 
MK = the  fide  MB  (^Z>.  1 5 .  ^.  I. ),  &  V  DMK  =  V  DMB  r  K. /Ve/.  I .). 

1 5.  The  bafe  DK  will  be  =  to  the  bafe  DB.  ^  P,  j^  B.  i. 
But  becaufe  any  other  ftraight  line  different  from  DB,  is  either  near- 
er the  line  DH  or  more  remote  firom  it,   than  DB. 

16.  Such  a  ftraight  line  iivill  be  alfo  <  or  >  BD  (^r^,  14.). 

1 7.  Wherefore,  from  the  point  D,  only  two  =  ftraight  liqt^s  DK,  DB, 
can  be  drawn^  on^  upon  each  fide  of  DH; 

Which  viras  to  be  demonftrated.  V. 
O 
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PROPOSITION  IX.     THEOREM  VIIL 

JLF  a  point  (D)  be  taken  within  a  circle  (ABC),  from  which  there  fill 
more  than  two  equal  ftraight  lines  (DA,  DB,  DC,)  to  the  circumference; 
that  point  is  the  center  of  the  circle. 

Hypothefis.  Thcfis. 

Trnm  the  fint  D,  taken  vuitbin  a  ©  ABC,  The  point  t>  u  the  centtrtf 

there  fall  more  than  ttvo  equal Jiraight  lines  the  ©  ABC. 
DA,  DB,  DC,  /•  the  Q  ABC. 

Demonstration. 
If  not, 

Some  other  point  will  be  the  center. 

1j  E  C  a  U  S  E  the  point  D  is  not  the  center  (Sup,)y  &  from  this 
point  D  there  fall  more  than  two  equal  ftraight  Unes  DA,  DB,  DC,  to 
the  O  ABC  (Hyp.). 
t.  It  follows,  that  from  a  point  D,  which  is  not  the  center,  there  can 

be  drawn  more  than  two  equal  ftraight  lines  ;  which  is  impoflible.     P.  7.  B.  j, 
2.  CpnfequeDtly,  the  point  D  is  the  center  of  the  ©  ABC. 

Which  was  to  be  dennonftratcd 
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PROPOSITION  X.     THEOREM  IX. 

i^NE  drcumferjence  of  a  circle  (ABCEG)  cannot  cut  another  (ABFCX3) 
in  niore  than  two  points  (A  &  B). 

•  Hypothefis.  Thefis. 

The  tijoo  ©  ABCEG,  ABFCP,  cuf  7bey  cut  one  another  onij  in  twp 

erne  another.  f  pints  A  ^B,^ 

Demonstration. 

'They  cut  each  other  in  more  than  two  points,  as  A,  B,  C,  kc. 

Preparation. 

I.  Find  the  center  D  of  the  ©  ABCEG.  K  i.  B.  3. 

a    From  the  center  D  to  the  points  of  fe^ion  A,  B,  C,  &c. 
'  dr^w  the  rays  DA,  DB,  DC.  ^of,  i. 

B  E  C  A  U  S  E  the  point  D  is  taken  within  the  ®  ABFCG,  U  that 
Biwe  'than  two  ftraight  lines  DA,  DB,  DC,  drawn  from  thi?  point 
to  tlie  circumference  of  the  ®  ABFCG,  are  equal  to  one  another, 

/?r^/.  /.&!>.  IS- '^•"•)-        ^     .'  -  »        » 

I    The  point  D  is  the  center  of  this  ©,  «^     „  ^   ^-  9*  ^'  3- 

'  But  this  point  D  being  alfo  the  center  of  the  ©  ABCEG  (Frep^  1.). 
3.  It  would  follow,  that  two  ©  ABFCG,  ABCEG,  which  cut  one  ano- 

ther,  have  a  common  center  D  i  which  is  impoffible.  P.  5.  B.  .3. 

3.  Confequendy,  two  ©  ABCEG,  ABFCG,  cannot  cut  one  another  in 

more  than  two  points.  „„.•!.        *   u   j        ti^.^ 

Which  was  to  be  demonftrated* 
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PROPOSITION  XI.     THEOREM  X. 

\  F  two  circles  touch  each  other  internally  in-  (A)  ;   the  ftraigfat  line  whidf 
joins  their  centers  being  produced^  fhall  pafs  thro*  the  point  pf  cortad  (A). 

Hypothcfw.  Thefis.    • 

7heftraigbt  lim-QA  joins  the  centers  of  Thisftraigbt  line  CA  heif^  pf- 

the  tnvo    ©  AGE,    ABF,  tnbicb  ioucb  duced^  paffes  tbro^   the  point  •/ 

eacb  otber  internallj  in  A.  contad  A  of  tbofe  ttvo  ©. 


Demokstration. 


If^npt, 


The  ftraight  line  which  joins  the  centers,  will  fall  otherwUe,  as 
fiit  (haig&t  line  CGB. 

Preparation. 

From  the  centers  C&D  tp  the  point  of  contad  Ay  draw  the 
lines  CA,  DA. 

iJECAUSE  in  the  A  CDA,  the  two  fides  CD  &  DA  uken  toge- 
ther, are  <  the  third  CA  fP.  20.  B,  i.),  &that  CA  =  CB  (D.  15.  B.  i.). 
I.  The  ftraight  lines  CD  +  DA  will  be  alfo  >  CB. 

Therefore,  if  the  common  part  CD  be  taken  away  from  both  fides, 
a.  The  ftrai£;ht  Une  DA  will  be  >  DB. 

6ut  the  ftraight  line  DA  being  =  to  DG  (Prep.  &  D,  15.  B.  i.). 

3.  DG  V  ill  be  alfo  >  DB,  which  is  impoflible.  ^ 

4.  Wherefore,  the  ftraight  line  CA,  which  joins  the  centers  of  the  © 
ACE,  ABF,  which  touch  each  other  internally,  being  produced,  will 
pafs  thro*  the  point  of  contact  A. 

Which  was  to  be  dem<Niftiated. 


Pof  I. 
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PROPOSITION  XII.     THEOREM  XI 


__  F  two  circles  (DAM,  GAN,)  ^ouch  each  other  externally.;  the  ftraight 
ine  (BC),  which  joins  their  centers,  fhalj  pafs  thrt>'  the  point  of  contaS  (A). 


Hypothefis. 
Tkefiraight  lint  BC  joins  the  centers 
/  the  t^jo  ©  DAM,   GAN,  'which 
touch  each  ether  externally  in  A. 


Th^iis. 
Thiifiraight  line  ^Qpaffes  thrtt* 
the  point   of  contad    of  the 

t*wq  ©. 


Demonstration. 
If  not, 

This  ftraight  liae,  which  joins  the  centers,  will  pafs  otherwife, 
asBDGC. 

Preparction. 


B. 


Draw  from  the  centers  B  &  C  to  the  point  of  contaQ  A,  the 

rays  BA,  CA.  Pof  i. 


JECAUSE  BAis=:toBD,  &CA  =  toC»r-^.  15. -5.  I.). 
I.  The  ftraight  lines  BA  +  CA  are  =  to  the  ftraight  lines  BD  +  OG.  Ax.  2.  B.  1. 

And  if  the  part  DC  be  added  to  the  ftraight  lines  BD  +  CG. 
%.  BD  +  DG  4-  CG,  or  the  bafe  BC  of  the  A  BAC  is  >  the  two  fides 

BA  +  CA,  which  is  impoffible.  P.  to.  B.  i, 

3.  Therefore,  the  ftraight  line  BC,  which  joins  the  centers,  will  pafs 

thro'  the  point  of  contact  A. 

Which  w^z  to  be  demonftratec). 


no  The  E  L  E  M  E  N  T  S  Bookm. 


IL_ 


rp^      PROPOSITION  XIIL     THEOREM  XII 

X  W  O  circles  (ABCD,  AGDF  or  ABCD,  BECH,)  which  touch  each 

other ;  whether  internally ;  or  externally :  cannot  touch  in  more  points  than  one. 

Hypothefis.  Thcfi$. 

/.  ©  ABCD  touches  ®  AGDF  tntemalfy.  The  ©  ABCD,  AGDF,  or  ABCQ, 

//.  ©  ABCD  ioucbes  ©  BECH  externally.  ^ECH,  ioucb  $nfy  in  one  /«>/, 

I^  not.  Demonstration. 

1.  Either  the  ©  ABCD,  AGDF,  touch  each  other  internally 
in  more  points  than  one,  as  in  A  &  in  D. 

2.  Or  the  ©  ABCD,  BECH,  touch  each  Qther  externally  in 
more  points  than  one,  a^  in  B  ^  in  C. 

/,  Preparation. 
I .  Find  the  centers  M  &  N  of  the  ©  ABCD,  AGDF.  P.  i.  B.  3. 

B2.  Thro*  the  centers,  draw  the  line  MN,  Ir  produce  it  to  the  O.  P^/i  1.  C^  a. 
ECA  U  S  E  MN  joins  the  centers  M  ^  Nof  the  two  ©  ABCD, 
AGDF,  (Prep,  a.)  which  touch  on  the  infidc  (Sup,  i.). 

1.  This  ftraight  line  will  pafs  thro*  the  points  of  contad  A  &  D.  P.  11.  B,  y 
But  AM  is  =  toMD(I.  Prep.  2.  &  Z>.  15.  B.  i.). 

2.  Therefore,  the  ftraight  line  AM  is  >  ND,  &  AN  is  much  >  ND.        Ax.  8.  B.  i. 
But  fmce  AN  is  =  to  ND  (I,  Prep.  2.  &  J&.  15.  B.  i.). 

3.  The  line  AN  will  be  >  ND  &  =  to  ND  5  whith  is  impoffible. 

4.  Confcquently,  two  ©  ABCD,  AGDF,  which  touch  each  other  in- 
ternally, cannot  touch  each  other  in  more  points  than  one. 

//.    Preparation. 
Thro*  the  points  of  contaa  B  &  C  of  the  ©  ABCD,  BECH, 
draw  the  ftraight  line  BC.  Ptf.  i. 


B 


I  EC  AUSE  the  line  BC  joins  the  two  points  B  &  C  in  the  Oof  the 
©  ABCD,  BECH,  (II.  Prep  J. 

1.  This  ftraight  line  will  f^  within  the  two  ©  ABCD,  BECH.  P.  2.  B. 
But  the  ©  BECH  touching  externally  the  ©  ABCD  (Sup.  2.). 

2.  BC,  drawn  ia  the  ©  BECH,  will  fall  without  the  ©  ABCD.  D.  3.  B. 

3.  Confequentl)s   BC  will,  at  the  fame  time,  fall  within  the  ©ABCD 
(j4rg.  I,),  &  without  the  fame  ©   (j^rg.  2.)  $  which  is  impoOIbe. 

4.  Wherefore,  two  ©  ABCD,  BCEH,  which  touch  each  other  exter- 
nally, cannot  touch  each  other  in  more  points  than  one. 

Which  wa«  to  be  dcmoaftrattd. 
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I     PROPOSITION  XIV.     THEOREM  XIII. 
N  a  circle  (ABED)  the  eqtul  chords  (AB,  DE,)  are  equally  diftant  from 
the  center   (C) ;  &  the  chords  (AB,  DE,)  equally  diftant  from  the  center 
(C)9  are  equal  to  one  another. 

Hypothcfis.  CASE    I.  Thefis. 

7be  cbwrds  AB,  DE,  are  equal.  They  are  equally  diftantfr^m  the  center  C. 

Preparation, 

1.  Find  the  center  C  of  the  ©  ABED.  -P.  i.  B.  5. 

2.  Let  fall  upon  the  chords  AB,  DE,  the  ±  CF,  CG.  P.  la.  B,  i. 

3 .  From  the  pcntcr  C  to  the  points  E  &  B,  draw  the  rays  CE,  CB.  Pfif,  1 . 
Demonstration. 

_  H  E  choids  AB,  DE,  being  =  to  one  another  (Hyp\  U  bUefted 
inF&GrPr./.a.&/>.3.i?.3.r,  ..^    «_ 

I.  Their  halves  FB,  GE,  are  alfo  equal.  tv  Ik  »  .' 

3B.  Confequently ,  the  D  of  FB  is  =  to  the  D  of  GE.  \  rJ^\ 

But  bccaufcDof  CB  =  Dof  CE  (Prep.  3.  &  P.  46.  Car.  3.).  S  p   '  ^'d  , 

3.  It  foUows,  that  D  of  FB  +  D  of  FC  is  =  to  D  of  GE  +  D  of  CG.  \  ^^\  %'  \' 
Therefore  the  equal  D  of  FB  &  of  GE  (jlrg.  2.)  being  taken  away.   S  pi*  «'  / 

4.  The  D  of  FC  will  be  =  the  D  of  GCr^;r.  3. 5.  i).  or  FC  =  GC.  )  ^;^^^'     '   ' 

5.  Confequently,  the  chords  AB,  DE,  are  equally  diilant  from  the  cen^  ^    ^'^^  ^' 

ter  C  of  the  0  ABED.*  W  hich  was  to  be  demonftrated.     2>.  4.  ^.  3. 

Hypothcfis.  CASE   n.         -  Thcfis. 

The  chords  AB,  UE,  are  equally  diftant  7befe  chords  are   equal, 

frm  the  center  C  of  the  ©  ABED. 

B  Demonstration. 

ECAUSE  FC  =  GC  (Hyp,  &  D.  4.  B,  3.),  &CB=:CE 
(t^rep,  2^&  2>.  15,  B,  I.).  J  ^46.  i^.  I. 

t.  The  CDof  FC  =  the  D  of  CG,  &  the  D  of  CB  =  the  D  of  CE.  I  Cor,  3. 
a.  Confcquendy,  D  of  FC  +  D  of  FB,  =0  of  CG  +  D  of  GE.  ?  ^.  47-  B,  i. 

Therefore,  the  equal  D  of  FCSr^fCG  (Arg.  i.)  being  taken  away.  (  Ax.  1.  B.  i. 

3.  The  D  of  FB  will  be  =  the  D  of  GE  (Ax.y  B,  i.)  or  FB=rGE.  C  F.  46.  B,  i. 

4.  Confequently,  FB,  GE,  being  the  femichords  (Prep,  %,  P.  3.  B,  3.),  \  Cor.  3. 

tht  whole  chords  AB,  D£,  are  alio  =  to  one  another.  Ax,  6.  B,  i. 

Which  was  to  be  dtmondrated. 
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PROPOSITION  XV.     THEOREM  Xiy. 

X  H  E  diameter  (AB)  is  the  greateft  ftraight  line  in  a  circle  (AIK)  ;  &  of 
all  others  that  (PIT),  which  is  nearer  the  diameter,  b  always  greater  than  one 
(FK)  more  remote. 

Hypotheiis.  TheCs, 

/.  AB  is  the  diameter  of  the   ©  AK.  /.  The  diameter  AB  is  >  e^ech  •/ 

//.  7be  chord  HI  is  nearer  the  diame-  the  chords  HI,  FK. 

ter  than  the  chord  FK.  //.  The  chord  HI  is  >  the  chwd  Ft 

Preparation. 
From  the  center  C  let  fiill  upon  HI  &  FK  the  ±  CG,  CN.         P,  la.  A  t. 
From  CN,  the  greateft  of  thofe  J.»  take  away  a  part  CM 
=  to  CG.  P.  3.  A  ,. 

At  the  point  M  in  CN,  crcft  the  ±  DM  &  produce  it  to  E.      P.w.  B  \ 
Draw  the  rays  CD,  CF,CE,CK.  Pof,  i. 

Demonstration. 


I. 

4. 


B 


BECAUSE  the  ftraight  fines  CD,  CE,  CA,  CB,  are  =  to  one 
another  (Prep.  4.  8c  D.  1$.  B,  iX 
I.  It  follows,  that  CD  +  CE  is  =  to  CA  +  CB  or  AB.  Ax.  a.  B.  1 

But  CD  4-  CE  is  >  DE  (P,  ao.  B.  i.). 
a.  Wherefore,  AB  is  alfo  >  DE  or  >  HI,   becaufe  HI  =  DE  C  D,  4.  B.  1 

fPrep,  2.).  X  P,  14.  J^.  3. 

3.  It  may  be  proved  after  the  fame  manner,  that  AB  is  alfo  >  FK, 

Which  was  to  be  demoAftrated.  I. 

Moreover,  the  A  CDE,  CFK,  having  two  fides  CD,  CE,  =  to  the 
two  fides  CF,  CK,  each  to  each  (Prep,  4.  &  D.  15.  B,  i.),  &  the 
VDCE  >  V  FCK  (Ax.  8.  B.  i.). 

4.  The  bafe  DE  will  be  >  the  bafe  FK.  P.  24.  B.  i 

5.  And  becaufe  HI  is  =  to  DE  (Prep,  2.),  HI  is  alfo  >  FK.  i^^-^  5 

\P.i^.B.i. 
Which  was  to  be  demonftrated.  II. 
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PROPOSITION  XVI.     THEOREM  XV. 

J[  H  E  ftraight  line  (AB)  perpendicular  to  the  diameter  of  a  circle  (AHD) 
8t  the  extremity  of  it  (A),  falls  without  the  circle ;  &  no  ftraight  line  can  be 
drawn  between  this  perpendicular  (AB)  &•  the  circumference  from  the  extremi- 
ty»  fo  as  not  to  cut  the  circle ;  alfo  the  angle  (HAD)  formed  by  a  part  of  the 
circumference  (HEA)  &  the  diameter  (AD),  is  greater  than  any  acute  reSi- 
lineal  angle ;  &  the  angle  (HAB)  formed  by  the  perpendicular  ( AB)  &  the 
fame  part  of  the  circumference  (H£A)»  is  lefs  than  any  acute  redilineal  angle* 


Hypothefis. 
/.  AB  is  drawn  perpendicular  U  the 

extremity  A  of  the  diametr, 
II.  And  makes  nvitb  the  arch  HEA 

the  mixtilineal  V  HAB. 
///.  The    diameter   AD    makes  with 
the  fame  arch  HEA  the  mixtili' 
neal  V  HAD. 


Thefis. 

/.  The  ±  AB  falls  niithout  the  ©  AHD. 
//.  Nojiraight  line  can  he  dra'wn   he^ 

tiveen  the  ±  AB  W  the  arch  HEA. 
///.  The  mixtilineal  V  HAD  is  > 

acute  red i lineal  V. 
IfT,  The  mixtilineal  V  HAB  //  <[  any 
acute  redilineal  V* 


any 


Demonstration. 
I.  If  not> 

The  J.  AB  wUl  fall  within  the  ©  AHD,  &  Will  cut  it  fome- 
where  in  E,  as  AE. 

Preparation. 

From  the  center  C  to  the  point  of  fe^ion  E,  draw  the  ray  CE.  Pof  i. 


Bb 


BECAUSE  CAis  =  toCErA  ij.  B.  i.). 
1 .  The  V  CAE  will  be  =  to  the  V  CEA.  P.  5.  B.  i . 

3.  And  becaufe   the  VCAE  is  a  L  (Sup.)  5  V  CEA  is  alfo  a  L.  Ax.i.B.i, 

3.  Wherefore,  the  two  V  CAE  +  CEA,   of  the  A  AEC  will  not  be 

<  2  L.  J  which  is  impoiilible.  P.  17.  B.  i. 

4.  Therefore,  the  -L  AB  falls  without  the  circle. 

Which  was  to  be  dcmonftrated.  I. 
P 
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n.  Ip  not. 

There  may  be  drawn  a  ftraight  line,  as  AG»  between  the 

X  AB  &  the  circumference  of  the  0  AHD. 
Preparation. 
_^  From  the  center  C,  let  fail  upon  AG,  the  JL  CG.  P.  la.  2?.  i. 

JJecAITSE  VCGAiiaLi  &  V  CAG  <  aL  <^^jf.  8.  A  i.) 

R8  being  but  a  part  of  the  L  CAB  (Hyp.  \,). 

I.  It  follows,  that  the  fide  CA  is  >  the  fide  CG.  P.  19.  B,  1. 

But  CA  being  =  to  CE  (D.  15.  B,  i.). 
%.  The  ftraight  line  CE  will  be  alfo  >  CG ;  which  is  tmpoffible.  Jx,  8.  B.  i. 

3.  Therefore,  no  ftraight  line  can  be  drawn  between  the  J.  AB  &  the  O 
of  the  0  AHD. 

Which  was  to  be  demonftrated  11. 
m.  k  IV.  Ip  not. 

There  may  be  drawn  a  ftraight  line,  as  AG,  whfeh  makes 
with  the  diameter  AD  &  with  the  J.  AB,  an  acute  rectilineal 
V  Gad  >  the  mixtilineal  V  HAD,  &  an  acute  rtaili- 
neal  V  GAB  <  the  mixtilineal  V  EAB. 

J^EC  AUSE  then  the  ftraight  line  AG,  drawn  ftoax  the  extremi- 
ty  A  of  the  diameter  AD,  makes  with  the  diameter  &  with  the  JL  AB, 
an  acute  reailineal  V  GAD  >  the  mixtilineal  V  HAD,  &  a  reailineal 
V  GAB  <  the  mixtilineal  V  EAB  (Sup.), 

1.  This  ftiaight  line  AG  will  neceflarily  fall  on  the  extremity  A  of  the 
diameter  AD,  between  the  -L  AB   &   the  circumference  of  the 

©  AHD ;  which  is  impoffible.  //.  Cmfe, 

2.  Therefore,  the  mixtilineal  V  HAD  is  >,  &  the  mixtilineal  V  HAB 
<  any  acute  reftilineal  V. 

Which  was  to  be  demonftrated.  III.  &  IV. 

COROLLJRr 

j4  Straight  line^  drannn  at  right  angles  to  the  diameter  of  a  circle  fr$m  the  extrt- 
inity  ^f  i^9  touches  the  circle  only  in  one  point. 
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PROPOSITION  XVII.    PRO  B  L  EM  II 

J7  R  O  M  a  given  point  (A)  without  a  circle  (BEF),  to  draw  a  tangent 
(AE)  to  this  circle. 

Given  Sought 

Tbe  p9int  A  without  fhe  ©  BEF.  ne  tangent  AE,  Jf^njunfrom  the  point 

A  to  the  ©  BEF, 

RefolutioH. 

I..  Find  the  center  C  of  the  ©  BEF,  &  drew  CA.  P.  t.  B,  j. 

2.  From  the  center  C  at  the  diftance  CA,  defcrbe  the  ©  ADG.  Pof,  3. 

3.  At  the  point  B  in  the  line  CA,  where  it  cuts  the  O  BEF, 
ereathe±BD.  P.ii.B.i. 

4.  From  the  center  C  to  the  point  D,  where  the  JL  BD  cuts  the 

O  ADG,  draw  the  ray  CD.  Pof.  i. 

5.  From  the  point  A  to  the  point  E,  where  CD  cuts  the  O  BEF, 
drew  the  ftreight  line  AE,  which  will  be  the  tangent  fought. 

Demonstration. 

JjECAUSE  in  the  A  CBD,  CEA,  die  fide  CB  is  =  to  die  fide 
CE,  die  fide  CA=  to  the  fide  CD  {D.  15,  B.  i.),  &  die  V  BCD 
common  to  the  two  A. 

1.  The  V  CBD,  CEA,  oppofite  to  die  equal  fides  CD,  CA,  are  =  to 

one  another.  P.  4.,  B.  i. 

2.  Wherefore,  V  CBD  being  a  L  (Re/,  3.),  V  CEA  will  be  alfo  a  L.  jfx.  t.B.i. 
J.  Confequendy,  the  ftreight  Ime  AE,  drawn  from  the  given  point  {P,i6.B.  i. 

A,  is  a  tangent  of  die  ©  BEF^  C  Cor.DjJ.j. 

P  a 
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*   PROPOSITION  XVIII.     THEOREM  XVI. 

JL  F  a  ftraight  line  (DE)  touches  a  circle  (AFB)  In  a  point  (B) ;   the  r^ 
(CB),  drawn  from  the  center  to  the  point  of  contad  (B),  (hall  be  perpeiKK- 

cular  to  the  tangent  (DE), 

Hypothecs,  Thefis. 

/.  The  ftraight  line  DE  touches  the  The  ray  CB  is  Jl  uf%m  the 

©  AFB  in  the  point  B.  fan^nt  DE. 

//.  And  the  ray  CB  paffes  thro'  the 
point  of  contaS  B, 

Demonstration. 
If  act. 

There  may  be  let  fall  from  the  center  C,  another  ftialght  line 
CO  ±  upon  the  tangent  DE. 

Preparation. 

Let  fall  then  from  the  center  C  upon  the  tangent  DE,  the  ±  CG.  P,\i,B,\, 


B 


_IECAUSE  the  V  BGCof  the  A  BCG  isa  L  (PnpJ. 
!.  The  VCBGwillbe<aL. 

2.  Confequently,  CB  is  >  CO. 

And CF being  =  CB  (D.  15.  B,  i.). 

3.  The  ftraight  line  CF  is  alfo  >  CG  ;  which  is  impofEble. 

4.  Wherefore,  the  ray  CB  is  J.  upon  the  tangent  DE. 

Which  was  to  be  demonftrated« 


P.  17.  B,u 
P.  19.  A  I. 

jfx.B.B.i. 
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PROPOSITION  XIX,     THEOREM  XVIL 


_F  a  ilraight  line  (DE)  touches  a  circle  (AGB  in  B),  &  from  the  point 
of  contaft  (B)  a  perpendicular  (BA)  be  drawn  to  the  touching  line;  the  cen- 
ter (C)  of  the  circle,  fliall  be  in  that  line, 

Hjpothefis.  .  Thefis. 

/.  7heftratght  line  DE  Uuches  the  ©  AGB.  ^heftraight  line  BA  paffes  tbr^ 

11,'  And  BA  is  the  JL  ereSed  from  the  point  the  center  C  of  the  ©  AG9. 
of  contad  B  in  this  line. 

Demonstration. 

If  not. 

The  center  will  be  in  a  point  F  without  the  ftraight  line  BA, 


B. 


Preparation. 

Draw  then  from  the  point  of  contact  B  to  the  center  F,  the 
ftraight  line  BF.  Pof.  |, 


^ BECAUSE  the  ftraight  line  BF  is  drawn  from  the  point  of  contact 

B  to  the  center  F  of  the  ©  AGB  (Prep  J. 


P.  18.  B,  3. 

KAxAo.B.i. 

3 .  Wherefore,  the  center  C  will  be  neceflarily  in  the  ftraight  line  BA.     ^  ^'*-  8.  -B.  i , 

Which  was  to  be  demonftrated. 


1.  TheVFBEisaL. 
But  V  ABE  being  alfo  a  L  (Hyp.  2.). 

2.  The  V  ABE  is  =  to  the  V  FBE  j  which  is  impoffiblc 
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PROPOSITION  XX.     THEOREM  XVIIL 

HE  angle  (BCD)  at  the  center  of  a  circle,  is  double  of  the  angle  (BAD) 
at  the  circumference,  when  both  angles  ftand  upon  the  fame  arch  (BD). 


Thefts. 
7b€  V  BCD  at  ihe  ctmer 
is  double  of  tht  V  BAD«f 
tbeO. 


Hypothefis, 
/.  7be  V  BCD  is  at  tbe  center  W  V  BAD  at  tbe  O. 
//.  Tbe  fides  BC,   CD,  £5f  BA,  AD,  of  tbo/e  V, 
Jtaml  upon  tbe  fame  (ircb  BD. 

Demonstration. 

CASE    L 

If  the  center  C,    is  in  one  of  the  fides  AB  of  the  V  at 

BtheO  (Fig.  I.). 
EGAUSE  in  the  A  CAD  the  fide  CAi8=  to  the  fide  CD 
(D.  15.  B.  I.). 
J.  The  V  «  is  =  to  the  V  «,  &  V  ••  +  «  >«  double  of  V  ••. 

But  V  ©  is  =  to  V  «  +  «  (P,  ^2.  B.  1.)- 
%.  Therefore,  V  «  is  double  of  V  «,  or  V  BCD  is  double  of  V  BAD.  Ax.6,B,  1. 

CASE    II. 
If  the  center  C  falls  within  the  V  at  the  O  (Fig.  2.). 

Preparation. 
Draw  the  diameter  ACE.  Pof  i. 

J^T  may  be  proved  as  in  the  firft  cafe. 

I.  That  the  V  «  is  double  of  the  V  ««,  &  V^  double  of  the  V  «. 

a.  From  whence  it  follows,  that  V  •  -J-  /  is  double  of  the  V  •»  +  «f> 

or  V  BCD  is  double  of  the  V  BAD.  Ax,  8.  A 1. 

CASE    III. 
If  the  center  C  falls  without  the  V  at  the  O  (Fig,  3.). 

X  H  E  diameter  ACE  being  drawn,  it  is  dcmonftrated  as  in  the  firft 
cafe,  that : 

1.  The  V  /  is  double  of  the  V«,  &  V  0  +/  is  double  of  the  V  «  +*• 
Therefore,  the  V  p  being  taken  av^y  from  one  fide,  &  the  V  n  from 

the  other. 

2.  The  V  0  wUi  be  double  of  the  V  «,  or  V  BCDis  double  of  V  BAD.  Jx.  3.  A  i- 

Which  was  to  be  demonftrated. 


PROPOSITION  XXI.     THEOREM  XIX. 

X  H  E  angles  {m  Sc  n)  in  the  fame  fegment  of  a  circle  (BAED),  are 
equal  to  one  another4 

HTpothcfis.  Thefis, 

Tie  \/  mli  n  are  in  the  fame f tgnunt  ^  '^  Mis  ^z  f'i  n, 

•/  the  ©  BAED. 

Demonstration. 

CASE    I. 
If  the  fegment  BAED  is  >  the  femi  ©  (Fig,  i.). 

Preparation. 

I.  Find  the  center  C  of  the  ©  BAED.  P.  i.  S.  3. 

a.  And  draw  the  rays  CB,  CD.  Pof,  i. 

XjECAUSE  VBCDisdonbleofcachofthe  "i mhn(P.io.B.y). 

I.  It  foUows,  that  V  « is  =  to  V  «.  A:e.  7.  J?.  1. 

CASE    n. 
If  the  fegment  BAED  is  <  the  femi  ®  (Fig.  a.). 

Preparation. 
Draw  the  ftraight  line  A£.  Pof,  i. 


,.Th 


_       E  three  V«»  +  *  +  ^  of  the  A  BAG,  are  =  to  the  three  C  P,  32.  B.  i. 
V^  +  »  +  r  of  the  AGED.  (^a-.  i.^.i. 

But  Vf  is  =  to  Vr/"C«/^  I.),  &  V<?  =  to  "i p  (P.  ij.  B,  1.). 
Therefore,  the  V  f  +  *  being  taken  away  from  one  fide,  &  their 
equals  V  /  +  r  from  the  other, 
a.  The  remaining  V  iw  &  «  will  be  =  to  one  another,  jIx.  3.  JJ.  i. 

Which  was  to  be  dcmonftrated. 
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rj^     PROPOSITION  XXII.     THEOREM  XX. 

J[  HE  oppofitc  angles  (BAD,  BCD,  or  ABC,  ADC,)  of  any  quadrili. 
teral  figure  (DABC)  infcribed  in  a  circle,  are  together,  equal  to  two  right 
angles. 

Hypothcfis.  Thelis. 

i:he figure  DABC  is  a  quadrilateral  '  Tie  ^ppofite  V  BAD  +  BCD>  or  ABC 

figure  infcribed  in  a®.  +  AI>C,  are  =  /o  a  L^ 

Preparation. 

Draw  the  diagonals  AC»  BD.  F<tf.  i. 

Demonstration. 

J5eCAUSE  the  V«  +  »  arc  the  V  at  the  O,  in  the  fiune Yeg- 

luent  DABC. 

f .  Thefc  V  tt  &  »  are  =  to  one  another.  P.  li.  A  J. 

It  is  proved  in  the  (ame  manner,  that : 
2.  The  V  /  &  «  are  =  to  one  another. 
^  3.  Wherefore,  the  "iu  +  p  are  =:  to  the  V  »  + «»  or  to  the  V  BAD.  ^x.a.Ai. 

Therefore,  if  the  V  r  +  f  or  BCD  be  added  to  both  fides. 

4.  The  V  «  +/  +  r*-  +  f >^  are  =  to  the  V  BAD  +  BCD.  Ax.i, B,  i. 
But  the  three  "^  u  +  p  +  C  +  9^  of  the  A  DBC  being  =  to  a  L 

rP,  32.  B,  I.). 

5.  The  two  oppofite  V  BAD  +  BCD  of  the  quadrilateral  figure  DABC, 

are  alfo  =  10  2  L..  Ax,  1.  S  i. 

It  may  be  demonftrated  after  the  fame  manner,  that : 

6.  The  V  ABC  +  ADC  are  =  to  2  L. 

Which  was  to  be  demonftratcd 
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^PROPOSITION  XXIII.     THEOREM  XXL 

yj  PON  the  fame  ftraight  line  (AB)  &  upon  the  fame  fide  df  it, 
there  cannot  be  two  fimilar  fegments  of  circles  (ADB,  ACB>)  not  coincld- 
ng  with  one  another. 

HyDOthefis.  Thefts. 

Tbefignunts  ADB,  ACB,  •/  circles^  ore  upon  Vbefe fegments  are  Jijimiaf* 

\be  fame  ftraight  line  ii  upon  the  fame  fide  of  it. 

-   Demonstration. 
\t  not, 

The  fegments  ADBy  ACB,  upon  the  fame  chord  AB,  ft  upon 
the  lame  fide  of  it,  are  fimilar. 


Preparation. 

I.  Draw  any  ftraight  line  AC,  which  cuts  th«  fegments  At)B^ 

ACB,  in  the  points  D  &  C.         .  \ 

a.  Draw  the  ftraight  lines  BD,  BC.  *  J 


OECAUSE  theV BDA,  BCA,   are  contained m  the  fimilar  fegj 
aients  ADB,  ACB,  (Hyp,  &  Prep,  i.  &  a.). 

1.  Thefe  V  are  —  to  one  another.  Ax,  2,  B,  i. 

2.  Therefore,  the  exterior  V  ADB  of  the  A  BDC,*  will  be  i=  to  its  in- 
terior oppofite  one  BCD  ;  which  is  impofliblc.  P.  i6.  A  i. 

^.  Confeqnentlj,  there  canaot  be  two  fimilar  fegments  of  0  ADB,  ACB, 
upon  the  &me  fide  of  the  fame  ftraight  line  AB,  which  do  not 
coincide. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXIV.     THEOREM  XXIL 

OIMILAR   fegments  of  circks   (AEB»  CFD,)  fubtended  by  eqd 
chords  (AB,  CD,),  are  equal  to  one  another. 

HTpothcfis.  Theiis. 

/.  Tbi  fegments  of  ©  AEB,  CFD,  7befegmenis  AEB,  CFD,  «rf  =  t$ 

arejimilar,  Me  anther, 

II,  7befe  fegments  are  fubtended  by 

equal  cbords  AB>  CD. 

Demonstration. 
If  not. 


B. 


The  fegments  AEB,  CFD,  are  uhequal. 


lECAUSE  the  fegment  AEB  is  not  =  to  the  fegment  CFD 

(Sup.),  ff  the  chord  AB  is  =  to  the  chord  CD  (Hyp,  2.). 

I.  Upon  the  &me  ftraight  Une  AB  or  its  equal  CD,  there  could  be  two 

(imilar  fegments  of  ©,  AEB,  CFD ;  which  is  impoflible.  P.  23.  A  J. 

a.  Therefore,  thcfe  fegments  are  =  to  one  another. 

Which  was  to  be  demonftrated. 
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P.  10.  B,  I. 
F.  n.B.  I. 


P,  23.  B.  I. 


yy      PROPOSITION.  XXV.    PROBLEM  III 

XjL  Segment  of  a  circle  ( ADB)    being  given ;  to  dcfcribe  the  circle  of 
"w^hich  it  is  the  fegment. 

Given  Sought 

Tbefegment  9/  ©  ADB.        Tbe  center  C  of  the  ©,  of 'which  ADB  is  thefegmnt. 

Refolution, 

1.  Divide  the  chord  AB  Into  two  equal  parts  in  the  point  £. 

2.  At  the  poinnt  E  in  AB^  ere^  tl^e  ±  EI). 

3.  Draw  the  ftraight  line  AD, 
And  V  ADE  will  b^  >,  or  <,  or  c=  V  DAE. 

CASE    I.  &  II. 
If  V  ADE  be  either  >  or  <  V  DAE  (Ftg.  i .  &  a.). 

4.  At  the  point  A  in  DA,  make  V  DAC  =  to  V  ADE. 
J.  Produce  DE  10  C  (Fig.  i.),  &  draw  BC  (Pig,  1.  &  2.). 

B  'Demonstration. 

ECAUSEintheAADCthe  VDACIs  =  toVADCr^^/4.). 
I.  The  fide  AC  is  =  to  the  fide  DC. 

But  in  the  A  AEC,  BEC,  the  fide  AE  is  r=  to  the  fide  EB,  the  fide 

EC  common  to  the  two  A,   &  the  V  AEC  =e  to  the  V  BEC 

(Ref  2.  &  Ax.  10.  B,  I.). 

The  bafe  AC  will  be  =  to  the  bafe  BC. 

Confequently»  the  three  ftraight  lines  AC,  DC,  BC»  drawn  from  the 

point  C  to  the  O  ADB,  are  =  to  one  another. 
4.  Wherefore,  the  point  C  is  tlic  center  of  the©,  of  which  ADB  is  the  P. 

fegment. 

CASE   in. 
— ^       If  V  ADE  be  =  to  V  DAE  (Fig.  3.). 

I.  1  HEN  the  fide  AE  is  =  to  the  fide  ED.  P. 

z.  Confequently,  AE  being  =  EB  (Ref.  i.),  the  three  ftraight  lines  AE, 

ED,  EB,  drawn  from  a  point  E  to  the  O  ADB,  are  =  to  one  another.  Ax.  i,  B.t. 
3.  From  whence  it  follows^  that  the  point  E  is  the  center  of  the  ©  of 

which  ADB  is  the  fegment.  P.  9.  B.  j 

Which  was  to  be  demonftrated. 


3. 

3- 


P.  s-  B  I. 


P.  4.  B.  I 


Ax. 


.B.u 
B.3. 


S.B. 
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Thefis. 
n*  arcbes  BMD,  ENG, 
up«H  vibicb'tbeft  \fJl»iiJ, 
are  ^  A  tne  anttbcr. 


PROPOSITION  XXVL    THEOREM  XXIIl 

In  equal  circles   (BADM,  EFGN,),  equal  angl^,  whether  they  beat 

the  centers  as   (C  &  H)  or  at  the  circumferences  as   (A&  F),  ftand  upon 
equal  arches  (BMD,  ENG,). 

Hypothefis. 
/.  TO#  VC,  H,  are  V  at  the  centers^  tf  efual. 
11  The  V  A,  F,  are  V  at  the  Q,  ti  equai 
HI,  Thefe   V   are  contained    in  the  equal  © 
BADM,EFGN. 

Preparation. 

Draw  thie  chords  BD,  EG. 

Demonstration. 

_  HE  two  fides  CB,  CD»  of  the  A  BCD  being  r:  to  the  two  fides 
HE,  HG,  of  the  A  EHG  (Hjp.  y  &  Ax.  i.  A  3.),  ft  the  V  C  = 
to  the  V  H  (Hyp.  a.). 
I.  The  bafe  BD  will  be  :=  to  the  bafe  EG.  P.  4.  B.  i. 

And  becaufe  V  A  is  =  to  V  F  (Hyp.  1.). 
a.  The  fcgment  BAD  is  fimilar  to  the  (eginent  EFG.  Ax.2,  B.y 

3.  Wherefore,  the  bafe  BD  being  =  to  the  bafe  EG  (Arg.  1.),  thefe 

fegtnents  will  be  =  to  one  another.  P.  24.  B.  3. 

Therefore,  if  the  equal  fmnents  BAD,  EFG,  (Arg.  3.)  be  talea 

away  from  the  equal  ©BADM,  EFGN,  (H^p,  3.}. 
A.  The  remaiiuiig  arches  BMD,  ENG,  will  be  alfb  =  to  one  another.  Ax,y  B,  i. 

Which  was  to  be  demonftratcd. 
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PROPOSITION  XXVII.     THEOREM  XXIV. 

J^N  equal  circles  (BAG, DEF,)  the  angles,  trhether  at  the* centers  at 
(BCG  &  H)  or  at  the  circumferences  as  (A  &  E)>  which  (land  uppn  equal 
arches  (BG,  DF,)  ;  are  equal  to  one  another. 

Hypothefis^  Thefis. 

/.  ^he  ©  BAG,  DEF,  art  =r,  as  alfo  their  I  The  V  BCG  W  H  «/  th  centers, 

arches  BG,  DF.  are  =  to  one  another, 

II,  the  V  BCG  IS  Wat  the  centers,  as  alfo  II  The>f  AfSE at  the  Q,  are aU 

theWA^Eat  the  Q,  /an  J  upon  ==  fozzto  one  another, 

arches. 

Demonstration. 
If  not, 

The  V  BCG  &  H  at  the  centers  will  be  unequal,  &  pne,  as 
BCG,  will  be  >  the  other  H. 

Preparatfdn. 

At  the  point  C  in  the  Hoc  BC,  make  the  V  BCK  =5  to  V  H.       P,  aj.  B,  i. 


1.1  HI 


[EREFORE  the  arch  BK  13  =  to  the  arch  DF.  P.26*S,3. 

But  the  arch  DF  being  =  to  the  arch  BG  (Hjp,  z)  €  J^  \  B  x 

ill  The  arch  BK  will  be  alfo  =  to  the  arch  BG ;  which  is  impoflible     <  ^^'  i*  »'  j  • 

3 .  Confequeiitly,  the  V  BCG  &  H  at  the  centers,  are  =  to  one  another.  ^  '    '  * 

Which  was  to  be  demonftrated.  I. 
And  thefc  V  being  double  of  the  V  A  &  F  at  the  Q  (P.  ao.  B,  3.). 

4.  Thefe  V  A  &  £  at  the  d  are  alfo  =  to^ne  another.  Jx.  j.  B.t. 

Which  was  to  bt  demonftrated.  II, 
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PROPOSITION  XXVia     THEOREM  XXV. 


N  equal    circles    (ABDE,  FHMN,) ;    the  equal  chords  (AD,   FM,) 
Wend  equal  arches  (ABD,  FHM  or  AED,  FNM,). 


Hjpotliefis. 
/.  tht  ©  ABDE,  FHMN,  an  tqual. 
Jl  The  chords  AD,  FM,  art  equal. 


Thcfo. 
ne  cb^ds  AD,  FM,  fuhitmJ  epia! 
arches  ABD,  FHM  9r  AED,  FNM. 


Preparation. 

I.  Find  the  centers  C  &  G  of  the  two  ©  ABDE,  FHMN.         P.  \.  B,  3. 
a.  Draw  the  lays  CA,  CD,  alfo  GF,  GM.  Ptf.  1. 

Demonstration. 

JCjECAUSE  the©  ABDE,  FHMN,  are  equal  (Hjp,  i.). 

1.  The  fides  CA,  CD,  &  GF,  GM,  of  the  A  ACD,  FGM,  areequaL      Ax.  i.  J.j. 
And  the  chords  AD,  FM,  being  equal  (Hyp.  a.). 

2.  The  V  ACD,  FGM,  are=  to  one  another.  P.  8w  A  !• 

3.  Confequently,  the  arches  AED,  FNM,  fubtended  by  the  chords 

AD,  FM,  will  be  alfo  =  to  one  another.  P,  a6.  A  3. 

4.  And  moreover,  the  whole  Q  being  equal  (Hyp.   i.),  the  arches 

ABD,  FHM,  are  alfo  equal.  Ax.  3.  M.  i. 

Which  was  to  be  deraonftrated. 


BooklH 
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^  PROPOSITION  XXIX.     THEOREM  XXFI. 

£n  equal  circles  (BADM,  EFHN,) ;  equal  arches  (BMD,  ENH,)   ire 
fubtended  by  equal  chords  (BD,  EH,). 

Hypotiefis.  Thcfis. 

/.  Tie  ©  BADM,  EFHN,  an  equal.  Th  chords  BD,  EH,  'whid  ful- 

II.  Tie  arches  BMD,  ENH,  are  equal.  tend  tbefe  arches^  are  equal. 


B 


Preparation. 

1.  Find  the  centers  C  &  G  of  the  two  ©  BADM,  EFHN. 

2.  Draw  the  rajs  CB,  CD,  GE,  GH. 

Demonstration. 


Pi    A3. 

Pof.   I. 


E  CAUSE  the  ©BADM,  EFHN,  are  equal  (Hyp.  i.). 

1.  The  ijdca  CB,  CD,  &  GE,  GH,  of  the  A  BCD,  EGH,  are  =  to  one 

another.  Ax,  i,B.7. 

But  the  arches  BMD,  ENH,  being  alfo  equal  fHjp,  2.). 
a.  The  V  C  &  G,  contained  by  thofe  equal  fides,  will  be  =  to  one 

another.  ^  P.  zy.  B.  3. 

J,  Confequently,  the  chord  BD  is  =  to  the  chord  EH.  P,  ^,  B.  \. 

Which  was  to  be  demonftratcd. 
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PROPOSITION  XXX.     PROBLEM  If^. 
O  divide  an  arch  (ABD)   into  two  equal  parts  (AB,  BD^}. 


Given 
The  arch  ABD. 


Refolution. 


Sought 
7he  dMJioK  rf  the  ar€b  ABD 
lnt9  i^o  equal  ^rts  AB,  BD. 


1 .  From  the  point  A  to  the  point  D,  draw  the  chord  AD.  P^f.   t. 

2.  Divide  this  chord  into  two  equal  parti  at  the  point  C.  P.  la.  B,i, 
J.  At  the  point  C  in  the  ftraight  line  AD,  ered  the  ±  CB,  which  P.  ii .  J?,  i, 

when  produced,  will  divide  the  arch  ABD  into  two  equal 
parts  at  the  point  B. 


Preparation. 


Draw  the  chords  AB,  DB. 


/^•/ 


i3  EC  A  USE  the  fide  AC  is  =  to  the  fide  CD  r/f^/ 2),  CB  com- 
mon to  the  two  A  ABC,  DBC,  &  the  V  ACB  =  to  the  V  DCB 
(Jx.  10.  B.  I.  &Re/.  3,). 

1.  The  bafc  AB  is  =  to  the  baft  DB.  P.  4.   B.  i. 

2.  Confequend^,  the  arches  AB  &  DB,  fubtended  by  the  equal  chords 
AB,  DB,  are  =  to  one  onother,  and  the  whole  arch  ABD,  is  di- 
vided into  two  equal  parts  in  B.  P,  28.  B,  3, 

Which  was  to  be  done. 
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PROPOSITION  XXXI.    rUEOREMXXVIL 


_N  a  circle,  the  angle  (ADB)  in  a  femicircle  (ADEB),  is  a  right  angle; 
but  the  angle  (DAB)  in  a  fegment  (DAB)  greater  than  a  femicircle,  is  lefs 
than  a  right  angle,  &  the  angle  (DEB)  in  a  fegment  (DEB)  lefs  than  a  fe- 
micircle, is  greater  than  a  right  angle  :  alfo  the  mixtilineal  angle  (BDA)  of  » 
the  greater  fegment,  is  greater  than  a  right  angle,  &  that  (BDE)  of  the  lefler 
fegment,  is  lefs  than  a  right  angle. 

CASE    I. 
H/pothelis.  Thcfis. 

rbt  V  ADB  is  in  thcftm  ©  ADEB.  WiV  V  ADB  is  a  U 

Preparation. 
I.  Draw  the  ray  CD.  /V^»i. 

a.  And  produce  AD  to  N.  Fof,  2. 

Demonstration, 


B. 


BECAUSE  in  the  A  ADC  the  fide  CA  is  =  to  the  fide  CD 
(D,  15.  B.  1.). 
I.  The  V  CDA  is  =  to  the  V  CAD.  P,  $.  S.  t. 

Again,  in  the  A  CDB 1  the  fide  CD  heing  =  to  the  fide  CB.  />.  i  j.  5.  i^ 

a.  T^e  V  CDB  is  =  to  the  V  CBD.  P.  5.  ^.  i. 

3.  Confcquentlv,  V  ADB  is  =  to  V  CAD  +  CBD.  jix,  2.  A  1. 
But  V  NDB  18  alfo  =  to  V  CAD  +  CBD  (P.  3a.  B.  i.). 

4.  Wherefore,  this  V  NDB  is  =  to  V  ADB.  ^  jfx.i.B.i. 

5.  From  whence  it  follows,'  that  V  ADB  is  a  L..  D.  10.  B,  1. 

CASE    II. 

HTpothefis.  Thefis. 

7'i<  V  DAB  is  in  tbefegnuni  DAB  >  afemi  0.  Tbis  V  DAB  is  <  tf  L. 

Demonstration. 

JjEC  AUSE  In  the  A  ADB,  the  V  ADBisaU  r^^/e  I). 
I.  The  V  DAB  wiUbe  <  a  L.  P.  17.  B,  i. 

R 
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CASE    III. 

Hypothefc. 
The  V  DEB  is  in  afegment  DEB  <  afemi  ©. 


Thefis. 
nis  V  DEB  ^   >  «  L. 


Demonstration. 

1.  X   H  E  the  oppofite  V  DAB  -}-  DEB  of  the  quadrilateral  figure 

ADE3  arc  =  to  2  L.  />.  aa.  S  i. 

a.  Wherefore,  V  DAB  being  <  a  U  (Cafe  IIJ,  DEB  wiU  be  neccfla- 
rily  >  a  L.. 

CASE    IV. 
Hypothecs.  Thefis. 

rbe  mixtilineal  V  BDA,  BDE,  are  7be  V  BDA  is>  a\^y  th 

formed  by  the  ftraight  line  BD  W  V  BDE  i$  <  «  U. 

the  arches  DA,  DE. 

Demonstration. 

Because  the  reaillneal  V ADB,  NDB,  are  U  (Cafe  /J. 

I.  The  mixtilineal  V  BDA  will  be  neceflarily  >  a  L»,  &  the  mixtilineal 

VBDE<aL.  Ak^Z.EA. 

Which  waa  to  be  demoiiftiat«d« 


look  HI. 
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PROPOSITION  XXXII.     THEOREM  XXVIIL 

JI^F  a  ftraight  line  (AB)  touches  a  circle  (ECF),  &  from  the  point  of  con- 
taa  (F)  a  chord  (FD)  be  drawn;  the  angles  (DFB,  DFA,)  made  by  this 
chord  &  the  tangent,  fliall  be  equal  to  the  angles  (FED,  FCD,)  which  are 
in  the  alternate  fegments  (FED,  FCD,)  of  the  circle. 

Hjpothcfis.  Thefis. 

/   BA  u  a  tangent  of  tht  ©  ECF.  /.  "The  V  FED  is  =  /*  V  DFB. 

//.  And  FD  is  a  chord  of  this  ©  //.  7he  "iYQX^  is  =  t$\/  DFA. 

drawn  from  the  point  of  contad. 

Preparation. 


1 .  At  the  point  of  contaft  F  in  AB,  ere£l  the  JL  FE. 

2.  Take  any  point  C  in  the  arch  DF,   &  draw  ED, 


P.  11.^.  I. 


DC,  CF.  Pof  I. 

B  Demonstration. 

EC  AU  8E  the  ftraight  line  AB  touches  the  ©  ECF  (Hyp.  i.), 
and  FEis  a-Lereftcd  at  the  point  of  contaft  F  in  the  line  AB  (Prep,  i.). 
I.  The  ftraight  line  FE  is  a  diameter  of  the  ©  ECF.  P.  19.  ^.  3. 

a.  ConfequentJy,  V  FDE  is  a  L.  P.  31.  J?.  3. 

3.  Wherefore,  the  V  DEF  +  DFE  are  =  to  a  L.  P.  32.  B,  i. 
But  V  EFB  or  V'  DFE  +  V  DFB  being  alfo  =  to  a  L  (Prep,  i.). 

4.  The  V  DEF  +  DFE  are  =  to  the  V  DFB  +  DFE.  Ax,\.B,\. 

5.  Wherefore,  the  V  DEF  is  =  to  V  DFB,  or  the  V  in  the  fegment  C  Ax.  yB.  1. 
DEFi8=  tothc  Vmadc  bj  the  tangent  BF  &  the  chord  DF.  t  P.  21 .  -5.  3. 

Which  was  to  be  denionftrated.  I. 

The  V  FED  +  FCD  being  =  to  2  L.  (P.  22.  B,  3.),  &  the  adja- 
cent V  DFB  +  DFA  being  alfo  =  to  2  L  (P.  13.  B.  i.).  Ax.  \.  B  i. 

6.  The  V  FED  +  FCD  are  =  to  the  V  DFB  +  DFA. 

7.  Wherefore,  V  FED  being  =  to  the  V  DFB  (Arg.  5.),  the  V  FCD 

is  alfo  =  to  the  V  DFA  ;  or  the  V  in  the  fegment  FCD  is  =  to  C  Ax.  ^.B.i, 
the  Vcontained  by  the  tangent  AF  &  the  chord  DF.  c  ^.  2 1 .  if.  3. 

Which  was  to  be  dcmonftrated,  11. 
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--  PROPOSITION  XXXni.     PROBLEM  y. 

U  P  O  N  a  given  ftraight  line  (AB),  to  defcribe  a  fegment  of  a  ditk 
(ADB)  containing  an  angle  equal  to  a  given  re^lineal  angle  (N). 
Given  Sou^t 

^htfiraight  line  AB  Ugetber  wtb  V  N,  7bi  fegment  ADB  Jkfcriitd  mfvt 

AB,  cwtaining  ««  V  =  /•  V  N. 
w  CASE  I.    If  the  given  V  is  a  U.    r^fff.  i.), 

XT  fuffices  to  defcribe  upon  AB  a  femi  ©  ADB.  JV^  3. 

|.  This  (emi  0  will  contain  an  V  3=  to  the  given  right  V  N,  -^t  3 1.  A  3. 

C  A  S  £  II.  If  the  given  V  is  acute  (Ftg,  ^.)  or  obtufe  (fig.  3.) 

Refolution. 
I.  At  the  point  A  in  AB,  make  thc^VBAEsrto  the  given  VN. 
a.  At  the  point  A  in  AE,  ere6t  the  i  AG. 

3.  Divide  AB  into  twoequni  parts  in  the  point  F, 

4.  At  the  point  F  in  AB,  ere^  the  JL  FC,  which  will  cut  AG  in  C. 
S-  From  thp  center  C  at  the  diftaaceCA,  defcribp  the  ©  ADG, 

Preparation. 
Draw  the  ftraight  line  CB. 
TJ  Demonstration. 

XjECAUSE  intheAACF,  BCF,  the  fide  AF  is  r=  to  the  fide 
oPfRef  3.),  FC  common  to  the  two  A,  &  die  V  AFC  =  the  V  BFC 
C^x,  10.  B.   I,  &Re/.  4.). 

1.  The  bafe  CA  is  =  to  the  bafe  CB. 

2.  Confequendy,  the  ©  defcribedfrom  the  center  C  at  the  diftance  CA,  ^  rx  , 
will  pafs  thro*  the  point  B,  &  ADB  is  a  fegment  deicribed  upon  AB.  I  ^' 
But  AE  touching  the  ©  ADB  in  A  fRef.  2.  &  P.  16.  Cer.  B.  y),  ^  ^- ' 
and  AB  being  a  chord  drawn  from  this  point  of  contact  A  (^^rg,  2.}. 

3.  The  V  contained  in  the  alternate  fegment  ADB  is  =  the  V  BAE.        P,  ^z.  A  J. 

4.  Wherefore,  V  BAE  being  =  to  the  given  V  N  (Ref.  i.),  the  V  con- 
uined  in  the  fegment  ADB  defcnbed  upon  AB,   is  alfo  =  to  the 

givpn  V  N.  Ac.  I.  B.  I. 

Which  wu  to  be  done* 


^.a3-B.i, 
P.  n.Ai. 
P.  10.  B.  I, 
P,  II.  A  I. 


P.  4-  A  I. 

5.  A  I. 
9-Ai. 
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PROPOSITION  XXXIV.     PROS  lEM  FL 

X  O  cut  off  a  fegment  (BED)  from  a  given  circle   (BDE)|  which  fhall 
contain  an  angle  (DEB)  equal  to  a  given  redilineal  angle  (N). 

Given  Sought 

Vbe  ©  BDE,  ti  tbi  reaWneal  V  M.  7be  fegmnt  BED  cut  (^  from  ibis  ©, 

fotttaining  an  V  DEB = io  ibegifjcn  V  N. 

Rcfohtion. 

1.  From  aay  point  A  to  the  ©  BDE,  draw  the  tangent  ABC.      P.  17.  B.  3, 

2.  At  the  point  of  contaft  B  b  the  Hn^  AB^  waUp  the  V  DBA 

=  to  the  given  V  N.  P.  aj.  B.  i. 

Demonstration. 
Because  the  given  vn  i8=:to  the  V DBA r/Zf/: 2.),  & 

V  DEB  =  to  the  V  DBA  (P.  3a.  A  3.). 

I.  The  V  DEB  &  N  are  =  to  one  another.  Ax.  I.  A 1. 

^.  Wherefore,  the  fegment  BED  is  cut  off  from  the  ©  B^E,  contam- 

JDg  an  V  DEB;?;  to  the  given  V  N.  P.21. -P.3. 

Which  was  to  be  done. 
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PROPOSITIOK  XXXV.    THEOREM  XIIX. 

F  in  a  circle  'DAEB;  two  chcrds  ^AB,  DE,)  cm  cnc  aootfacr-  Ac  la- 
uogle  cocuincd  br  the  fegments  ^AF,  FB,)  of  cnc  of  than,  b  eqinl  lotb 
fcciar.gSt  cortaiEtti  b/  the  Icpnents  (DF,  FE,)  of  the  odxr. 

Hvipodiem.  ti^c* 

L  AB,  DE,  -irr  /«#  r^«ri£r  ^f  the  fame  ©  DAER  7Zv  R^  AP    FB  if  =:* 

//,  And  theft  chtrdi  cut  ^ne  anther  im  a  pmnt  F.  the  Rgfc  DP  I  FE. 

CASEL    Ifdietwochonb|Kiiitliio*die< 

Demonstration. 


F  of  tbe  0.  rtg,  I. 


I,  1  Hi 


£  N,  the  ftra'^i  lines  AF,  FB,  DF,  FE»  «ie  =  »  one 
another.  />  ,.  ^, 

2.  Conic  juentir,  the  Rgic  AF .  FB  is  =:  to  the  RgJe  DF .  FE.  Jbcjx  B.% 

CASEIL  If  one  of  the  chords  AB^fnfles  thro' tlie  center  & 
cuts  the  other  D£  which  does  not  pafs  thio'  the 
center  at  L  (Fig.  2.). 

Preparation. 
Draw  the  ray  pE.  f^  i^ 

Demonstration. 


E  C  A  U  S  C  the  ftraight  line  AB  h  cut  eqnallj  in  C  ft  oneqiialJ/ 


B 

inF. 

1.  TheReleAF.FB+theDof  CFissrtoihcDof  CB,oris=r/»  c  *1 
totheUofCE.  lAjiiBu 
But  the  D  of  FE  +  the  D  of  CF  IS  alfo  =r  to  the  D  of  CE 

(P.  47.  ^.  «.). 

2.  From  whence  it  follows,  that  the  Rglc  AF .  FB  +  the  D  of  CF 

is  =  to  the  a  of  FE  +  the  D  of  CF.  jfjc.  i.l  i. 

3.  Confequenilf,  the  Rgle  AF  .  FB  is  =  to  the  D  of  FE.  jfje.i. B, u 
And  fince  DF  is  =  to  FE  fP.  3.  B,  3.),  or  DF .  FE  =  to  ttc  D 

of  FE  C^x.  2.  B.  2.), 

4.  The  Rglc  AF .  FB  is  alfo  =  to  the  Rglc  DF .  FE.  ^fr.  i.  S.  1. 
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CASE  III.  If  one  of  the  chords  AB,  paffes  thro*  the  cen- 
ter &  cuts  the  other  DE  which  does  not  pafs 
thro'  the  center,  obliquely  (Fig.  3.}. 

Preparation. 

i.  From  the  center  C,  let  faJl  upon  DE,  the  X  CH;  P,  12.  B.  r. 

2.  And  draw  the  raj  CD.  Pcf.  i. 

Demonstration. 


B. 


BECAUSE  DU  is  i:zio  HE  f  Prep.  i.  &  P.t.  B.  3.). 

I.  The  Rgle  DF .  FE  +  the  D  of  FH  is  :=  to  the  D  of  DH.  P.  5.  B,  2. 

j>.  Wher^rc,  the  Rgle  DF .  FE+  D  of  FH  +  D  of  CH  is  =  to 

the  D  of  DH  +  D  of  CH.  Ax.  z.B.i. 

But  the  Dof  FH  +  Dof  CH  b  =  to  the  Dof  CF,  &theDof 

DH  +  the  Dof  CH  is  =  to  the  Dof  CD  (P.  47.  B.  i.). 
3.  Therefore,  the  Rgle  DF.  FE  +  D  of  CF  is  =  to  the  D  of  CD  or 

totheOofCB.  Ax.i.B.i. 

Moreover,  the  Rgle  AF .  FB  +  D  of  CF  bemg  =  to  the  fame  D 

of  CB  (P.  5.  B,  2.). 
4.ThcRgie  DF.FE  +  D  of  CF  is  alfo  =  to  the  Rgle  AF  .  FB  + 

DofCF.  Ax.i.B.u 

c.  Or  takmg  away  the  common  D  of  CF,  the  Rgle  DF .  FE  is  =r  to 

theRgkAF.FB.  Ax.i^.B.u 

C  A  5  E  IV.    If  neither  of  the  chords  AB,  DE,  paffes  thro* 
the  center  (Ftg,  4.). 

Preparaiion. 
Thro'  the  point  F,  draw  the  diameter  GH.  Pe/  i. 

Demonstration. 


B. 


BECAUSE  eachof  theRglesAF.FB&DF.FEis  =:  to  the 
RgleGF.FH^Ctf/r///J. 
1.  Theft  Rgte«  AF  •  F8  »  DF .  FE  are  alfo  =  to  one  another.  Jjc.i.B.i. 

Which  was  to  be  demonilrated. 
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PROPOSITION  XXXVL     THEOREM  XXX, 


_  F  from  any  point  (E)  without  a  circle  (ABD)  two  (Iraight  lines  be 
drawn,  one  of  which  (DE)  touches  the  circle,  fir  the  other  (EA)  cuts  it ; 
the  redangle  contained  by  the  whole  fecant  (AE),  fir  the  part  of  it  (EB) 
without  the  circle,  (hall  be  equal  to  the  fquare  of  the  tangent  (ED). 

Hypothecs.  Thcfis. 

I  The  point  E  //  taken  wthout  the  0  ABD.  The  Rffle  A£ .  EB  w  z=:  f •  ilit 

//.  From  this  point  E,  m  tangent  EDi^a/e^  D  »^  ED. 
cant  EAy  have  teen  iirawn. 

C  A  S  E  I.  If  the  fecant  AE  paflcs  thro'  the  center  (Fig,  i.). 

Preparation, 

From  the  point  of  contact  D,  Draw  the  ray  CD.  Prf.  !• 

Demonstration. 

I.   X  HE  ray  CD  IS  then  ±  to  the  tangent  ED.  P,  18.  B.  3. 

And  becaufe  the  ftraight  line  AB  is  bifeSed  inC,  &  produced  to  the 

point  E. 
a.  The  Rgle  AE.  EB  +  the  D  of  CB  is  =  to  the  D  of  CE.  P.  6.  B.  a. 

Moreover,  the  D  of  CE  being  alfo=  to  the  D  of  DE+thcDof  CD 

(P^^7.B.  I .),  or  to  the  D  of  DE+  the  D  of  CB  fP.  46.  Cor,  3.  B,  i.). 

3.  The  Rgle  AE  .  EB  +  the  D  of  CB  is  =  to  the  D  of  DE  +  the  D 

ofCB.  Jx.i.B.u 

The  D  of  CB  being  taken  away  from  both  fides. 

4.  The  Rgle  AE.  EB  will  be  =  to  dxeD  of  DE.  Ax.j.B.u 

C  A  S  E  n.   If  the  fecant  AE  does  not  pafs  thro*  the  center.       Fig,  a. 
Preparation. 


1 .  Let  fall  from  the  center  C  upon  AE,  the  ±  CF. 
a.  Draw  th^  rays  CB,  CD,  &  the  Rraight  line  CE. 


P.  10-  B.  u 
Po/.i. 
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Demovstration. 
EC  AUSE  tlN!  fiimMit  Hoe  AB  »  bii«a«l  In  J  {Prtf.  i.  hP.  $. 


B 

B.  3^  and  prodvced  lo  toe  point  £. 
I.  The  Rglc  AE£B  +  D  of  FB  is  =  to  the  D  of  PE. 
Z.  Confeqacntlj,  tbe  Rglc  AE.  EB  +  Q  of  FB  J-  D  of  FC 
to  the  D  of  FE  +  D  of  FC,  or  is  =  to  the 


_    P.6.B.2. 

^ r ,  w.  .. ...  a  ofCE.        "  ""(f^-**  '• 

But  (ince  the  D  of  DE  +  Q  of  CD  is  =  to  the  D  of  CE,  aod  ^  '^"♦7-  '•  '• 

the  D  of  FB+  D  of  FC  is  =  to  the  D  of  CB  (P.  47.  B.  i  J,or  is 

=  to  theD  o(CD  (D  15.  &  R  46.  Cpt,  3.  B,  i.) 

The  Rg!e  AE.EB  +  D  of  CD  is  =  to  the  D  of  DE  +  D  of  CD. 


4«  Confequently,  the  Rgle  AE.EB  is  =  to  the  Q  of  DE. 


Which  was  to  be  demonfirated. 


^x3.ir.  1; 


I 


COROLLARr   I 


_^P  (fig-  3  )  frff^  ^ny  /w«^  (^)  wiV^w/  a  circU  CADBF),  there  le  drknmfrueral 
firaight  lines  (AE,  EG,  &c).  cutting  it  in  (B  &  F,  &c):  the  reSahgles  contained  by  the 
wb3efecants  (AE,  GE),  and  the  parts  of  them  (EB,  EF)  ^itbmt  the  circle,  are 
equal  to  one  another ;  for  drawing  from  the  point  (E)  the  tat^ent  (ED),  i^efe  reSangks 
nvilibe  efualto  tbefquare  of  the  fame  tangent  (ED). 

CO  RO  LL  A  Rr  n. 

^P  from  any  point  {E),,'UfithotH  a  circle  (ADBF),  there  he  drawn  to  this  circle 
two  tangents  {ED,  EC),  they  will  he  equal  to  one  another,  hecaufe  tbefquare  of  each 
is  equoTto  the  fame  reQangU  (AE.EB), 
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Y  PROPOSITION  XXXVII.  THEOREM  XXJTL 
L  F  horn  a  pcM  (E),  with6ut  a  circte  (ADH),  there  be  dntwn  two  ibaigbr 
lines,  one  of  which  (AE)  cuts  the  circle,  and  the  other  (ED)  meets  if;  if 
the  redangle  contained  by  the  whok  fecant  ( AE)  ftnd  the  part  of  it  wittwift 
the  circle  (EB),  be  equal  to  the  fc^uare  of  the  line  (£D)  which  meets  if: 
the  line  which  meets  fhail  touch  the  circle  in  D. 


Hypothefis. 
/.  AE  cuts  the  ©  ADH  in  B. 
//.  ED  meets  the  Q. 
UL  neRgieAE.EBis  =  t9tieD  of  ED. 


Thcfis. 
The  flraight  line  ED  tuscBes  dr 
0  ADMintbepwniiy. 


Preparation. 


I .  From  the  point  E  to  the  0  ADH  draw  the  tsngent  EH.  P.  ly.B.y 

a.  Draw  the  ra/s  CD,  CH  and  the  ftraight  line  CE.  Psf,  t. 

Demonstration^ 

13  EC  A  U  SE  the  Rgle  of  AE.EB  is  =  to  the  Q  of  ED  (Hyp.  3.)  and 
the  Rgle  AE.EB  is  alfo  =  to  the  D  of  EH  (Ptep.  1  5^  /*•  36.  ^.  3  )  r  »  ^/:  »  . 
The  D  of  ED  is  =  tothe  D  of  EH  (Jx.  i.  J?.  i.)or  ED  =  EH.  \  ^V>  Jf-  «• 
And  moreover,  fince  in  the  A  CDE,  CHE,  the  fide  CD  is  =  to  ^  ^^'  ^ 
the  fide  CH  (D,  15.^.  1),  anc)  CE  is  common  to  the  two  A. 
The  V  CDE  is  =  to  the  V  CHE.  P.  8.  S.  \. 

Wherefore,  V  CHE  being  a  U  (Prep.  I.  £sf  P.  i^JB.  3).  V  CDE  is 
alfo  a  L.  Ax  \.  B,t. 

And  the  ftraight  line  ED  touches  the  0  ADH  In  the  point  D.         i  c^^3^'  ^ 


I. 


ofciv; 
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Fig.  I    B 


DEFINITIONS. 


l\  Re ffilingaJ figure  (ABCD)  b  faid  to  be  infcrihed  in  another  reffilineal 
r^fir^  (EFGH),  when  all  the  angles  (A»  B,  C>D)  of  the  infcribed  figure^ 
ire  upon  the  fides  of  the  figure  in  which  it  is  infcribed  (fig,  i). 

IL 

In  like  manner  a  reffilinealfigun  (EFGH)  is  faid  fp  be  iefcrtled  affout 
wnotber  re^ilineal  figure  (ABCD) ;  when  all  the  fides  (EF,frG,  GH,  HE) 
Df  the  circumfcribed  figure  pafs  thro'  the  angular  points  (A>  Bj  C>  D)  of  the 
figure  about  which  it  is  defcribed^  eacb  ^o*  each  (Fig.  i). 


HL 


A  reHiUneal figure  (ABCD)  is  faid  /«  be  infcribed  In  a  circte^  when  all  the 
angles  (Ay  B,  C,  D)  of  the  infcribed  figure  are  upon  the  circumference  of 
the  cricle  (ABCDE)  in  which  it  is  infcribed  (fig.  2). 

IV. 

A  reffilineal  figure  {ABCuE)  is  faid  to  bi  defcribed  ibout  a  circhf  when 
each  of  the  fides  AB,  BC>  QD|  D£>  £A)  toiich(»  Uie  circumference  of  the 

pidcf%3). 
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D  E  F  I  NI  T  I  O  N  S^ 


Circle  (ABCD)  is /aid  to  be  infcribed  in  a  re ffilinial figure  (EFGH)f 

when  the  circumference  of  the  circle  tonchei  esch  of  the  fides  (EPi  FG^  G^ 
HE)  of  the  figure  in  which  it  is  infcribed  (Fig.  i). 

VL 

A  circle  (ABCD)  //  defcribed  ahout  a  reaHineJ figure  (ABQ»  when  the 
circumference  of  the  circle  paffes  thro'  all  the  ti^lar  points  (Ay  B»  C)of 
die  figure  about  which  it  it  defcribed  (Pig.  2}. 

VU. 

Afiraigbt  line  (AB)  is  /aid  to  be  f  faced  in  a  circle  (ADBE)t  what  Ae 
extremitiea  of  it  (A  &  B)  are  in  the  circumference  of  the  circle  (fig.  3^. 
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PROPOSITION  I.    PROBLEM   I. 

£  N  a  given,  circle  (ABD)>  to  place  a  ftraight  line  (AB)  equal  to  a  gives 
Oraight  nae  (N),  not  greater  than  the  diameter  of  the  circle  (ABD). 


Giveo. 
A  ©  ABD  tcgnier  %viib  th  firaigit 
Hm  N,     tut  '>    tte    dsamu^  •f 
tbU  ©. 


Sought. 
nt  ftraight  lint  AB  pksed  itt  tb$ 
0  ABD  &  =:  /« thtgtvtti  ftraight 
line  N. 


Refohtsm. 
Draw  the  cKameter  AD  of  the  0  ABD. 

CASE!.    ffADis  =  toN. 


Pp/.u 


_  HERE  has  been  placed  in  the  given  O  ABD  a  flraightline 
;=  to  the  given  R  D.j.  B.  4, 

CASEH.    IfADis>N. 

t.  Male  AE=r  to  N.  R  3.  B.  t. 

^  From  the  center  A  at  the  diftance  AE  ^eicribe  the  0  EBP, 

and  draw  AB.  'e^3- 

Demonstratiok'. 


B. 


_^ECAUSB  AB  is  =  to  AB  (D.  1 5.  B.  i A  and  the  ftraight  line  N 
i«=toAE^i?r/ I.; 
1.  The  ftraight  line  AB,  placed  in  Ae  0  ABD,  will  be  alio  ==  f^^.  1.^9.  r. 
to  N.  \D.  7.  B,  f . 

Which  was  to  be  done. 
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PROPOSITION    II.    PROBLEM   JI. 

J.N  a  ^iven  circle  (ABjFIC),  to  infcribe  %  triangle  (ABC)  equungilar  to  a 
given  triangle  (DFE). 

G!vea.  Soagbt 

jf  0  ABHC  togts'bfr  viitb  A$  4  Tht  C^  ABC  iufcHhtdim  iht  0  ABHC 

PP£.  ffuiat^ulartQtbeADFE. 

RfifoluMn. 

I .  From  the  point  M,  to  tbe  0  ABHC  draw  tli^  tangent  MN.      P.  1 7.  A  j. 
a.  Xt  the  point  of  contad  A  in  the  line  MN  make  the  V  BAM 

=  totheyFED,  and  the  V  CAN  =  to  the  V  FDE,  P.«.jJ.i. 

3.  Draw  BCX  "^  PbJ.u 

Demonstration. 

|3eC  AUSE  the  V  BCA  }«  =  tqf  the  V  BAM  (P.  3a.  B.  3),  and 

the  V  FED  is  =  to  the  fame  V  BXMfRefi  %)  \  alfo  the  V  CBA  is  = 

to  the  V  CAN  (P.  3a.  J?.  3  J  and  V  FDE  is  =  to  V  CAN  (tUf.  a. 

I.  It  follows  that  V  BCA  is  =  to  V  FED,  and  V  CBA  =  to  V  FDE.  Ax.  a.  JL  f . 

a.  Confequentlf,  the  third  V  BAC»  of  the  A  ABC,  is  alfo  =  to  the 

third  V  DrE  of  the  ADFE,  aadthia  A  ABC  U  infcribed  in  the  fP.sa.  K  %. 

©ABHC.  \J}.  yB.i. 

Which  was  to  be  done* 
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-..      PROPOSITION  in.    PROBLEM  III 

/\^OUT  a  given  circle  (EFG)  to  dcfcribe  a  triangle  (ABD),  equiangular 
to  a  given  triangle  (HKL). 

Gifco.  Sought 

The®  EFG,  t^getbefwithtbeClk  ^he  A  ABD  defcribed ahmit  tbe 

HKL  EFG,  equiangular  to  tbe  A  HKL. 

Refolution. 
I.  Produce  the  fide  HL,  of  the  A  HKf-,,  both  ways.  Pof,  a. 

a.  Find  the  center  C  of  the  0  EFG,  and  draw  the  ray  CE.  P,  \.  B,  3. 

3.  At  the  point  C  in  CE,  make  the  V  ECF  =  to  the  V  KHM, 

and  V  ECG  =  to  V  KLR  P.a3.Ai. 

4.  Upon  CE,  CF,  CG,  ered  the  X  A&,  AB,  DB  produced.        P.  1 1 .  if.  i. 

Preparation. 
Draw  the  ftraight  line  FE.  *  Pof.i. 

B  Demonstration. 

EC  A  USE  the  V  CEA.  CFA  are  L  (Ref.  aJ 

1.  V  FEA  4-  EFA  are  <  a  L,  &  AD,  AB  meet  fome  where  in  A. 
It  mty  be  demonftrated  after  the  fame  manner,  that. 

2.  AD.  DB  &  AB,  DB  meet  fomewhere  in  D  &  B. 

And  fince  AD,  AB,  DB  are  X  at  the  extremities  E,  F,  G  of.  the  rays 
EF,CF.CG^/?tf/4J 

3.  Thefe  ftraight  lines  touch  the  ©  EFG  j  and  the  A  ABD  formed  <•  p   •/;  1?    • 
by  thefe  ftraight  lines  is  dcfcribed  about  tbe  ©  EFG.  }  ^*    n^  i?  ! 
Moreover,  the  4  V  CEA  +  CFA  +  ECF  +  FAE  of  the  qua-  ^  ^•'^•^•4.^.4 
drilateral  figure  AFCE  being  =  to  4  L  ("/"«  3^.  B,  ij,  and  the  V 
CEA  +  CFA  =  to  a  L  (Ref,  4J. 

The  V  ECF  +  FAE  are  atfo  =  to  a  L-  ^x.  3.  5. 1. 

Or  =  to  V  KHM  -f-  KHL  as  being  alfo  =  to  a.L.  f  ^x.  i.B.t. 

But  V  ECF  being  =  to  V  KHM  (Ref.  3).  I  P.  13. 5.  1 . 

The  V  FAE  is  =  to  V  KHL.  and  V  GDE  =  to  V  KLH.  j^x,  3.  J?.  i. 

Hence  the  third  V  FBG  of  the  A  ABD  is  ==  to  the  third  V  HKL 
of  A  HKL.  P.3z.B.t. 

Therefore  the  A  ABD  dcfcribed  about  the  ©  EFG  is  equiangular  to  . 
thegtfcn  A  HKL. 

Which  was  to  be  done. 


Ax.B.B.t. 
Ax.n.B.f. 


4- 
5- 

6, 

7- 
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PROPOSITION  IV.    PROBLEM  IF. 

O  mfcribe  a  circle  (EFG)  in  a  given  triangle  (ABD). 


Grrcn. 
T!ie  A  ABD, 


Rtjohihm. 


SoMht. 
nt   ®  EFG  tn/crOHl  m  A 
A  ABD. 


1.  fiifea  the  V  BAD,  BDA  hj  efae  ftrat^  liifet  AC,  DC  j»m- 

dticed  until  they  meet  one  another  tn  C.  F,  9.  B.  t. 

2.  From  the  point  C  let  Ml  upon  AD  the  jL  CE.  P.  la.  JL  u 

3.  And  from  the  center  C  at  the  diftiace  CE,  deibribe  the  ® 

EFG.  Prf.  3, 

Preparatim. 

From  the  point  C  let  fall  upon  AB  1^  DB  the  ±  CF,  CG.      P.  1  a.  1. 1. 

Demonstration. 

IJECAUSE  in  the  A  AFC,  ACE,  the  V  FACi$=  to  the  V 
CAE  (ReJ.  \),  V  CFA  =  to  V  CEA  (Pnp.  Rif.  ikAx,  10.  A  1);  «r 
AC  common  to  the  two  A. 

1 .  The  ftraight  line  CF  is  =r  to  CE.  P.  a6.  A  1. 
In  like  manner  it  may  be  demonftrated,  that 

2.  The  ftraight  line  CG  is  =  to  CE. 

3.  Confequencly,  the  ftraight  lines  CF,  CE,  CG  are  =  to  one  another ; 

and  the  0  defcribed  from  the  center  C  at  the  diftance  CE  will  ^  ^         . 
alfo  pafs  thro'  the  points  F  &  G  \ne'f  *' 

And  iince  the  fides  AD,  AB,  DB  are  JL  at  the  extremittee  E,  F,  ^  '^'  >'^*    " 
G.  of  the  rays  CE,  CF,  CG  (Ref.  2  ST  Pre^J.  C  P.  16.  ^.  3. 

4.  Thefe  fides  will  touch  the  0  in  the  points  £,  F,  G.  {  C#r. 

5.  Therefore tbe  0  EFG  is  infcribed  in  the  A  ABD. '  D.  $.  B.  4. 

Which  was  to  be  done. 
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PROPOSltlON  V.    PROBLEM   F. 

O  defcribe  a  circte  (ABDH)^  about  a  given  triangle  (ABD). 
Given.  Sought. 

rbtClASSD,  tbt  ®    ABDH  MiniiJatwt 

tbi  A  ABD. 


Refolution. 

t .  difea  the  fides  AB,  bB  in  the  points  E  &  F.  P.  lo.  B.  t. 

a.  At  the  pouts  £  &  F  in  AB,  DB,  erea  the  JL  EC»  FC» 

proddced  tintil  thej  meet  in  C.  F.  1 1 .  ^:  i  • 

^  And  whether  the  point  C  falls  within  (f^.  i.)  or  without 
(J^.  SJ  or  in  one  of  the  fides  (fy,  2/.  of  the  A  ABD, 
trom  the  center  C  at  the  diftaace  CA  defcribe  the 
©  ABDH.  ^  Pof.  3, 


Draw  the  ftraight  lines  CD,  CB.  ty.  u 

BDSMONSTRATIOK. 
ECAUSE  in  the  A  AEC,  BEC,  the  fide  A£  is  =r  to  the  fide  £B 
(RiJ.  i),  EC  doihmon  to  the  two  A,  &  VAEC  =:  to  VBEC  (Ref.  z 
\iAx,\o,B.i) 
a.  The  ftraight  lineCB  is  =r  to  CA.  P.  4.  jft.  i. 

It  may  be  demonftrated  after  the  fiime  UMUiner,  that 
a.  The  ftraight  line  CB  is  =  to  CD. 

3.  Confequently,  the  ftraight  lines  CA,  CB,  CD  are  s  to  one  another  1 

and  the  0  ABDH  defcribed  from  the  center  C  at  the  diftance  Ci<r.  i.B.t. 
CA»  will  pafs  alfo  thro'  the  points  B  &  D.  {  D.  i  $•  S.  1. 

4.  Therefore  this  0  ABDH  is  defcribed  about  the  A  ABD.  D.  6.  B.  4. 

Which  was  to  be  done. 

Co  RO  LL  ARt 

IF  the  triangh  ABD  he  aeuU  anded^  thi p%int  Qfaltt  n»itiin  si  (fig*  1)1  hut  if 
tbU  triangle  be  ebtufe  angled^  hepeini  C  falls  vntboitt  it  (fig.  3}  |  infmeifit  be 
et  right  angka  triangie,  the  feint  C  is  in  ene  if  thefid^s  (fig.  a). 

T 
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PROPOSITION  VL    PROBLEMPL 
O  infcribe  a  Square  (ABDE)^  in  a  f^ven  Cirde  (ABDE). 

Gifffl  Songbc 

7b$  ©  ABDE.  Tbt  D  ABDE  in/crOedin  this  0. 

Ri/aluium. 

1 .  Draw  tbe  Diameters  AD,  BE,  fo  as  to  cut  each  other  at  U.    P.  1 1.  B,  i. 
a«  Join  theirExtreinities  by  the  ftraight Lioet  AB.  BD,  DE»EA.      F9/,  1. 

Demonstratiok. 


_fECAUSE  in  theAABC,  DBC  the  fide  AC  u  =  tothefide 

CD  (RiC-i.  &D.i$,S.i.),  BC  common  to  the  two  A»  &  the 

VBCA  =  to  V  BCD  (Rif.  x.^  Ax.  10.  B.  i). 

I .  The  ftraight  Line  AB  is  =r  to  BD.  P.  4.  B.  r. 

It  mav  be  demonftrated  after  the  fame  manner,  that 
a.  The  ftraight  line  BD  is  =  to  DE,  DE  =:  to  EA  &  EA  =  to  A  B. 

3.  Confequentiy,  the  ftraight  lines  AB,  BD,  DE,  EA  are  ==  to  one 

another,  or  the  quadrilateral  figure  ABDE  is  equihiteral.  Ax.  i.B.\* 

And  becaufe  each  of  the  V  ABD,BDE,  DEA,  EAB  is  placed  in  a 
femi  ®. 

4.  Thefe  V  are  L>  &   the  equilateral  qadrilateral  figure  ABDE  is 

re^tngular.  P.  31. 17.3- 

c.  Wherefore  this  quadrilateral  figure  is  a  fquare  infcribed  in  the  CD. 30.^.1* 
©ABDE.  6-1  1^    ^^^ 

Which  was  to  be  done« 
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PROPOSITION    VIL     PROHLSM  Fll 

X  O  defcribe  a  3^|tDM  <ABCD)  abiitt  a  gittti  Ciitle  (HEFQ. 
Gives.  ^     Soufkt. 

%h$  O  HEFL  r«#  S  Mm  J^cfikdihut 

tbi  0  HEFL 

I.  Draw  the  diameters  £l,  HP  A)  as  to  Oit  e«^Ii  dOtfr  at  L*      An.  At; 
a.  A(  tiK  Bttremhittf  H,  E»  P,  I  of  thofe  dtattteteti  ei^  tlie 

X  AD,  AB>  BC»  CD.  P.ii.  B,t. 

DBMCmSTkATtOK. 

I.    JL  H  E  lines  DA,  AB,  «C.  Cf>,  %tt  ttfi^flts  6f  the  ©  HEPl.    {  qJ.^  *^ 
aw  And  the  ftraiaht  line  AD,  is  Pile,  to  SI,  as  alfe  the  fbaklu  lint    ^ 


siglu 
Bare 


BC ;  bec^nfe  the  V  HG£  -f  6HA,  &  Y  tG&  +  OPBare  : 
a  L.  fife/ I.  e^  a). 


^ 


,    ^  _  AaS.  Ai. 

^.  Coal^iieailir,  AD  is  PUe*  to  BC,  Iikewile  Afi,  HP,  DC  are  Pfles.    P.^o.  M.u 

4.  Wherefore  tBe  quadrilateral  iSpives  AT,  EC,  AP,  HC  AC  are  Pjpnes.  D.^j.  A.u 
r .  Prom  whence  it  follows,  that  the  ftraight  lines  AD»  ET,  BC^  al{»  AB» 

'      HP,  1)C,  »e  r=  to  one  another.  P,^  &i« 

6.  Andfince  EI  is  ±t  t6  HP  (D.  1 ;.  ^.  i.),  the  ftraight  lines  AD>  BC>      • 

AH,  DC  are  eq^.  Jx.u  B.u 

Bui  V  £II>  of  tlie  Pgme.  AI  being  a  U  ^/^fT*  2). 

7.  The  V  A,  which  is  &gooall7  oppofite  to  it,  is  i|Mb  a  U^  P.J4.  Au 
tt  Aay  be  proired  after  the  fiune  manner,  that 

5.  The  V  ^  C,  D  are  L.. 

9.  ConTeciiieatlV,  there  has  Been  deibribed  about  the  ^  (lEPI  A 
qi^uifiUtaral  (tgnre  ABCD  equilateral  (4rg.  6.)  it  reSaagoiar  ^ 
(^rg.  7.  Csf  8}  ;  or  a  fquarr.  C  D.  4«  Ai« 

Which  wal  tp  be  done- 
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PROPOSITION   VIII.     PROBLEM  Fill 

O  infcribe  t  circle  (ABDE)  in  a  given  fquare  (FGHI). 

Given.  Soasht. 

7bi  O  FGHI.  rbe  0  ABDE  ui/mMii 

the  D  (FGHI). 

Refolution. 

I.  Bifea  the  fides  FI,  FG  of  the  D  FGHI.  P.ic l\ 

£.  Thro*  the  points  of  fedion  A  &  B,  draw  AD  Pile;  to  FG  or 

IH  &  BE  PUe.  to  FI  or  GH.  P.ji.  ^i- 

4.  From  the  center  C»  where  AD>  BE  interfe^t  each  other»  at 

the  diftance  CA  defcribe  the  ©  ABDE.  hfy 

Demonstration. 


^  E  C  A  U  S  E  the  figures  FE,  BH,  fD,  AH,  FC,  AE,  BD,  CH  are 
Pgmes.  (Ref.  2.  E*  D.  35.  -».  i). 

I.  The  ftraight  line  FA  is  =  to  BC  &  FB  =;=  to  AC.  P.34.  &»• 

-    But  the  whole  lines  FI,  FG  being  equal  (D,  30.  B.  i  J  and  FA,  FE 
'   being  the  halves  of  thofe  ftraight  lines  (Ref.  i). 

a.  The  ftraight  line  FA  is  =  to  FB.  /r.;.!'- 

5.  Confequently,  BC  is  aifo  =  to  AC ;  and  likewife  AC  is  =:  to  CE  & 

BC  «=  to  CD.  AxA-  Ai. 

^>.  From  whence  it  follows,  that  the  ftraight  lines  AC,  BC,  CE,  CD 

are  :=  to  one  another,  and  the   0  defcribed  from  the  center    Ci^xt-Ai* 
C  at  the  diftance  CA  }  paiTes  alfo  thro'  the  points  B,  D,  E.  (D.ij.Ai 

But  the  V  DAF,  EBG,  ADH,  BEI  being  L.  (P.%^  A  i)  as  being 
interior  oppofice  to  the  L.  GFA,  HGB,  iHD,  FIE  (D,  30.  B.  i). 

5.  The   ftraight   lines   FI,   FG,    GH,   HI  are   tangents  of  the    f  P.id^^J- 


0  ABDE. 

wherefore  this  0  is  infcitbed  in  the  iquare  FGHI. 


Wfaich  was  to  be  done. 
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PROPOSITION    IX.      PROBLEM  IX. 
O  defcribe  a  circle  (ABDE),  tbout  a  given  fquare  (ABDE). 


Given. 
TAfDABDE. 


Sought. 
7be  0  kVDE  iUfcrtbed  at9U$ 
the  D  ABDE. 


Rejolution. 


B. 


I,  Draw  the  diagonals  AD,  BE.     ^  F9f.u 

a*  From  the  center  C,  where  the  diagonals  interftdt  each  other, 
and  at  the  difiance  CA,  ddcribe  the  0  ABDE*  Pof.^ 

Demonstration. 


_fEC  AU  S  E  in  A  ABE,  EBD  the  fide  AB  is  =  to  the  fide  BD 
AE  =  to  ED  (B,  30.  B.  i.%  &  BE  common  to  the  two  A. 
k.  The  V  ABE  is  =  to  V  EBD,  &  the  whole  V  ABD  is  bifeaed 

hj  BE.  P.  8,  Aiv 

It  may  be  demonftrated  after  the  fame  manner,  that 
I :  The  V  BAE,  BDE.  AED,  are  bifeacd  by  AD,  BE. 

But  the  whole  V  ABD,  BAE  being  =  to  one  another  (D.  30.  B,  i). 
5.  Their  halves,  the  V  CBA,  CAB  will  be  alfo  equal,  ^x.7.  Ba. 

1 .  Confequcntly,  CA  is  =  to  CB,  likewife  CA  is  =  to  CE,  and  CB  z= 

to  CD.  P.  6.J!.u 

;.  Hence  CA,  CB,  CE,  CD  are  =  to  one  another,  &  the  0  defcribed 

.  from  the  center  C  at  the  diftance  CA,  will  alfo  pafi  thro'  the   ^Ax.i.B.i. 

.poinuB,  D,  E.  (D.ic.f.i. 

; .  Wherefore  the  0  ABDE  is  defcribed  about  the  D  ABDE.  D.  ^2^.4. 

Which  was  to  be  done.  .  ' 


««» 


ThQlLBMSHtrs 


IkAMt. 


J 


TtROPOSITfON  3f.     FMQ9l,BM  JL 
O  defcribe  an  Ifofcele^  uiaogic  (ACB),  haviiic  etch  cf  the  aogks  tf  it 
hafe  (AB),  d^tbie  oC  the  iliiftt  ai«le  (ACBH 

Gifen.  Sonffht. 

VCAfiirCBAami^^VAU 

Refolmimi. 

I.  Draw  any  ftratgbt  line  CA.  iV^i. 

a.  Divide  this  lioe  in  the  point  C,  fo  that  the  Rgle.  of  CA .  AD 

he  =  to  the  D  of  CD.  Pji.  U 

FcMdia«merC«ith»diAaic»CAdafcrih«theeABB.   F^l 
nace  in  this  ^tfaa  Ani%hiHa»Aftsi»CDlkdav  Ca     ?.  iJ^ 

Prepar0ti(m. 

I.  Draw  the  ftraiffht  line  DB. 

a.  About  the  A  C0B  defcribe  a  0. 

BPtMOlfSTKATlOir. 
E  C  A  U  5  E  the  Rrie,  CA .  AQ  T»  ^  to  tbt  O  of  CD  (IM,  a./ 


y 

♦ 


4  the  0  of  AB  isisrto  tbc  O  of  CD  ^Jfr/T  4.  ftf  ?r  46.  Or-  3.  #.  r). 
r.  The  Rgte.tTA .  AD  will  be  alfo  =  to  the  Q  of  AB. 
2.  Confequentljy  the  ftraigbt  line  AB  \%  a  tangent  of  tbe  0  CDS- 
5.  From  wheoce  it  follows  that  Y  0B A  is  =  to  >Br  BCD. 

There&re  addhig  to  both  Iktes  V  DBC 

4.  The  V  ABC  will  be  sx  to  the  V  BCm-DBC. 
But  V  BDA  being  akb  =r  to  the  V  BCD+DBC  (f.  ^z.  B:  1. 

5.  Therefbre  tbe  V  BDA  l»  :;?  to  V  ABC. 
Ukewife,  ftice  CB  b=c  to  CA  (l^ef,  4.  &IT.  15.  F.  ij. 

6.  The  V  BAC  is  =  to  the  V  ABC. 

7.  Wlvrefrie,  V  BDA  lA^  to  V  BAC  &  DB  is==  ta  AB. 
And  becaufe  CD  is  a«b  =rto  AB  fR'ef.  4). 

g.  The  ftraigbt  lipe  DB  will  fc^ ;:;;  to  CD  &  V  CBD  =  to  V  BCD. 
Adding  to  both  fides  YDBA  or  its  equal  V  BCD  (Arg,  ^). 

^  The  y  CBD+DB  A  or  V  CAB  is  =r  to  a  V  BCD ;  and  Uiere  has  been 

defcribed  an  Ifofceles  A  CAB  having  each  of  the  V  at  the  bafe double  Aje-Z*^*^' 
•f  the  V  at  the  vertex^  Which  waa  to  be  done. 


^fx.r.ti. 

iAxABu 
U  6,Ba. 
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^     PROPOSITION  XL    PROBLEM  XL 

Jl   O  infciibe  an  equilateral  &  cquiaDgular  pentagon  (ABODE)  in  a  gi?en 
:ircle  (ACE). 


Given. 
Tb0  ©  ACE. 


Sought 
Tbe  equilatiral  li  gquiangult 
ABCDE,  infcribed  in  the  0  ACE. 


RefoltUion^ 


1.  Defcribe  thelfofceles  A  FGH  having  each  of  the  V  At  the 

bafe  FH  double  of  the  V  at  the  vertex  G.  P.  10.B.4. 

2.  Infcribe  io  the  ©  ACE  a  A  ACE  equiangular  to  the  A  FGH.  P.«2.  B.  4. 

3.  Bifea  the  V  CAE  &  CEA  at  the  Bafe,  bv  the  ftraight  liaes 
AD,  EB.  P.  9.  B 

4.  Draw  the  ftraight  lines  AB,  BC,  CD,  DE.  Pof.  i. 


I. 


B. 


Demonstration. 


Ax.y.B.  f. 


EC  A  USE  each  of  the  V  CAE,  CEA  is  double  of  the  V  ACL 

(Re/  I.  W  2.;,  &  thefe  V  are  bifefted  (R^.  3 J, 

1.  The  five  VACE,  CAD,  DAE,  BEA,CEB  are=r  to  one  another. 

i.  From  whence  it  fpllows  that  the  arches  AE,  ED,  DC,  CB,  BA  ^  p  ^  ^ 
are  sr  ta  one  another,  likcwife  the  chords  AE,  ED,  DC,  CB,  BA.   \  «  *^'  £'  ^' 
Bnt  if  to  the  =  Arches  AE,  CD  (jirg.  zj,  be  added  the  arch  ABC.  ^  ^'  *9-  ^-  3  • 

3.  The  whole  arch  EABC  is  =  to   the  whole  arch  ABCD,   and  ^  .    ^  w 
V  CDE  is  =  to  the  V  DEA.  {  p\   b 

It  may  be  demonftrated  after  the  fame  manner,  that  t  ^-    7    - 

|.  Each  of  the  V  EAB,  ABC,  BCD  is  ==  to  the  V  CDE  or  DEA. 

5.  Wherefore  there  has  been  infcribed  in  the  ©  ACE,  an  equilateral 

(j^g,  %.)  &  equiangular  (Arg,  4  J  pentagone.  D.  J.  B»  4 

Which  was  to  be  done. 


I. 
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PROPOSITION  Xn.    PROBLEM  JOt 

_  O  defcribe  an  cquilateAl  &  equiangular  pentagone  (ADFHK)  abooti 
given  circle. 

GiveiL  SoogKl: 

Tbt  0  LEO.  fii  Huiiaiirai^mumtm  ADFHK 

iUfariM  mimii  iie  ©  LEG. 

1.  IntlieidLEC^infcTibeanequilateralfteqaiaiigiiltrpetitagonc!.  A11J4 
a.  To  the  potou  B,  E,  G,  I,  L.  draw  the  rajs  CB,  CE»  CG, 

a,  CL.  Prf.  I. 

J.  At  the  eztremitiet  of  thefe  fats  ercft  the  ±  pfodnced  AD, ' 
*  DP,  FH,HK,KA.  A  11.11. 

Preparation. 


Draw  the  fttaight  lines  CA,  CD»  CF,  CH,  CK» 
I>£liONSTltATIOK. 

B  E  C  AUS  E  the  <baight  l!n^  AD,  DP,  PH,  HK»  KA  are  X  at  the 

tztr< 

t.  There  ftraii 


Ptf.u 


XJ  iL  ^  A  u  a  a.  tne  nraignt  lines  au»  ur\  rn»  ha.»  k 
tztremities  of  the  rays  CB,  CE,  CG,  CI,  CL.  (kif,  ^.J  r  p  ifi  A  i 

^    Thofe  ftraiffht  lines  will  touch  the  (^  in  th6  points  B,  E,  G,  I,  L.  I }.'  ^^    ' 
And  the  V  DBE  iDEB,  FE64. FOE,  HGl  +  HIG,  Ktt;+ KLl,  f  ^• 


ABL  4- ALB»  taken  two  by  two  are  <  a  L.. 


i£r.8.Ai* 


a.  Therefore  thefe  ftraight  Hoes  AD,  DP,  FH»  HK,  KA  will  meet  io 

thepototsD.P.H,  K,  A.  LmuB^ 

But  fiace  10  the  A  CEP,  CGP  the  fide  PE  is  =  to  the  fide  P6 
(RSJ,  Cbr.B.  i.mUf  3J,CE  =  GC.  (D.  15.  M.I.J  irCPcom- 
i  to  the  two  A. 


look  IV.  Of  E  U  C  L  I  f).  ,53 

.  The  V  CFE  IS  =z  to  the  V  CFG  &  V  ECF  =  to  V  GCF.  P.  8.  B,  u 

.  Confeapentl/,  V  EFG,  is  doubUof  the  V  CFG,  &  V  £CG  double  of 

Che  V  FCG  ;  likewife  V  GHI  b  double  of  the  V  CHG&  V  OC( 

double  of  V  GCH. 
;.  Moreover,  V  ECG  is  =  to  V  GCI,  oa  account  of  the  equal  arches 

KG,Ol(R€f.  I.;  P.a8.5.  f, 

I.  Confcquentlj,  V  FCG  is  =  to  V  QCH.  Ax.  7,  B  1. 

But  the  VCGP,  CGH,  ef  the  A  CFG,  CHG  being  alfo  equal 

(Ref.  $.(i  Ax,  10.  -ff  I ,)  &  CG  GOfnmon  to  the  two  A.  '•jj 

i.  The  ftraight  line  FG  is  =  to  GH  &  V  CFG  it  =  to  V  CHG.         />.  26  5   1.  ] 

I.  Wherefore  FH,  is  double  of  FG,  &  likewife  DF  is  double  of  EF.       Ax.  a  B.  i.  J 
And  becaufe  FG  is  z=  to  EP  (F,  37.  Cvr.  B.  sJ.  1 

9.  The  ftcatght  line  FH  is  alfo  =  to  DF,  (Ax.  6.  B.  i),  &  likewife  j 

the  ftraight  lines  HK«  KA,  AD  arc  zz  to  FH,  or  DF.  4 

Apia  V  EFG  or  DFH  being  double  of  the  V  CFG,  the  V  GHI  or  1 

FHK  double  of  the  V  CHG  and  alfo  V  CFG  =  to    y  CHG.  -J 

VOc  The  V  DFH,  FHK  are  =s  to  one  another,  and  likewife  the  V  HKA, 
KAD,  ADFare  =  to  DFH  or  FHK. 

II.  Confequentlj  there  has  been  defcribed  about  the  0  LEG  a  penta- 
gon ADFFUK  (Arg.  1/  cquihireral  fArg.  9^,  and  equiangular 
(Ar^.  10/  D.4.B,  4i 


Which  waft  to  be  dent. 


■I 

/   I 


■« 


^•^ 
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_^       PROPOSITION  XIIL    PROBLEM  XIJL 

^    O  infcribc  a  circle  (GHIKL),  in  a  given  equilateral  and  eqaUngukr 
Pentagon  (ABDEF). 

Given  Sought 

7ke  equilateral  ^  iptiangular  fifiiagon  Tie  ©   GHIKL  infcribed  in  Ait 

ABObF.  peniag9n, 

Refolution. 
1.  Bifea  the  two  V  BAF,  AFE  of  the  pentagon  ABDEF  by 

the  ftrtightUnc*  produced  CA,  CF.  P.  9l  B.  i. 

a.  Fiona  the  point  of  concurfc  C  let  fall  upon  AF  the  X  CL.       P.  \z.B.  i. 
3.  From  the  point  C  at  the  diftance  CL,  defcribe  the  0  GHIKL.  Pof.  3. 

Preparation. 
I .  Draw  the  ftfai^ht  lines  CB,  CD,  C£.  P^f.  i. 

a.  From  the  point  C  let  fall  upon  AB»  BD,  DE,  EF  the  X  CG, 

CH,CI,CK.  P.iz.B,i. 

B  Demonstration. 

EC  A  U  S  E  in  the  A  ACF,  ACB  the  fide  AF  is  =  to  the  fide  AB, 
the  iide  CA  common  to    the  two  A  &    V  CAF  =  to  V  CAB. 


(Ref.  iMgvuen}, 
I.  Itfo^*         ■ 


P.  4,  B.  I. 


follows  that  V  CFA  is  =  to  V  CBA. 
But  V  AFE  being  =  to  V  DBA  and  double  of  V  CFA  (Ref,  \). 
a.  Hence,  V  DBA  is  alfo  double  of  tSe  V  CB  A,  or  V  CBD  ==  to  V  CBA.  Ax,  6.  B.  1. 
ft  maj  be  demon  (Irated  after  the  fame  manner,  that 

3.  The  VCDB  is  =  to  VCDESr  VCEDzr  to  VCEF. 
Therefore  in  the  A  CBG,  CBH,  V  CBG  =  to  V  CBH  (Arg,  2), 
V  CGB=  to  V  CHB  (Prep,  2  W  Ax.  lo.B.i  J,  &  CB  common  to 
the  two  A. 

4.  Confequently,  CG  is  =  to  CH  i  likewife  CI,  CK,  CL  are  =  to  CH 
or  to  CG. 

5.  Therefore  the  0  dcfcribed  from  the  center  C  at  the  diftance  CL  will 
alfo  pafs  tluo'  the  points  G,  H,  I,  K.  D.  1 5. 
And  bccaufethc  ftraight  lines  AB,  BD,  DE,  EF,  FA  are  J,  at  the 
cxtrcmitits  of  the  rays  CG,  CH.  CI,  CK,  CL  (Prep,  2  W  Ref,  2).      D.  15. 

(5.  Thofe  (traight  lines  will  touch  the  ©  GHIKL  (P.  16.  C#r.  B.  l)  { 

and  this  0  is  infcribed  in  the  pentagon  ABDEF.  Z>.  5. 

Which  was  to  he  done. 


P.  aS.  B.  1. 


A  I. 


A  4. 


ooklV. 
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PROPOSITION    XIV.    PROBLEM  XIF. 


O  defcribe  a  drclc  (ADF) ;  about  a  given  equilateral  and  equiangular 
pentagon  (ABDEF). 


Ghrcn 
Tik  iquihutral  \i  tfuianguhr 


Sought 
Tie  ©  ADF,  d^cribed  ahwt  this 
pentagon. 


Refolution. 


%.  Bifea  the  V  BAF,  AFE  by  the  ftraight  lines  CA,  CF  P.  9.  ^.  i. 

produced, 
a.  From  the  point  C»  where  thofe  ftraight  lines  interfed  each 

other,  at  the  diftance  CA  defcribe  the  ©  ADF.  Frf.  3. 

Preparation. 

Draw  the  ftraight  lines  C8,  CD»  C£.  Pt/  i . 

Dbmonstratiok. 

1.1   HE  ftraight  lines  CB,  CD,  CE  bifea  the  VABD,BDE,DEF.(^-  "3.^^.4. 
a.  And  becaufe  the  V  BAF  is  =  to  the  V  AFJE,  the  V  CAF  will  be  ^  ^'*^' 

alfo=rtotheVCPA.  ifx.  7.5.  i. 

3.  Wherefore  CA  is  z=  to  CF-  P.6.B    t. 
It  may  be  demonftrated  after  the  (ame  manner,  that 

4.  Each  of  the  ftraight  lines  CB»  CD,  CE  is  =r  to  CA  or  to  CF. 

5.  From  whence  it  follows,  that  the  ©  defcribed  from  the  center  C  at 

the  diftance  CA  will  pafs  thro'  the  points  B,  D,  E,  F.  D.  i  $.  B^  i. 

6.  Coofequently  the  ©  ADF,  is  defcribed  about  the  given  pentagon 

ABDEF.  D.  6.  i?.  4. 

Which  was  to  be  done. 
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PROPOSITION  XV.    PROBLEMXF. 

X    O  infcribe  an  equtUteral  and  equiangular  Hexagon  (ABDEFO)  ii  i 
given  Circle  (BEG). 

Given  Sooglit 

rbe  0  BEG.  The  equilateral  f^  efmamnlar  HeiM 

ABDEFG,  infcrihtdinibe  0BEG. 

Rtfolutkn. 
I.  Find  the  center  C  of  the  0  B£G,  and  draw  any  diameter  AE.  ?.  i.  i^'  ]• 
a.  From  the  center  A,  at  the  diianoe  AC  defciibe  an  arch  of 
a  ©  BCG. 

3.  Draw  the  rays  CG»  CB  produced  to  D  &  P. 

4.  Draw  the  iiraight  lines  AB,  BD,  DS,  EF.  FG,  GA. 

BDemonstratioit. 
BCAUSE  in  the  A  BCA.  the  fide  BC  »=  fo  the  ide  AC, 

AB  is  alfo  =  to  AC  (Ref.  3.  l^D,  1 5.  B.  x), 

I.  This  A  is  equilateial  &  equiaagular. 

a.  Wherefbr^,  V  BCA  is  =;;  to  the  third  part  of  a  L  &  Hkewife  V  ACG 

is  alfo  =  to  the  chird  part  of  a  L.  ^- 3*-''' 

But  the  V  BCA  +  ACG  +  GCF  being  =  to  a  L.  (P^  13.  B.  \), 

3.  The  V  GCF  is  alfo  =  %o  the  third  part  of  a  L.  1  &  the  V  BCA, 

ACG ,  GCF  are  =  to  one  another.  AM.ui^' 

4.  Confelqwotlj,  the  V  PCE,  ECD^  DCS  which  are  »to  theoa  aa 
being  their   Terticad  opposite  o«cs  are  alfo  =^  to  oae  another.  A 15-  ^''' 
Hence,  the  aiches  BA,  AG,  GF;  FE,  ED,  DB  are  =  to  oae  another,  r^^E\ 
as  likrwifc  thfc  chords  BA,  AG.  GF,  FE,  ED,  DB.                          j  »  ^*  ^  1 
Therefore  the  Hexagon  ABDEFG  infaibed  in  the  ©  BEG  is }      ^ 
equilateral. 

Moreover  the  arch  BA  being,  =z:  to  the  aichED  (^^^.  5^  ;  if  the 

comtaon  arch  AGFE  be  added  to  both.  J 

7.  The  arch  BAGFE  wittbe  ==  to  the  arch  AGFED. 
B.  From  whence  it  follows  that  V  EDB  is  :=:  t6  V  DBA,  and  likewife 

each  of  th^  V  FED,  OFE,  AGF  is  =  to  the  V  EDB,  or  to  the 


5- 
6. 


VDBA. 

9.  Therefore  the  equilateral  Hexagon  ABDEFG, 
®  BEG  is  alfo  equiangular.  * 


infcribed   in  the 


A.».^-'' 


P,%7M 


Which  was  to  be  done. 
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PROPOSITION  XVI.    PROBLEM  XVI 

JL    O  infcribe  an  ^uilatcrst  aikI  equiAqgiiltf  ^uindecagon  (EAFG  &c.) 
in  a  given  circle  (£BI). 

Given  Souglic 

ne  0  BBI  Iht  9fiilaUraT^  equiangular 

qwinJecagM  KAJfG  d/c. 

Rifolulitm. 

1 .  Defcribe  tii  eqatklend  AN.  P.i.B.i. 

2.  Infcribe  m  the   ®  £BI,   a  A  ABD,  equiaflgnUr  to  the 
equilateral  A  N.  P.  a.  .».  4. 

3.  And  an  el|«ilatefal  fr  eatiiangular  pentagon  EGBHI.  P,  11,  B.  4. 

4.  Draw  the  chord  £A  &  place  it  i  $  timet  around  in  the  0  EEL  P.  i.  B.  4. 

E  CAUSE  the  AABD  ift  equtanaular  to  the  equilateral  A  N 

1.  This  A  18  alfo  equiIareraU  or  AD  ia  2s  10  AB  =  to  BD.  P.  6.  B.  1. 

z.  And  the  arches  AD,  AB,  BD  flfe  £12  to  #110  an<»tker,  or  each  is  the 

third  part  of  the  whole  O*  ^*  2^-  ^*  3< 

Again,  becaufe  the  pentagon  EGBHT  is  equilateral,  (Ref.  $). 

3.  Eachofthearche8£G,GB.BH,HIJEtsthe»tbpartofthewholeO.  P.2B.B.3. 
But  the  arch  AB  being  the  third  part  (jirg.  2  )  and  the  arch  EG  or 

GB  the  fifth  part  of  the  O  C^rg.  3^. 

4.  There  may  be  placed  in  the  arch  AB  five  fides  of  the  quindecagon, 
and  in  each  of  the  arches  EG,  GB  three  fides  of  the  quindecagon, 
or  in  the  arch  EQB  fix  fides  of  the  quindecagon. 

5.  Conlequently  one  of  thefe  fides  may  be  placed  in  the  arch  AE.  and  the 
eauilateral  quindecagon  EAFG  &c.  will  be  infcribed  in  the  0  EBI.  D.  3.  B.  4. 
Moreover,  fince  each  of  its  V  FAE  is  contained  in  an  arch^  FHE 

which  is  =  to  thirteen  parts  of  the  fifteen,  into  which  the  circum- 
ference is  divided, 

6.  Thefe  V  will  be  =  to  one  another.  P.  a?.  P.  3. 

7.  Therefore  there  has  been  infcribed  in  the  0  EBI,  an  equilateral  k 
equiangular  quindecagon  EAFG. 

Which  was  to  be  done. 
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D  E  F  J  N  I  T  I  d  N  a 

I. 

Lefs  magnitude  is  faid  to  be  2ifart  of  a  greater  magnitude*  when  the  lefs 
meafures  the  greater. 

f .  1 .  JBy  tbe  exprejjion  of  meafuring  a  magnitude  Euclid  means  to  be  contained  iil 
it  a  certain  number  of  times  without  a  remainder,  that  iV-  a  left  magnitude  N 
(fig.  I .) .  meafures  a  greater  M,  when  tbe  magnitude  N  is  contained  in  M 
^without  a  remainder  twice,  thrice,  four  timer,  and  in  general,  any  number" 
9f  times  wbatfoever,  or  wbicb  comes  to  tbe/dme,  ivben  tbe  lefs  magnitude  N 
repeated  twice,  tbrice  four  times,  and  in  general  any  number  of  times  ^r»* 
duces  a  wbole,  equal  to  tbe  greater  M. 

f .  2.  Tbofe  parts  ivbicb  meafure  a  ivbole  wtboUt  a  remainder^  are  called 
aliquot  parts,  and  fucb  as  are  not  contained  in  awbole  exadly,  but  are  mea*' 
fured  by  fome  otber  determined  quantity  wbicb  meafures  alfo  tbe  wbole,  are 
called  aliquant  parts. 

^bus  tbenumbers  2,  3,  4,  6  arefo  many  aliquot  parts  of  tbe  number  12  con* 
Jidered  as  a  wbole  ;  as  each  of  tbe  numbers  2,  3,  4,  6  is  found  repeated  in  12 
a  certain  number  of  times  without  a  remainder^  But  tbe  numbers  5,  7,  9  £:fr* 
are  aliquant  parts  of  tbe  fame  whole  12  \  as  they  do  net  meafure  12  but  with  a 
remainder  :  although  they  are  all  meafured  by  unity  as  well  as  12  \  wbicb  often 
happens  in  otber  numbers  different  from  unity,  as  in  tbe  number  9  which  is  com* 
menfurable  to  12  by  the  nnmber  3,  as  alfo  by  unity. 

Likemfe  the  magnitude  N  (fig.  2.)  //  an  aliquant  part  of  tbe  magnitude 
M(=N-}-N4-N-|-R  ^c),  ij  N  meafures  Sd  leaving  a  remainder  R,  and  this 
remainder  R  be  fucb,  that  it  meafures  N  or  at  leaf  that  one  of  its  determined  parts 
as  r  meafures  this  remainder  R,  as  alfo  the  magnitude  N  ^  confequently  tbe  whole 


A 
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DEFINITIONS. 

f.  3«X  N^  gtnerBl  number f  are /aid  to  he  commenfuraSle  to  eaeb  other  which  mj 
refuUfrom  unity  or  one  of  its  aliquot  parti  repeated  a  determined  mtmkr  if 
times  :  or  what  amounts  to  the  fame  that  which  is  meafured  hy  unity  ormff 
its  alifHot  parts. 

Thus  the  numbers  6, 9, 1 7>  and  tbefra^iont  ji^are  cossfmem/urahkimdinj 
hecaufe  tbefirjl  may  he  conceived  to  rejultfrcm  the  determined  andfuccefiottii^ 
tion  of  unity  ;  and  the  lajt  from  that  of  tie  fra^ons  \  (f  ^  alt fuot parts  tfni^- 

^  4.  According  to  this  defnitionf  a  comaienrurable  quantitji  if  ^ 
wiicb  refultsfrom  tie  determined  repetition  of  any  determined  qnentiij,  i 
quantity  is  therefore  commenfurable^  when  ii  contains  one  of  its  parts,  es9pn 
as  a  determined  number  contains  unity. 

§.  5.  Commmfwfabiliiy  U  therefore  fometiiug  relative.  The  mapitib 
M  andU  are eommanjurable^  as  having  a  common  and  determined  mefartt 
which  can  be  taken  for  umily^  and  meafure  them  botbexa^!y-\  or,  atlbofit^ 
magnitudes  may  arijefrom  the  determined  repetition  of  the  fame  quantity  J^l* 
it  what  it  will. 

^  d.  It  follows  from  this  notion  of  commenfrablt  number e,  that  tbej  en  ^ 
multiples  of  each  other%  or  aliquot  parts,  or  fliquant  parts.  For  if  ni 
quantities  M  and  N,  are  commerfnrabU,  N  meafures  W,  or  Mmra/uretVi^ 
fome  other  determined  numier  r  meitfures  them  both.  In  the  firft cafe,  thtwm^ 
M,  //  a  multiplt  of  N»  in  tbefccond  cafe  M,  //  an  aliquot  p.^rt  ofN,  andi^m 
third,  the  lejfer  of  the  two  is  an  aliquant  part  of  the  leafl.  Yhefameisf^ 
with  refpe^'  to  rational  magnitudes  in  general. 

§.  7.  The  number  which  cannot  refuTtfrom  a  determined  repetition  ^^ 
or  of  one  of  its  aliquot  parts  is  called,  uraticnat  or  incommcnfoniHe,  «'''' 
refpeB  to  unity.  And  in  general,  magnitudes  which  cannot  refultfrm  ^ 
determined  repetition  of  the  fame  determined  quantity  conffderrd  as  Mnitjt  ^ 
iocommenfurable  to  one  another,  or  irrational. 
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D  E  F  I  N  I  T  I  O  N.S. 

Ht/.J  the  fide  (AD  or  DC)  oftlefquare  (ABCD)  //  ineommenfurabh  to 
ft  diagonal  (AC),  er  Aow  muc^  one  contains  of  the  otber  it  inajjignable  (Fig.  i). 
.  8.  Prom  whence  it  follows,  that  if  two  magnitudes  M  and  N,  are  tncom- 
nenfurable  to  each  other»  M  cannot  be  a  multiple  of  N  ;  nor  an  aliquot  part, . 
lor  in  fine  an  aliquant  part  of  this  fame  N,  for  if  it  was,  the  magnitudet 
A  and  N  could  be  meafured  by  the  fame  determined  magnitude,  which  it  re- 
mgnant  to  the  notion  of  incommenfurability  (Fig.  2 ) 

Jll* 

^  greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when  the  greater  is 

neafured  by  the  lefs. 

TbuSf  the  number  12  is  faid  to  be  a  multiple^  of  the  number  4,  becaufe  4  meO' 

^ures  1 2  without  a  remainder. 

To  tbe  term  of  multiple  corref ponds  that  of  fubmultiple,  which  fignifies,  that  a 

efs  magnitude  is  an  aliquot  part  of  a  greater  ;  thus  4  //  a  fubmultiple  of  12$ 

It  12  is  a  multiple  of  4; 

III.  .  . 

Ratio,  is  a  mutual  relation  of  two  magnitudes  of  the  fame  kind  to  one  another 
ji  refpeft  of  quantity. 

This  definition  is  imperfeB^  and  is  commonly  believed  to  he  none  of  Euclid'/, 
\ut  the  addition  of  fame  unjkilful  editor  ;  for  though  the  idea  of  ratio  includes 
\  certain  relation  of  the  quantities  of  two  homogeneous  magnitudes  y  yet  this  general 
:bara£ier  is  not  fuffcxent  \  becaufe  tbe  qumtilies  of  two  magnitudes  arefuf- 
:ept  ihle  of  fever al  forts  of  relations  different  from  that  of  ratio.  Thus,  when 
In  a  circle  the  fquare^of  the  perpendicular  let  fall  from  tbe  circumference  on 
^be  diameter,  is  reprefented  as  confiantly  equal  to  the  diffrcnce  ofthefquares  of 
tbe  ray,  and  of  tbe  portion  of  tbe  ray  intercepted  between  the  center  and  the 
perpendicular,  without  doubt,  this  perpendicular  is  confidered  as  b faring  a  cer-- 
tain  relation  to  this  portion  of  tbe  ray,  but  it  is  manifrfl  that  this  relation  is 
not  a  ratio,  ftnce  the  quantities  are  compared  only  by  the  means  of  the  ray  which 
if  a  tffird  homogeneous  magnitude  different  from  the  quantities  compared^ 
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DEFINITIONS. 

JVL  AGNITUDES  aire  faid  to  have  a  ratio  to  one  another }  wlm  At 
lef&  can  be  multiplied  (6  as  to  exceed  the  other. 

^§.  I .  Tbe  lines  A  C:^  B  bavf  a  ratio  to  one  another 9  ircau/e  the  line  B, /«" 
example,  taken  tbree  times  and  a  half%  is  equal  to  tbe  line  A,  and  taken  ftaf 
times  exceeds  it.  Tbe  Rgles  M  W  N  have  alfo  a  ratio  to  one  aswtberf  becajt 
she  Rgle  N  taken  three  times  and  a  half,  is  =  to  Rgle  M,  and  repeated  9JtM^ 
exceed*  it.  . 

But  the  line  By  and  tbe  Rgle  M  have  no  ratio  to  one  another,  hecauje  the  Sm^ 
repeated  ever  fo  often,  can  never  produce  a  magnitude  which  would  efui  ^ 
exceed  tbe  Rgle  M.  Therefore,  only  magnitudes  oj  tbe  fame  kind  can  beot  9 
ratio  to  one  another,  as  numbers  to  numbers,  lines  to  lines,  furfaees  tojnrja^ 
andfoUds  tofclids. 

^  2.  In  confequenceofthis  definition^  a  finite  magnitude  and  an  infinite  ene^^ 
no  ratio  to  one  another,  though  they  he  juppofed  of  the  fame  kind.  For  a  net' 
nitude  conceived  infinite,  is  conceived  without  bounds,  confequently  afinitt^ 
nitude  repeated  ever  fo  often  (provided  the  number  of  tepetions  be  determiwj 
can  never  become  equal  or  exceeds  an  infinite  magnitude, 

J.  3.  >f  ratb  is  commenfurahje,  when  tbe  terms  of  the  ratio  M  &  N  ^'^**' 
menfurahle  to  each  other  ^  £*?  a  ratio  is  faid  to  be  incomhtert fur  able  when  tbe  tirtP 
of  tbe  ratio  are  incommenfurable. 

(  4.  Tbe  antccedicnt  of  the  ratio  of  lAfo  N,  is  tbe  firft  of  tbe  t^  f^^ 
which  are  compared,  and  the  other  is  called  its  confequent. 

V. 
The  firft  of  four  magniiudes  is  fard  to  have  the  fame  ratio  to  the  feconA  ^*^ 
the  third  has  to  the  fourth,  when  any  equimultiples  whatfoever  of  th^  fi™<J» 
third  being  taken,  and  any  equinujltiplcs  whalfbcvcr  of  the  fecond  tvi  ^' 
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If  the  multiple  of  the  ifirft,  be  lefs  than  that  of  the  Cecond,  the  multiple  of  the 
third  is  alfo  lefs  than  that  of  the  fourth ;  or  if  the  multiple  of  the  drd  be  equ.^1 
to  that  of  the  fecond,  the  multiple  of  the  third  is  alfo  cqaal  to  that  of  the  fourth, 
or  if  the  multiple  of  the  firft  be  greater  than  that  of  the  fecond,  the  multiple  of 
the  third  is  alio  greater  than  that  of  the  fourth. 

§.1.  Tbf  ratio  of  the  number  z  to  the  number  69  h  tie  fame  as  that  of  the 
number  8  to  the  number  24,  for  if  the  two  antecedents  2ifS  be  multiplied 
by  the  fame  number  M>  and  the  two  conjequents  6  fcf  24  iy  another  number  N ; 
the  multiple  2  M  0/  thefirfl  antecedent  cannot  be  z:z  or  >  or  <  the  multiple  6 14 
of  its  confequent^  unlefs  the  multiple  of  the  fecond  antecedent  8  M,  be  at  the  fame 
time  :=ior  *>  or  '^  the  multiple  24  N  of  its  conftquent^for  it  is  evident  that 

IflUbesto6V, 

«M  +  2M  +  aM+aMisalfi>=6N-f6N+6N+6N,tluti8»8M=z4N. 

LUewife,  7/"  a  M  ^^  >  6  N,  then 

aM  +  aM  +  2M+aMi8alfo>6N+6N+6N+6N,thatis,8M>24N. 

Jind  infne,  7/"  2  M  ^f  <  6  N,  tbefi 

aM+aM  +  aM  +  aMisalfo<6N+6N+6N  +  6N,thati8,8M<z4N. 

§.  2.  Oh  the  contrary^  the  numbers  2, 3  W  7,  8  are  not  in  the  fame  ratio  ;for  if 
fbe  antecedents  be  multiplied  by  3,  and  the  confequents  by  2)  there  will  refult 
the  four  multiples  69  69  2i »  16,  where  the  multiple  6  of  the  IJi  antecedent  is  equal 
to  the  multiple  6  of  its  confequents  whilft  21  multiple  of  the  IL  antecedent  is 
greater  than  16  multiple  of  its  eonfequent. 

$.  3.  Incommenfurahle  magnitudes  can  never  have  tleir  equimultiples  equal, 
ctberwife  they  would  be  commenfurable  to  one  another,  wherefore  in* 
commenfurabks  arejhewn  to  be  proportional  only  from  the  joint  excefs  or  de^ 
fe£i  of  their  equimultiples  ;  whereas  commenfurable  magnitudes  being  capable  of 
a  joint  equality  f  and  inequality  of  their  equimultiples,  are  Jbewn  to  be  proper-^ 
iionalfrom  the  joint  equality  or  excefs  of  their  equimultiples,  hence  it  is  that 
the  figns  in  this  definition  by  which  propirtionality  is  dif covered,  are  applicable 
to  all  kinds  of  magnitude  whatfoever. 

{.  4.  What  is  true  with  re/pe^  to  the  correfpondence  of  multiples,  is  alfo  true 
with  refpeil  to  that  of  ftUmultiples.  But  it  is  probable  that  Euclid  preferred 
the  vfe  of  multiples  to  that  of  fubmultiples,  becaufe  he  could  not  prescribe  to 
take  fubmultiples  without  firfi  jhewing  bow  to  divide  magnitude  into  ^qy^i 
parts,  whilft  the  formation  of  multiples  required  no  fuch  principle.  7bis 
Geometer  had  a  right  to  ajfumefor  granted,  that  the  double  triple,  or  any  multiple 
of  a  magnitude  could  be  taken,  bntwas  under  the  necejpty  of  Jbewing  by  the 
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Refclutton  ofaproblem%  bow  to  take  away  an  aliquot  part  from  a  given  line,  and 
the  refolution  of  this  problem  fuppojing  the  do^rike  of  ftmilitude,  could  not  hi 
g  iven  but  in  the  IX>  Propofttion  of  the  VL  Book. 

VI. 
Magnitudes  which  have  the  fame  ratio,  are  called  proportionals. 

When  four  magnitudes  h^^^C^'D  are  proportional,  it  it  ufually  exprefi  thus, 
A  ;  B  =  C  :  D  and  in  words,  tbefirfi  is  to  tbefecond  as  tbe  third  to  the  fourth. 

VII.  . 
When  of  the  equimultiples  of  four  magnitudes  (taken  as  in  the  5th  definition) 
the  multiple  of  the  firil  is  greater  than  that  of  the  fecond>  but  the  multiple  of 
the  third  is  not  greater  than  the  multiple  of  the  fourth  ;  then  the  firfl  is  faid 
to  have  to  the  fecond  a  greater  ratio  than  the  third  magnitude  has  to  the  fourth^ 
and  on  the  contrary^  the  third  is  faid  to  have  to  the  fourth  a  lefs  ratio  than  the 
firft  has  to  the  fecond. 

§.  I.  Such  are  the  ratios  3  :  2  y  1 1  :  9  for  if  the  antecedents  be  multiplied 
by  9^  and  tbe  confequents  by  13,  tberewill  refult  27  :  26  ;  99  : 1 1 7. 

3  :  2  ;  II   :  9 
9    13        9    13 

27  :  26  ;  99  :  117 

Where  tbe  correfpondence  of  the  multiples  does  not  bold,  tbe  fir  ft  antecedent  27 
being  greater  than  its  conjequent  26  wbilft  tbefecond  antecedent  99  //  lefs  than 
its  consequent  117. 

§.2.  To  dif cover  by  infpeBion  tbe  inequality  of  two  ratios  A  :  B  &  C  :  D  i  j 
this  charaifer  of  the  non  correfpondence  of  multiples,  it  fuffices  to  cbufe  for 
multiples,  the  two  terms  of  one  of  the  two  ratios,  Jor  Ex,  C  :  D,  and  to 
multiply  tbe  antecedents  A  Sc  C  by  tbe  confequent  D  of  this  ratio  ;  and  tbe  /tvt 
confequents  BkD  by  tbe  antecedent  C  of  the  fame  ratio,  in  this  manner. 

A:B;C:D  3  '  S  '^  1  -  9 

DC;D:C  9797 

AD  :  BC  ;  CD  :  D.  C  27  :  35  ;  63  ;  63 

Which  being  done,  the  two  produ^s  CD  &  D.C  will  be  found  equal,  wbilft 
tbe  two  others  A.P  &  B.C  are  unequal,  and  in  particular,  if  the  multiple 
cf  one  of  the-  antecedents  be  greater  than  that  of  its  confequent,  wbilft  tbe 
puUiple  of  the  other  if  equal  to  its,  then  tbe  terms  of  the  leffer  ratio  have  been 
chofenfor  multipliers.  On  the  contrary^  if  the  multiple  of  one  of  tbe  ante* 
cedents  be  lefs  than  that  of  its  confequent,  wbilft  tbe  multiple  of  tbe  other  is 
equal  to  its,  then  tbe  terms  of  tbe  greater  ratio  have  been  cbof en  for  multipliers. 
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Analogy  or  proportion,  is  the  fimilltude  of  ratios. 

jts  a Jign  and  chara^erof  proportionals  has  been  already  given  (in  Dcf.  5.) 
this  is  afuperfluous  definition^  a  remark  of  fome  fcboMaft  Jbufied  inta  the  text 
^vbicb  interrupts  the  coherence  of  Euclid'/  genuine  definitions. 

'       .  ^^-  : 

Proportion  confifis  in  three  terms  at  leaft. 

§.  I .  Proportion  confifiing  in  the  equality  of  two  ratios^  and  each  ratio  bavin jf 
iivo  terms  f  in  a  proportion  there  are  four  terms,  of  tvbicb  tbe  firft  and  fourth 
art  c€illed  the  exiresjnesj  and  tbe  fecond  and  tbird  tbe  mtzxi^,  tbofejour  terms 
are  confidered  as  only  tbree,  when  tbe  confequent  of  tbe  fir fi  ratio  at  tbe  fame 
time  holds  tbe  place  of  tbe  antecedent  of  tbe  fecond  ratio  :  it  is  for  this  reafon, 
that  proportions  are  difiinguijbed  into  difcrete,  and  continued.  A  proportion  is 
difcrete  when  the  two  means  are  unequal,  and  it  is  called  continued  when  thefe 
fame  terms  4ire  equal,  thus  this  proportion  2  :  4  =  5  :  10  iV  difcrete  ^rrav/^ 
tbe  two  mean  terms  ^  (^  ^  are  unequal,  on  tbe  contrary,  tbe  proportion 
2  :  4  ^z  4  :  8  //  tf  continued  proportion  on  account  of  tbe  equality  of  tbe 
mean  terms  4^4. 

§.  2.  Aferies  of  magnitudes  in  continued  proportion,  forms  a  geometrical  pro- 
f^TtffioUjfucb  are  tbe  numbers  i»  2,  49  6,  16,  32,  6\,iSc. 

X.  '       \ 

When  three  ma^itudes  are  proportional  the  firft  is  faid  to  have  to  the  third 
the  duplicate  ratio  of  that  which  it  has  to  the  fecond. 

XL 
When  four  magnitudes  are  continual  proportionals,  the  firft  is  faid  to  have  to 
the  fourth   the  triplicate  ratio  of  that  which  it  has  to  the  fecond,  and  fo  on 
quadruplicate,  &c.  increafing  the  denomination  ftill  by  unity  in  any  number  of 
proportionals. 

XII. 
In  proportionals,  .the  antecedent  terms  are  called  Homologous  to  one  another, 
as  alfo  the  confequents  to  one  another- 

XIII. 
Proportion  is  faid  to  be  alternate  when  the  antecedent  of  the  firft  ratio  is  com- 
pared with  the  antecedent  of  the  fecond,  and  the  confequent  of  the  firft  ratio 
with  the  confequent  of  the  fecond. 

.  I  ^  !        f  ^l^^^  by  alternation.  \  ^    *    ^         ^   *     ^ 

4  :  5  =  16  :  2o3  -^  (4  2  16  =  5  :  20 

fyien  tbe  proportion  is  difpofed  after  this  manner^  it  is  faid  to  he  done  by  per* 
mutationxr  alternately,  permutando  or  alternando. 
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XIV. 

But  when  the  confequents  are  changed  into  antecedents,  and  the  i 

into  confequents  in  the  fame  order«  it  is  (aid  that  the  companfon  of  the  terns 

is  made  by  invtrjion  or  invirtaido. 

3:9=4:121         ^  €9:3  —  12:4 

XV, 

But  the  comparifon  is  nude  by  compofition  or  componindo^  when  the  fum  of  the 
confequents  and  antecedents  is  compared  with  their  refpedive  confequents. 

A  :  B  =  C  :  D  f  tbenfore   7A  +  B:B=C  +  D:D 
3:9=    4  :  izXcomponendoS  34-9   •9=   4"^"  '2: 12 

XVI. 

The  comparifon  is  made  by  dhijton  of  ratio,  or  dividendo  when  the  csceft 
of  the  antecedent  above  its  confequents  is  compared  with  its  confequeaL 

7/^a;B  =  C:D)     .....     CA  — B:B=C  — D:D 
^  9:3  =1^:43    ^^'^'''^''   19-3    :  3  =1^-4   :  4 

XVII. 

The  comparifon  Is  made  by  ibe  converfion  of  ratio,  «r  convertendof  whes  die 
antecedent  is  compared  to  the  excefs  of  the  antecedent  above  its  confequent. 
y  A  :  B  =  C  :  D  f   tbtrtfon      7A:A  —  B  =  C:  C— D 
9  ;    3  =  12  :  4  C    convertendo.y  9  •  9  —  3  =  X2  :  12—  4 

XVIII. 

A  conclufion  is  drawn  frpm  equality  of  ratio  or  ex  itquo,  when  comparing  tvo 
feries  of  magnitudes  of  the  iiune  number,  fuch  that  the  ratios  of  the  6t&  ba 
equal  to  the  ratios  of  the  fecond,  each  to  each,  (whether  the  comparifon  be 
made  in  the  ^me  order  or  in  an  inverted  one),  it  is  concluded  that  the  extreanxs 
of  the  two  feries  are  in  proportion. 

Tbefenfe  of  tbit  definition  is  as  follows  f  if  A,  B,  C,  D  ^^  tf  feries  of  four 
magnitudes  f  and  a,  b,  c,  d  a  furies  of  four  otber  magnitudes,  jucb  thdt 

A  :  B  =  a  :  b|  f  A  :  B  =  c  :  d 

B  t  C  =  b  :  c\  or  in  an  inverted  order.  ^  B  :  C  =  b  :  c 
C  :D  =  c  :  d)  tC  :  D=  a  :  b 
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In  the  one  or  the  other  cafe  it  is  allowtd  to  infer  ex  flequo»  wben  the  ratio  of 
the  eMtreames  A  :  D  •/  the  /.  feries  is  equal  to  tbe  ratio  of  fbt  extreames  a :  d 
0f  tbell.ftrifsi  or  that  A  I  D  sz  ^  :  d. 

h  A,  B>  C,  D  15,  3,  45,  9 

II.   a^    b,    c>   d  lo>  2,  3O5  6 


A«I>=a:d  15:92:10:6 

XIX. 

J'be  equality  of  ratio  is  called  ordinate  ratio,  when  the  ratio  of  the  firft  feries  are 
equal  to  tbe  ratios  of  tbe  fecond  feries  each  to  each  in  the  fiunt  direft  order. 

For  Example  /r/  A  :  B  :=  a  :  b 

B  :  C  =  b  :  c 
C  :  D3=  c  :  d 

Here  the  ratios  are  equal  each  to  each  in  the  fame  direB  order f  hecaufe  tbe  firfi 
magnitude  is  to  tbe  fecond  oj  tbe  fir fl  rank^  as  the  firfl  to  tbe  fecond  of  tbe  other 
rankt  and  as  the  fecond  is  to  tbe  third  of  the  firfi  rank^  fo  ts  tbe  fecond  to  tbe 
third  of  tbe  otber^  and  fo  on  in  order.  Jf  therefore  ii  is  inferred  that  tbe 
extreames  are  proportional^  or  that  A  :  D  =:  a  :  d.  tbe  inference  is  faid  to  be 
made  from  direB  equality,  or  ex  aequo  ordinate. 

XX. 

On  the  contrary,  equali:y  of  ratio  is  caHed  inverted  or  perturbate  analogy;  in 
the  fecond  cafe,  that  is  when  the  ratios  of  tbe  (if  ft  fehes  are  eqila  to  tfaofe  o 
the  fecond  feries  each  to  each,  taking  thofe  laft  in  an  inverted  order, 
f.  I.  Let  tbe  two  feries  of  magnitudes  be. 


^    R    C   D?  fA  !  B  =  c 

A,  ^»  ^»  ^  r  '^bere  it  isfutpofed  <  B  :  C  =  b  : 


d 

c 
b 


Here  the  ratios  of  tbe  I,  feries  are  equal  to  tbe  ratios  of  $be  II.  feries  each  to 
each,  hut  in  an  inverted  order,  that  is  the  firfi  magsytude  is  to  tbe  fecond 
ef  tbe  firfi  rank,  as  tbe  lafi  but  one  is  to  tbe  lafi  of  the  fecond  rank,  and  as  the 
fecond  is  to  the  third  of  the  firfi  rank,  fo  is  ibe  U^  but  two  to  tbe  lafi  but  one 
of  the  fecond  rank ;  a^d  as  the  third  is  to  the  fourth  of  the  firfl  rank,  fo  is  tbe 
third  from  the  lafi  to  the  lafi  but  two  of  tbe  fecond  rank,  and  Jo  in  a  crofs  order. 

Jf  therefore  it  be  inferred  that  A  !  D  =:  a  ?  d. 

ibis  inference  is f aid  to  be  made  ex  jcquo  perturbatc. 
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§.  i.  Beginner*  may  eaftlj  dijlinguijb  the  cafe  of  dirtH  equalitj  frtmAi 
tf  perturbate  equaRty,  if  tbey  remember  that  when  two  terms  are  cemim  ft 
two  proportions,  and  tbat  tbey  oecupy  indifferently  either  tbefirjl  and  third,  tf 
the  ffcond  and  Jourtb  place,  tbat  it  is  always  tit  cafe  of  direS  eqvMtj\ 
For  Example. 


A 
B 


B  = 
C  = 


c 


or 


B 
B 


A  =  b 
C  =  b 


a 

c 


or 


A 
C 


B  =  a:b 
B  =  c:b 


A  :  C  =  a 


C  = 


B  = 


Here  are  always  two  proportions  which  have  in  common  the  two  terms  B&V 

occupying  tbefirjl  and  third,  or  the  fecond  and  fourth  places  ^  tbelwottkf 

terms  hiJ  Care  proportional  to  the  two  others  a  W  c  taking  them  in  the  Jm 

order. 

$.  3.  On  the  contrary  when  the  two  terms'-wbich  are  commtn  to  the  tw»pn^- 

tions,  are  either  the  means  or  the  extreames,  it  is  the  cafe  0/"  perturbate  ejnd^ 

for  example 


If  k  :  B  =  b  :  c  B  :  A  =  c  :  b 

B:C  =  a:b    or     B:C  =  a:b 


or 


A  :  C  =  a 


A  :  C  = 


A  :  B  =:b:c 
C  :  B  =  b:» 

A  :  C  =  a  :c 


In  tboji  three  cafes  the  terms  B  y  b  wbicb  are  common  to  the  two  prpporti^t 
are  either  the  extremes  or  the  means ;  confequently  the  other  terms  are  in  ^ 
port  ion  9  fo  tbat  the  two  terms  ^  which  ar  if e  from  the  fame  proportion  AtfC 
or  z  ^  Q  remain  extreams  or  means. 

ThefeareSbe  denominations  given  to  the  different  ways  of  concluding  hj  (UU^'^Ot 
Euclid  now  proceeds  to  demonflrate  tbat  tbey  arejufi. 
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POSTULATE& 
I. 

LE  T  it  be  granted,  that  any  magnitode  may  be  doabted^  tripled,  qua* 
drupled,  or  in  general,  that  any  multiple  of  it  may  be  taken. 

n. 

rbat  firom  a  greater  magnitude,  there  may  be  taken  one  or  feveral  part*  equd 
to  «  lefs  magnitude  of  the  fame  land. 

ABREVIATIONSL 

Mgn.    4 Magnitude. 

Mult •    •    Multiple. 

Equimult*   «*«•»•    Equimultiple. 
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I 


PROPOSITION  I.    THEOREM  L 


F  any  juimber  of  magnitudes  (a  M^  41  N«  a  O  &c)  be  eqQimuIti(J$9  of  9 
manv  (M,  N,  O  &c)  each  of  each,  thefum  (flM  +  tfN  +  tfO  &c)  of  d 
the  hid  is  the  fam^  nnilti^  •f  tiw  fHm  -(Mr-h N+O  &c)  of  all  the  Iccoad, 
as  any  one  of  the  firft  {^  M)"is  ti  its  pirt  ^M).    ' 

Hypothcfis.  Thefis. 

flM7  are  f  M  each  a  M-f-flN-f  dO  is  tbefawu  mmltipb  if 


«N  >  equimultiples 


aoy       pf 

The 


eacb 


B 


M+N+0  tkataMisafM,  tr «N 
'  e/K  lie. 
Preparation. 
mgn.  aM  being  the  fame  malttple   of  M,    that  tfN  is  of 
N  (HyP')i  as  many  magnitudes  A,  B,  C,  &c.  as  can  be  taken 
out  of  a  M  each  equal  to  M,  fo  many  X,Y,Z>  &c.  can  be  taken 
out  of  a  N,  each  equal  to  N. 

A  ^  be  each  X  ^      each  " 

Let  then  B  >  equal  to  M  &  Y\  equal    to 

cj  z3     N 

Demonstration. 


Pe/.2.B^. 


ECAUSE  II  M  is  the  fame  multiple  of  M,  that «  N  is  of  N  (ffypj* 
As  many  magnitudes  X,  Y,  Z,  &c.  as  are  in  «  N  each  equal  to  N,  fo 
many  A,  B,  U,  &c.  are  there  inn  M  each  equal  to  M. 


But 

2.  Therefore 
Likewife 

3.  It  follows  that 
Again,  becaufe 

4.  It  follows  that 


A=M     &X=N     C^rep.J, 
A+X  =  M+N 
Bbeing  =  M&Y=N  (Prep. J, 
B+Y  =  M+N 

C  =  M&Z=N  (Prep. J, 
C+Z  =  M+N 


Confequently  there  is  in  a  M  as  many  Magnitudes  zz  M,  as  there 
are  in  fl  M  -f  «  N  =  M  -|-  N. 

From  whence  it  follows  that  «  M  -|-  u  N  is  the  fame  multiple  of 
M+N,  thatfl  M  is  of  M,  or  that  11  N  4s  of  N,  &  likewife  flM-|-flN 
+  rt  O  is  the  fame  multiple  of  M  +  N  +  O,  that  ii  M  is  of  M  or 
tfNofN,  &c. 

Which  was  to  be  demonftrated 


Ax.  2.  B.  I. 
jfx,  t»  B.  I. 
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V    III 


IV  ml 


^  PROPOSITION  II    THEOREM.  II 

Ml  F  the  iirft  fnagnitude  («  M)  be  the  fame  multiple  of  the  fecond  (M)»  that 
the  third  («  N)  is  of  the  fourth  (N) ;  &  the  fifth  (c  M)  the  fame  multiple  of 
the  fecond  (M),  that  the  fixth  (rN)  is  of  the  fourth  (N)  i  then  flull  the  firft 
together  with  the  fifth  («  M  +  ^  M)  be  the  (ame  muhipie  of  thft  fecond  (M)^ 
that  the  third  together  with  the  fixth  (aN  +  cN)  bofthe  fourth  (N). 


HTpothefis; 


mM^  CeM        art         ^M 

&    y  Iskiwife  <    &   iquimultiples  \  & 

«N3  tcN  a/JN 


M  inch 
each 


Thefif. 

«  M  -f-  ^  M  (^  ibefam^  mui- 
tiple  ofMf  /i(«l  <i  N  +<  N  i; 


Demonstration. 


XjECAUSE'^M  18  thef^me  multiple  of  M,  that  aNisof  N 

1 .  There  are  as  many  maffnitudea  in  a  M  =1  to  M  as  there  are  inaN 
=  to  N. 

In  like  manner,  becaufe  cM  is  the  fame  multiple  of  M,  that  cN 
is  of  N  (HjpJ, 

2.  There  are  as  many  magnitudes  in  r  M  =:  to  M  as  there  are  in  r  N 
=  to  N. 

3.  Confequently,  as  many  as  are  in  the  whole  <?  M  +  f  M  equal  to  M, 

fo  many  are  there  in  the  whole  «N  +  c  N  =  to  N.  Ajf,  2.  B.  i. 

4.  Therefore  «  M  +  f  M  is  the  fame  multiple  of  M  that  a  N  +  r  N 
is  of  N. 

^   .     ^  Which  was  to  be  demonftrated. 
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I 


PROPOSITION  m.    THEOREM  UL 


«n3 


>  tqmmuUipU$ 

U.eaWl      are  tw 
a    >  equimultiples 


P  the  firft  magnitude  {a  M)  be  the  fame  multiple  of  the  fecond  M,  tfajtth 
third  {a  N)  is  of  the  fourth  (r  N),  and  if  of  the  firft  («  M)  and  third  («N} 
there  be  taken  equimultiples  («aM,  e^N);  thefe  {ealA^  #«N)  fliaitk 
equimultiples,  the  one  of  the  fecond  (M)  and  the  otho-  of  the  fburUi  (N). 
Hypothefis.  Thefis. 

uMl      are  tw§       f  M      ead  e  aM  is  ibe  famee  matltip'f  if 

In      each 
Ca  M  each 

La  N  eacb 

Preparation. 

Divide  #  a  M  into  its  parts  i  a  M»  «  i  M>  &c.  each  =  «  M« 
Aad      tf  II  N  into  its  parts  i  4  N,  «  i  N»  &c.  each  s: «  N. 

BDfSMONSTRATlON. 
ECAUSE  #4iMis  the  fame  multiple  of  «  M,that  #«Nis  of 

I.  There  are  as  many  magnitudes  in  r  a  M  =:  to  n  M  as  there 

are  in  #  ^  N    =r  to  a  N 

Z,  Therefore  the  number  of  parts  i  «  M,  «  i  M,  &c.  In  r  «  M,  is  = 

to  the  number  of  parts  i  «  N,  ^  1  N,  &c.  in  r  a  N. 

But  becaufe  «  M  is  the  fiime  multiole  of  M,  that  «  N  is  of  N»  and 

that  iaM=«M,  iiiN:=faN. 

The  magnitude  i  aM  is  the  fame  multiple  of  M,  that  i  «  N  is  of  N. 

In  lilcc  mfinncr  « 1  M  is  the  fame  multiple  of  M,  that  « i  N  is  of  N. 

Since  then  I    mgn.  i  i?M  is  the  fame  multiple  of  the  II  mgn.M. 
that  the  III  mgn.  t  «  N  is  of  the  IV  mgn.  N 

&  that  the  V  mgn.  a\  M  is  the  (ame  multiple  of  the  II  mgn.  M 
that  the  VI  tagn. « i  N  is  of  the  IV  mgn.  N. 

It  follows  that  the  magnitude  r«  M,  compofed  of  the  I  &  V  mgn. 

I  a  M+«  I  M,  is  the  fame  multiple  of  the  Ii  mzn.  M,  that  the  mgn. 

f  ^  N,  compofed  of  the  III  &  VI  mgn.  i  a  N-f«  i  N  is  of  the  I V 

mgn.  N. 

Which  was  to  be  deroonftraied 


3: 
4- 


^.a-A^. 


.   J 
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\r^' 


fP. 


i.*5- 


PROPOSITION  IV.     THEOREM 


Lf  four  magnitudea  (M,  N»  O,  P,)  ire  proportional  :  then  any  equimuhiploi 
a  M,  a  O)  of  the  firft  (M)  and  third  (0)»  Aail  have  the  fame  ratio  to  any 
;quiniuhiples  {c  N,  c  P)  of  the  fecond  (N)  an|i  fourth  (P). 

Hypothefis.  Thcfia- 

h    M:N  =  0:P.  ^M:fN;r=«0 

aU^      are       fM        cN)      art       fN 

3     •/    CO     .pj     0/    if 

Preparation, 

1.  Take      of«M&of  aOany  equimult.  R  «  M,  RaO 

2.  Likewife  of  c  N  &  of  r  P  any  equimuk.  S  r  N>   S  c  P 

^^  Demonstration. 

13eC AUSE  a  M  is  the  feme  mult,  of  M,  that  n  O  i>  of  Q  f  Aff^  a)> 

fr  the  mgns.  RuM,  R  «0  are  equimuit.  of  the  m^ns.  ^M*  41O  (Pre^  ij. 

I-  The  magnitude  Ra  M  is  the  fanie  multiple  01  Mi  that  the  niagai- 
tude  R  a  O  is  of  O. 

%•  In  like  manner,  the  magnitude  S  (  N  id  the  fame  multiple  of  N 
that  Sf  Pis  of  P. 

And  as  M  :  N  =  O  :  P  fffjf^,  iJ  &  R  a  M,  H  «  O  are  any  equi- 
multiples of  the  I  term  M  and  of  the  III  O  ;  and  S  c  N,  S  c  P  any 
equimultiples  of  the  II  term  N  and  of  the  IV  P  (Jr/ir.  i  &  2)* 

3.  If  R  aMhe>,  =or<Sf  N,  RflOwill  be  >,  =  or  <  S  cP. 
But  the  magnitudes  R«M&RaOare  any  equimultiples  of  the 
magnitudes  aM&aO,  and  the  magnitudes  S  c  N,  S  c  P  are  any 
equimultiples  of  the  magnitudes  c  N&  c  P  (Frtp.  i  h.  %)^ 

4.  Confequently,  the  ratio,  of  «  M  to  ^  N  is  =  to  the  ratio  of  ^  O 


p.j.*.^. 


D.5.  ^  y 


to«Pj  oraM  :  (-N=aO  :  tV 


Which  vras  to  be  demonftrated. 


2>.S.1.S: 


I  COROLLARY. 

T  is  manifeft  that   if  ScNi*>,  =  or  <  R  a  M  ;  i^i<wi/r  S  f  P  nviU  **>, 
=  $r<KaO  (Arg.  y)  j  bencec'H  :aM:=:c  V  :  aO  (D.  5  fi.  5.;. 
Iberefvrey  if  fmr  magnitudes  he  frop^titmaly  they  are  alfo  fy  invtrjim  or  in^unteneh. 
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PROPOSITION  V.     r^£0/?£Af    V. 


F  a  inairninjde  {a  M)  be  the  fame  inuhipie  of  another  (M),  which  a  mag- 
nitude (^N)  taken  from  the  firft,  is  of  a  manittude  (N)  taken  from  the  otber^ 
the  rrmainder  (0P)  (hall  be  the<ame  multiple  of  the  remainder  (V),  that  tke 
w[i  Jc  (a  M),  is  of  the  whole  (M). 

Hvpothefs. '  Tkefia. 

Vfhe  mgns  aM^  Mart  two  nMU$  M?  is  the  Jamt  makifii 

I  <  The  mens  «  N  (^  V  tbiir parti  taken  avitPf  ^V,  that  aM  it  afU. 

(.  Jful  tie  Mgns  aV  ^V  the  remainders 
,,  C  «  M  »  the  fame  multiple  eflA 
^^  \tbatanisefli. 

Preparation. 

Take  a  magnitude  P  fiich,  that  a  P  may  be  the  lame  mul- 

tipU  of  Py  that  A  N  is  of  N,  omM  of  M.  ^.  a.  ^  s 

Demonstration. 


B 


4- 
5- 


E  C  A  U  SE  tf  N  is  the  fame  multiple  of  N,  that  «P  is  of  P 

(Prtp  ;, 

The  fum  <j  N  +  4  P»  or  «  M,  of  the  firft,  is  the  (aroe  multiple  of 

the  fum  N  +  ?  of  ihe  laft,  that  «  N  is  ol  N  P,  i.  B.  j. 

But  a  M  is  the  fame  multiple  of  M,  or  of  N  -f  V*  that  «  N  is  of 

N  (Hyp,  z). 

Confequently,  the  mgn.  a  M  is  equimultiple  of  the  mras.  N  -f-  P» 

&  N  +  V. 

Andof  courfcN-tlPr^i.N+V,  Ax.f.B.u 

1 '^king  away  ine  common  mgn.  N.  •  •       j 

It  fbllows  that  the  mjrjL  P  u  =:.to  the  mgn.  V.  Jx,  3.  JR.  i. 

Confequcnlly,  a  P  bemg  the  fame  multiple  of  P,  that  aM  is  of  M 

(Prep. J f  fl  P  is  alfo  the  fame  multiple  ofV,  that  a  M  is  of  M, 

Which  was  to  be  demonftrated. 
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PROPOSITION  VI.    THEOREM  FI. 


F  two  magnitudes  (tf  M.  <»  N)  he.equiftuilliplcs  of  two  others  (M  &N)  & 
if  e<}u{fndt(ples  (<M  &  r  N)  bf  thefe,  be  taken  from  the  firft  two,  the  remain^ 
fers  (^  M  &  r  N)  are  either  equal  to  thefe  others  (M  &  N),  or  equimultiples 
Df  them. 


Hypotheiis. 

l^eMfJ  eN  the  remainders 
CaU        cM)  M 

tt.  <  ^  alfo  li  \  equimulii^s 
lafi        fNJ  tf 

CASE  I.   2f/Mbe«M. 

Preparation. 

Ut  iN  =  N. 

Dbmonstratiok. 


m 


Thcfis. 
«;ftf  if  ijjuimultifk  ef  N. 


Pof,x.B.i. 


B 


S: 


E  C  A  U  8  E  r  M  18  the  iame  tn«ltiple  of  M»  that  ^  N  is  of  N 
fift^.  2.;,  &  that  #M  =  M.  (Sup,  I.;,  &  I  N  =  N  (Prep.), 
The  mgn.  ^  M  +«  M,  or  «  M>  wHl  be  the  lame  multiple  of  M 
that  f  N  +  I  N  is  of  N. 

But  a  M  being  the  fame  multiple  of  M>  that  tfNor#N+rNia 
of  N  (m  .  2.) 

The  two  mgns.  c  N  +  i  N  &  #  N  +  c  N  are  equimultiples  of  the 
fame  mgn.  N. 

Wherefore  the  mgn.  f  N  +  i  N  =  #  N  +  c  N  Ax.6.B.i. 

Taking  away  the  common  mni.  c  N^ 

It  follows  that  I  N  is  =:  e  ^f  Ax.  ^.  B,  i. 

But  I  N  is  =    N    (Prep)  ; 

Confequently»   eNis  =  N  Ax.  i.  B.  i- 

Therefore  if   #Mbc  =  M,  rN  is  =  N. 

Which  was  to  be  demonftrated.   i. 


47* 
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CASE    It    If  «M  be  multiple  of  M. 

Preparatitm. 
Take  i  #N  the  fiune  multiple  ofN,  that  r  M  is  of  M. 

Dbmokstration. 


JV.i.»5 


^^ECAUSE  #M  is  the  ftme  multiple  ofM,  thati  «N  lioTN 
(Pnp).  &  that  cWL  is  the  fame  multiple  of  M,  that  c  N  is  of  N 

(Nyp'  a;. 

1 .  The  maniitude  #  M  -{'  ^  M  or  n  M»  will  be  the  iame  multiple  of 

M,  that  I  f  N  4-  r  N  IS  of  N.  ?.«.  Af 

But  a  M  being  the  fiime  multiple  of  M  that  4Nor#N  +  ^Ni^ 
ofN  (Hyt.%). 

2.  Therefore,  the  two  mgns.  irN+^N&fN  +  cN  are  equi- 
multiples of  the  fame  mgn.  N.  iCr.  6.  ^  *• 

3.  Confcquently,  i#N  +  fNis=:fN+fN 
Taking  away  the  common  mgn.  #  N 

4.  It  follows  that  the  mgn.  i  e  N  is  =  #  N  ir.  j.  *'• 
But  I  /N  is  the  ftme  multiple  of  N  that  #  M  is  of  M  (Pnp.), 

^.  Therefore,  if  #  M  be  an  equimultiple  of  M,  ^  N  will  be  an  equi- 
multiple of  N 

Which  was  to  be  demonfinted.  1  r. 
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PROPOSITION  VII.      THEOREM  VIL 


QJJ  A  L  magnitudes  (M  &  i  M),  have  the  fame  ratio  to  the  fame 

magnitude  (m)^  and  the  fame  (m) ;  has  the  fame  ratio  to  equal  magnitudes 
(M  &  I  M). 


Mypothefis. 
M  C^  I  M  tfff  t'wQ  efiud  mgnsi 
(f  mis  a  third, 

PteparaisdHp 

1.  Take  of  M  &  of  i  M  anv  equimultipl 
X  And  of  m  any  multiple  whatever  c  m. 


Thcfis. 
7.M  :  mdt  iM:    m 
//.  fli :  M  s±  M  :  iM 


A  M  &  «  I  M. 


}  P^Ci.As 


Demonstration. 
15  ^C  A  U  S  E  «M  &  fl  1  M  arc  equimultiples  of  M  &  of  i  M 

1 .  The  mgn.  tf  M  is  =:  a  i  M.  •«'«f«  o.  ^#  1^ 

2.  Therefore,  if  a  M  be  >,  =x,  or  <  <: « ;  « i  M  will  Ukewife  be  >, 
=,  or  <  r  «. 

But  tf  M  &  tf  I  M  are  equimultiples  of  the  I  term  M.  and  of  the 
III  term  iM,  as  r  i»  and  c  jw  are  of  the  II  term  «  and  of  ihe^IV 
tenniw, 

3.  Confequently  M  :  «  =  i  M  :  «.  I/,  j.  A  5. 

Which  was  to  be  demonftrated.  i. 

And  becaufe  a  M  =  tf  i  M  (Arg,  i)  -, 

4.  It  alfo  follows  that,  if  r  «  be  >,  =,  or  <  tf  M,  likewife  c  «  will 

be  > ,  =,  or  <  a  I  M.  n        n 

5.  Therefore  iw  :  M  =a  «  :  i  M.  x;.  j,  if.  5. 

Which  was  to  be  demonftrated.  1 1. 
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O      PROPOSITION  VIII.     THEOREM  VIII 
F  unequal  magnitudes  (M  ^c  N),  the  greater  (M)  has  a  greater  ratio  lOlk 
fame  (f'),than  the  lefs  (N)  has;  and  the  fame  magaitade  (P)  has  a  greater  00 
I0  The  kfs  (N),  than  it  has  to  the  greater  (M). 

Hypothefis.  Tlieiif. 

/.  M  >  N.  /.  M  :  P>N  P 

//.  P  is  any  magnitudt.  //.  P  :  N  >  P  « 

/.  Preparation. 
I.  Take  from  the  greater  M  a  part  1  N=:  to  the  lefs  N,  ami 
the  remainder  R  will  he  either  <,  or  >  or  iniine  =  N  j 
Suppofe  firft  this  remamder  to  be  <  N. 
a.  Take  arR  a  tmrktele'ot  this  vemaiiider  >  P  i 

3.  Take  iaN&  ^iN  the  fanemoh.  of  i  N  &  N  that«RisofiL  A/i.^i. 

4.  Take  the  mgn.  2  P  double  of  P  5  the  mgn.  3  P  triple  of  P 
and  fo  on  until  the  multiple  of  P  be  that  which  firft  becomes 
greater  than  a  N,  and  let  4  ^  'be  that  muitiple. 

B  Demonstration. 

E  C  A  U  S'E  4  P  is  the  multiple  of  P  which  firft  Vcomes  >  aN  (M-^ 
*•  The  next  preceding  mult.  3  P  is  not  >  «  N,  or  a  N  is  not  <  3  P. 


or 


P,\M 


Moreover  iiR  and  laH  being  equimultiples  of  R  &of  iN  (^-€3^,2), 

The  mgn.  <?R  +  1  iiN,  or  /?  M  is  the  fame  multiple  of  R  +  1 N 

M,  that  a  R  is  of  R. 

Or  that  a  N  is  of  N  (Prep.  3/ 
.  Therefore  a  M  and  a  N  are  equimultiples  of  M  and  of  N. 

•Moreover,  a  N  and  i/iN  being  equimultiples  of  the  =:  mgns,  N  and 

1  N    (Prep.  3  W  i;. 

The  mgn.  <i  TN  is  :^  1  a  N  ifx  6.  *  *• 

But  a  N  is  not  <  3  P  (Ang,  i). 

Confequemty,  \  «  N  is  not  <  3  P 

But  <t  R  is  >  P  (Prep,  %), 

,  Thtejefbre,  by  adding,  «  R  -f-  »  a  N  or  a  M  >  4  P, 

Since  thenaNI  is  >  4P.aad#N  <  4P  (Prep.  ^),  anduM,  aN 

are  equimultiples  of  the  antecedents  M  and  N  and  4  P,  4  P  equi- 

liiultiples  of  the  confequents  P  and  P  (Arg.  3  £tf  Prep.  aJ, 

It  follows  that  M  :  P  >  N  :  P  D.  ?•  *^' 

Which  was  to  be  dcmonftrated.  x. 
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■1    1 

aP 

^P<«M. 

aid  a  N,  0  M  equmiultipks  of  the  coftfeqaents  N  and  M» 
>.  It  follows  that  P  :  N  >  P  :  M.  Z>.  7.  5.  5. 

WKich  was  to  be  demonftrated.  11. 
11.  Preparation. 
If  R  be  ftippofcd  >  I  N  or  N. 

5.  Take  III  N  a  multiple  of  i  N  >  P. 

6.  Take  aK  k  aN  the  fame  multiples  of  R  &of  N  that  laN  isof  iN.  Po/.i.  B.  5. 

7.  Let  4  P  be  the  firft  multiple  of  P  >  49  R  ;  confe<}ueotly  the  next 
preceding  multiple  3  P  will  not  be  >  aR,  or  /iR  will  not  be  <  3  P. 

I  Demonstration. 

T  may  be  proved  a*  before  (Arg,  i.  a  W  3^>  that 
I  •  The  mgns.  a  M  and  a  N  are  equimultiples  of  the  mgns.  M  &  N. 

Moreover,  a  R  &  a  N  being  equimultiples  of  R  &  of  N  (I^ep.  6Jf 

and  R  being  >  N  fSup.J, 
%.  It  follows  that  iiR  is  >  «  N 

But  tf  R  not  being  <  3  P  (Prep.  7 J, 

Andthemgn,itfN         being  >     P  (?r€p\  5^, 
3-  Then  by  adding,  «  R  +  i  «  N,  or  ii  M  >  4  P. 

Bui  tfR  being  <  4  P  (Prep.^),  &  this  fame  «R  being  >  di^  {Arg.z), 

4.  Much  more  then  ii  N  is  <  4  P. 

But  «M  &  flN  are  equimultiples  of  the  antecedents  M  &  N  (Arg.i) 
and  4P,  4  P  cquimukiples  of  the  confequents  P  &  P,  &  moreover 
4M>4P&aN<4P  (Jrg.  3^4;. 

5.  Confequently  M  :  P  >  N  :  P. 

Which  was  to  be  demonftrated.  i. 
Moreover,  without  changing  thePreparation,  it  may  be  demonilrated 
as  in  the  precedent  cafe  (Arg.  8  W  qA  that 
6-  The  ratio  of  P  :  N  is  >  the  ratio  of  P  :  M. 

Which  was  to  be  demonftiated.  1 1. 

III. 

And  applying  the  fame  preparation  and  fame  reafoning  to  the  laft 

cafe  when  R  =  i  N, 

7.  The  demonihatioD  will  be  completed  as  in  the  two  precedent  cafes. 

Which  was  to  be  demonftratcd.  j  &  1 1 . 


D.  7.  B.  5. 


M> 


PROPOSITION   IX.     THEOREMll 

iVlAGNITUDES  (M  &  i  M)  which  have  the  fame  ratio  to  the  te 
magnitude  (N)  :  are  equal  to  one  another.  And  thofc  (M  &  i  M}  to  wtak 
the  fame  magnitude  (N)  has  the  fame  ratio,  are  equal  to  one  another. 

Hjpotheiis.  Tlidb. 

M  :  N  =  iM  :  N.  Wf«^M  =  i« 

Demonstratiok. 
I. 

^  ■  ,        If  not»  the  two  mgns.  M  &  i  M  are  unequal. 

I    JL  HEN  the  two  mgns.  M  &  i  M  have  not  the  fame  ratio  to  the 

famemgn.N  P.8.A^ 

But  they  have  the  fame  ratio  to  this  fame  m^  N  (Hyf»)  ^ 

^.  Therefore  the  mgn.  M  ii  ^  to  the  mgn.  i  ~ 


Hypothefis. 
^:M=N  :  I  At 


TTiefe 

Demonstratiok. 
n. 

^^^        If  not»  the  two  mgns.  M  &  i  M  are  unequal. 

p.  JL  HEN  the  &me  mgn.  N  has  not  the  fiimc  ratio  to  the  two  mgns. 

M&iM.  ^•••'•^' 

But  it  has  the  fiune  ratio  to  thofe  two  mgns.  (Hyp.). 
f.  Therefore  the  mgn.  M  is  =  to  the  mgn.  i  M. 

Which  was  to  be  demonfirated. 
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PROPOSITION  X.    THEOREM.  J(. 


HAT  magnitude  (M)  which  has  a  greater  ratio  than  another  (?)  has 

unto  the  fame  magnitude  (N)  is  the  greater  of  the  two,  and  |hat  magnitude  (P) 
to  which  the  fame  (N)  has  a  greater  ratio  tb^  it  has  unto  another  magnitude 
(M)  is  the  lefler  of  the  two. 

Hvpothefis.  Thefis. 

M  .  N  /I  >  P  :  N.  ^h€mgn.lAis>K 

Demonstration. 
I 

If  not }  M  is  =  P,  or  <  P. 

TC  A  S  E    I.    If  M  be  =  P. 
H  £  N  the  mgns.  M  &  P  have  the  fame  ratio  to  the  fiime  mgn.N.  P, 
But  they  have  not  the  fame  ratio  to  the  iame  mgn.  N  (Hyp,)  i 
i.  Therefore  the  mgn.  M  is  not  ==  to  the  mgn.  P. 

TC  A  S  E    II.    If  M  be  <  P. 
H  E  ratio  M  :  N  would  be  <  the  ratio  P :  N  (Hyp.)  j  P.  8.  B. 

But  the  ratio  M  :  N  is  not  <  the  ratio  P  :  N  (Hyp  J  j 

4,  Therefore  the  mgn.  M  is  not  <  the  mgn.  P. 
But  neither  is  the  mgn.  M  =  P  (Arg,  %)^ 

5.  It  remains  then  that  M  be  >  P. 


7.^$J 


N 


Hvpothefis. 
P  >  N  :  M. 


i.lH] 


Demonstration. 
II.  ' 

If  not,  P  is  =  or  >  M. 
CASE    I.    If  Pbc  =  M. 
_  ratio  N  :  M  would  be  =  to  the  ratio  of  N  :  P 

%.  Which  being  contrary  to  the  Hvpothefis,  P  cannot  be  =:  M. 
r^  C  A  S  E    II.    If  P  he  >  M. 

3.  I  HE  ratio  N  :  M  would  be  >  the  ratio  N  :  P. 

4.  Which  being  alfo  contrary  to  the  Hypothef^s,  P  cannot  be  >  M. 
But  neither  is  P  =  M.    (Arg.  %,)  i 

5.  Thcieforc  P  is  <  M. 

Which  was  to  be  demonflrated. 


Thefis. 
7ht  mgn.  P  «  <  M. 


P.  7.  B. 


P.  8.  B.  J. 
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PROPOSITION  XL    THEOREM  XL 

__ATIOS  (A:B&E:F)  that  are  equal  to  a  fame  third  ratio  (C:D}, 
are  equal  to  one  another. 

Hypothcfis.  Thek 

rA:B 

<     &     are  =  t$  the  fame  rati$C:D.  A:B  =  E:F. 

CE.F. 

Preparation. 


fTbe  ra$h$* 


1 .  Take  any  eoutmultiples  aAj  a  C, «  E  of  the  tkrte  ante- 
cedents A,  C,  E. 

a.  And  any  ecmtraultiplei  r  B»  c  D»  c  F  of  the  three  confe^ 
quentt  B>  D»  F. 

Dbmokstration.       ^ 


} 


?^i.i: 


Because  A  :  B  =  c  :  D  (Hjp,), 

I.  If  the  multiple  «  A  he  >»  =r  or  <  the  multiple  cB,  the  equimul- 
tiple aC  is  likewife  >,  =:  or  <  the  equimultiple  C  D 
In  like  manner  fince  C  :  D  =:  E  :  F     (M^p^) 

a.  If  the  multiple  a  C  he  >,  =  or  <  the  multiple  c  D,  the  equimul- 
tiple a  E  wHl  he  likewife  >,  =  or  <  the  equimultiple  c  F. 

3.  Confequeotly  if  the  multiple  a  A  he  >,  =  or  <,  the  multiple  r  B  ; 
the  equimultiple  n  E  is  likewife  >,  :=  or  <  the  equimultiple  c  F. 


D.  5 Jy 


4.  Confequently,  A  :  B  =  E  :  F 


Which  was  to  be  denoonftrated. 


D.^.^y 
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PROPOSITION  XU.    rUEOREM  XII. 

IlF  may  nuoaber  of  jn^gnitudes  (A»  B,  C,  D^  £^  F,  &c}  be  proportionally 
rbe  fum  of  all  the  antecedents  (A  +  C  +  E&c)  is  to  the  ftim  of  all  the 
Eonliaqttents  (B  +  D  +  F  &0>  ^  one  of  the  antecedents  is  to  its  confequent. 

Hypothefis.  Tliefis. 

The  mgns.  A,  B,  C,  D,  E,  F  are  proportionali  A+C+E  ;  B+D+F=lA  :  Ik 

.»rA:B  =  C:D  =  E:Fe2fr. 

Preparation. 

1 .  Take  of  the  antecedents  A»  C,  £  the  equimultiples  m  A,"] 
Ml  Cy  m  £  i     p^      g 

2.  And  of  the  bonieqaents  B,  D>  F  the  equimultiples  «  B.  r   ^Kf-^'^-S' 
nD,  nF 

♦        DEMONSTRATION. 

O^I  NCE  then  A:B=rC:D  =  E:F  t^fypJ  i 
t.  If  »A  be  >,  =or<  n  B»  like  wife  mC  is  >,  =  <  iiD|  4tmE 

is  >,  =  or  «  F  D.  J.  S.  5* 

Therefore  adding  on  both  (ides  the  mgns.  >,  =:,  or  <. 
a.  The  mgns.  mA-^- mC-^-  mE  will  be  conftantiy  >,  r=,  or  <  the 
mgns.  «  B  +  /I  D  4"  «  F  according  as  »  A  is  >,=,  or  <  it  B. 
But  the  mgns.  m  A  +  '"'^  +  m  E  &  jm  A  are  equimultiples  of  the 
mjrns.  A+  C  +  E  &  A  (Prep,  i  &r  P.  i.  ^.  5.;  ,  alfo  the  mgns. 
jiB  4'  ff  D  +  A  F  &  n  B  are  equimultiples  of  the  mgns.  B  +  D  + 
F&B  (Prep.zliP.i.B.^.)i 
5,  Confequentl7A+  C  +  E:B  +  D  +  F=A:B  2>.  5.  A^. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XIIL-  THEOREM  XIIL 


^F  the  firft  magnitude  (A)  has  to  the  fecond  (B),  the  fame  ratio,  which  rtic 
thiid  (C)  has  to  the  fourth  (D) ;  but  the  third  (C)  to  the  fourth  (D)  a  grater 
ratio  than  the  fifth  (E)  to  the  fixth  (F) :  the  firft  (A)  (hall  have  to  the  lead 
(B)  a  greater  ratio  than  the  fifth  (E)  has  to  the  fixth  (F). 


Hypothefis. 


B  = 


D. 

F. 


Thefis. 
:  B>E:F 


Preparation. 

I.  The  ratio  of  C  :  D  being  >  the  ratio  of  E :  P  (ffyp.  i) 
there  maybe  taken  of  the  antecedents  C  &  E»  the  equinnilt. 
Iff  C  &  m  E  ^  and  likewife  of  the  confequents  D  &  F  the 
equimult.  n  D  &  n  P,  fiich,  that  in  C  is  >  n  D,  bat  m  £  is  f  ^  i-  i$- 
not>«Fi  X^r^S 

2-  Take  «  A  the  fame  multiple  of  A  that  mC  is  of  C,  XpofiB^ 

3.  And    a  6  the  fame  multiple  of  B  that  n  D  is  of  D.  j   v*  •    r 


Demonstration. 


JiNCE  tlien  A:B  =  C:D  (Hyf.  ij,  and  that  wA,  JwCare 
equimultiples  of  the  antecedents,  &  »  B,  11 D  equimnltipies  of  the 
consequents  (Prep.  %  W  3/ 

The  mgn.  «  A  will  be  >,  =  or  <  «  B  *  according  as  m  C  is  >» 
=  or  <  «  D. 

Therefore  m  A  is  alfo  >  n  B. 

But  m  E  is  not  >  «  F  (Prep,  ij^  k  the  mgns.  f»  A  &  mE  are 
equimultiples  of  the  antecedents  A  &  E,  &  n  B,  n  F  equimultiples 
o?  the  confcquents  B  &  F  (Prep.  1  W  a). 
Confequently  the  ratio  A  :  B»  is  >  than  the  ratio  E :  P. 

Which  was  to  be  demonftrated. 
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FROFQaiTrON  XIV,     THEOREM^  XIV. 

JtP  Four  magniludM  (A,  B,  Q  D)  be  propoKkmal^  then  if  thefirft  (A)  b0 
greater,  equal,  or  le(s,  than  the  thud  (C),  the  feoond  (B)  ihall  be  greater^ 
equal,  or  lefs,  than  the  fourth   (D). 

Hypothefia.  Thefis. 

/.  A  :  B     =  C  :  D  According  as  A  is  >,  =i  or  ^^^  C. 

//.  A  «  >,  =  $r<  C.  B  w//*f  >,=  «r  <  D. 

CASE    L    If  A  be  >  C. 


Demonstration 

I.     £   H  E  N  the  ratio  of  A .:  B  is  >  the^aiioC;:  B. 

ButA:B  =  C:D  (Hyp.  ij. 
a.  Therefore  the  ratio  of  C  :  D  is  >  the  ratio  C  :  B. 
3.  From  whence  it  follows,  that  D  i!(  <  B  orB  >D. 

It  may  be  demooftrated  after  the  famemannery  if  A  =sC«  that  B 

wiU  be  =  D  ;  &  if  A  be  <  C,  that  B  wiU  be  <  D. 
4..Con(eqttentl7»  accordingas  A-is  >,  =:or  <  C,  B  will  be  >,  =: 

oi<A 

Which  wiat  to  he  demonftrated. 


P.  8.  B.  J. 
P.iqrB,^. 
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PROPOSITION  XV.     THEOKEMXy. 

JS/IaONITUDES  (A«^B)   hive  the  fame  ratio  to  ooe  note 

whfch  (heir  equimuhiples  (m  A  &  m  B)  have. 

Hypothefis.  Thdis. 

7he  mgns,  mA  8c  mB  arw  eqmmuli.  A  :  B  =:  «  A  :  •!. 

oftbemgns.KfiB. 

Preparation. 

1.  Divide  m  A  iato  its  parts  P,  Q^R  each  =  A. 
a.  And     m  B  inro  iti  parts  /»  f ,  r  each  ::r  B. 

Demoksthatiok* 

X^BCAUSE  the  mgns.  mf  A»  ivB  are equimulUples of  the  nwn&r 

A  &  B  r/ft^.;. 

1.  The  number  of  parts  P,  Q,  R  ftc.  is  =  to  the  number  of  parts 
/•  f,  r  &c. 

And  P  being  si  Q^=t  R  (Prep,  i;,  &  ^  =  ^  ==  r  (Pnp.  z),  [P.  r  '5 

2.  The  mgn.  P  :  ^  =  Q^:  «  =  R  :  r  &c  (  P-^M 

3.  Wherefore  P  +  Q^+  R,  or  m  A  :  ^  +  9  +  r  or  m  B  =: P  :/.  P.iiM 
But  fince  P  =  A  &  ^  =  B  (Prep,  i  W  2^, 

4.  The  mgn,       P :  /  =    A  :      B.  Z'.?  ^5 

5.  Coafequcntlj  A  :  B  =  «  A  :  ai  B.  PmM 

Which  was  to  be  deoiionftrated 
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PROPOSITION  XVI.     THEOREM  XVI 


__  F  four  magnitudes  (A^  B,  C,  D)  of  the  fame  ^ind  b^  proportiopals^  thej 
flull  alfo  be  proportionals  when  taken  alternately. 

Hypothecs.  Thefis. 

A  :  B  =5  C  :  D.  A  :  C  s=  B  :  D. 

Preparation. 
1.  Take  of  the  terms  A  &  B  of  the  firft  ratio,  anj  ecpiimult.'l 

«  A>  &  « B.  Kp^fi  Be 

a.  Take  of  the  terms  C  &  D  of  the  lecond  ratio  aayequimult.  r  ^v-»-    *5' 
ttCf  nD.  J  , 

Demonstration. 

X>£CAUSE  «  A  &  otB  are  equimult.  of  the  mgnf.  A  &  B 

1.  Then  A:    B=jwA:«B.  P.ic.B.c. 
But                      A:     8=     CtD(Hjf.J.  ^ 

2.  Therefore  C:    D  =  otA:«B.  P,tt.B,c, 

3.  Likewife  C  :     D  = « C : « I).  P.i  5.  A5. 

4.  Confequcntly    mA:mE^nC\nD.  P.i i.  A5. 

5.  Wherefore,  if  m  A  be  >,  a=  or  <  «  C,  «  B  will  be  >,  =r  or  <  « D.  P.14.  B.^. 
But  «  A  &  «  B  being  eqaimult.  of  the  terms  A  &  B  coniidered  as 
antecedents  ("/^re/.  i^,  &  n  C,  n  D  equimnlt*  of  the  terms  C  &  D 
coffered  as  confequents  fPre^.  zjf 

&  Confequently  A  :  C  =:  B  :  D.  D.c.B.^, 

Which  was  to  be  demonftrated. 

ICQRQLLJRr. 
T  fallows  fnm  this  ^pofithn  that  if  four  Mfftis,  art  frpp^rti^nals^  according  as  the 
firft  is  greator^  equal  or  leji  than  thejecondf  the  third  is  iikewife  greatiTf  equal,  sr 
iejs  than  the  fourth. 

For/nce  A  :  B  =  C  :  D     CHjp.J, 
I.  Then         A  :  C  =  B  :  D.  Rf6B.  5. 

z.  Therefore^  according  as  A  1/  >,  =:  pr  <  B,  C  nviii  heliktwfe  >, 

=  w<D.  P.i4.i».j 


tn 


The   ELEMENTS 


«A 


nB 


«C 


«D 
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I      PROPOSITION  XVII.     THEOREM  JO^a. 
F  two  magnitudes  together  (A  -|-  B)  have  to  one  of  ihem    (B),  the  fait 
ratio  which  two  others  (C  +  D)  have  to  one  of  thefe  (D),  the  remaining  « 
(A)  of  tfaefirft  two  (A+  B)  Aall  have  10  the  other  (B),  the  Tame  ratiDwInd 
the  remaining  one  (C)  of  the  laft  two  (C  +  D)  has  to  the  otber  of  thefe  (D)- 

Hypothefis.  Tlicfis. 

A  +  B:B6=C  +  D:D  A:B=C:D 

Pteparaikn. 
|.  Take  of  the  mgns.  A3,C,D  any  equimult.  otA,  «fe»  «iC»  mDl 
2.  And  of  the  mgns.  B  &  D  anyequimok.  n  B,  n  D.  P^-^-^S 

T  Demonstration. 

HEN  the  whole  mgn.  «  A  +  ai  B  wt!I  -be  the  fame  mult,  of 

the  mgn*  A  -f>  B*  that  «  A  is  of  A*  or  m  C  of  C. 
^.  In  like  manner,  the  whole  mgn.  «  C  -{-  «  I^  is  the  fame  mult,  of  the 

mgn.  C  4-  D,  that «  C  is  of  C. 
X.  Confequently,  m  A  +  «  B  is  the  Ame  mvilt.  of  A  +  B,  that  ot  C  + 

iiiDisofC  +  D. 
4.  Alfo  the  mgns.  «B-|-ffB,  mD-j-nD  are  equimult.  of  the  mgns.  B&D. 

ButA+B;B  =  C  +  D:D  (Hyp.),  &«A  +  «B,  aiC+^D 

are  equimult.  of  the  antecedents  A  +  B  &  C  -f  D  (Arg.  3^  1  alfo 

«B4~aB»  «D-)-jiDare  equimult.  of  the  confequeats  B  &  D  (Ari.  4J 
c.  Confequentiy,  ifMA  +  «Bbe>,  =  or<iiB-fiiB,  iiC  + 

m  D  is  alfo  >,  3:  or  <  «D  -f  n  D.  D.  $.  i.\ 

But  if«iA-f«'Bbe>,  c=or<   inB  +  iiBs  taking  away  the 

common  part  m  B. 
6«  The  remainder  m  A  will  be  >,  =:  or  <  the  remainder  n  B. 

In  like  manner,  if  mQ-^-m  D  be  >,  rsor  <  jrD  -|-  it  D  ;  taking 

away  the  conunon  part  m  D. 

The  reasainder  m  C  will  be  >,  p:  or<  the  remainder  aD. 

Wherefore,  if«Abe>>s:,  or<ifBs  ^C  will  be  Ukewife  >t 

s  or  <  n  D. 

But  ai  A  &  mC  are  equimult.  of  A  &  of  C  confidered  as  antecedents 

(Prep.  i)i  &  «  B>  aD  equimult.  of  B  &  D  confidered  as  confequenu  (Frtp^  i)- 
9.  Conibquently,  A  :  B  ==  C  :  D.  A  5.  £5- 

Which  was  to  be  demonftrated. 
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PROPOSITION  XVm.    THEOREM  XFIII. 

Lf  four  magnitudei  (A^B^QD)  be  proportionals,  thcfirft  ibiI  facond  together 
A+B)  ihall  be  to  the  fecond  (B)  is  the  third  and  fourth  lagether  (C+D)  tb 
he  fourth  (D). 

Hjrpothefis.  Thcfis. 

1  :  Ba=C  :  D.  A +B  :  BcsC  +  D  :  D. 

Demokstratiok. 

If  not>  A+B  :  fi :sC+D :  alioAer mgn.  M  <  or  >  D. 

CASE  I.    LetM<D»  orM  +  R  =  D  ('Fi^.  1/ 

OlNCEthcnA  +  B:B=:C4-D:M,orA+B:Bic=C+M+R:M 

1.  Dividendo  A  :  B  s  C  -f  R  :  M.  P.17.  B  .j. 

But  A  :  B  =  C  :  D  (Hyp,)  ; 

a.  Hence,         C+R:M  =  C  :  D  P.ii.iT.  y. 

But  C  +  R  is  >  C  (Ax.  8.  B.  \)  ; 
3.  Therefore  M  is  >  D,  &  the  fuppofition  of  M  <  t),  is  impoiibie         •P.14.  B.  5. 


B. 


CASE   II.    Let  M  >  D,  or  M  =  D  +  R  (fig.  %). 


BECAUSE  A+B  :  Bs=C  +  D  :  M,  or  A-f-B :  B  =C+D :  D+R 

4.  Dividendo  A:B  =  C  — R:D  +  R  P.iy.B.c. 
But                     A :  B  =          C  :  D.  (/^/J. 

5.  Hence,         C— R  :  M=         C :  D.  P.i  i.  S.  5, 
But  C  — R  is  <  C  (Jx.  8.  B.  I)  J 

6.  Therefore  M  is  <  D,  &  the  fuppofition  of  M  >  D,  is  impoffibie.        /'.14.  B.  5. 
Since  then  M  is  neither  <D  (Af^.  %J  nor  >  b  (Ar/r,  n)^ 

7.  It  follows  that  Mis  3cD&  A  +  B  :  B=:C  +  D  :'0. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XIX.    THEOREM  XIX. 

X  F  t  whole  magnitude  (A+B)  be  to  a  whole  (C+D),  as  a  magnttiide  (^ 
taken  from  the  fifil  U  to  a  ipagnitude  (C)  taken  from  the  other,  the  remaiB- 
der  (B)  (hall  be  to  the  remaincfer  (D),  as  the  whole  (A  -r  B)  is  to  the  wbok 
(C  +  D). 

Hypothefis.  Thefis. 

A  +  B:<:  +  P  =  A:C  B:D=:A  +  B:C+DL 


Pkmonstration, 


jJecause  A+B 

1.  Therefore  Alicmaado  A  +  B 

9.  Then  Di?idendo  B 

3.  AkemsLndo  again  B 

But  fmce  A+B 

^.  It  follows  that  B 


C  +  D=  A:C  (Hjf,). 

A  =  C+D:C 
A  =  D  :  C 

D=  A:C 

D  =  A  +  B:  C-f  D. 
Which  was  to  be  demonftrated. 


P.16.JLS. 


I 


COftOLLART. 


^F  mapnituJes  taken  jointly  be  ^^w-tipnalsy  that  «i/A+B:A^C4"D:C» 
it  nun  be  inferred  ty  con*verfion  that  A  +  B:B  =  C-|-D:D  (D.  ly.B.  cL 
Far  A  +  B:C  +  D  =  A:C  (Hyp,^P.i6J. 

fVberefore      A  +  B  :  B  +  D  =  B  :  D  [/».  19). 
Cwfequently  A  +  B  :  B  =:C  +  D:D  (P.  16). 


Book  V; 


Of    E  U  C  L  i  D. 


191 


PROPOSITION  XX.       THEOREM  XX.     , 

X  F  ^here  be  three  magnitudes  (A,  B^  C)  and  other  three  (a^  b,  c)  which 
taken  two  and  two  m  a  dtred  order^  have  the  fame  ratio ;  if  the  firft  (A)  be 
greater  than  the  third  (C),  the  fourth  (a)  fliaU  be  greater  than  the  fixth  (c) 
and  if  equal,  equal,  and  if  lefs,  lefs. 

Hypothefis.  Thefis. 

/,  A  :  B  i=  a  :  ^  According  as  h  is  '^^'=1  or  ^Q. 

IL  B  :C:=zh  :  c  a  is  alfi>,xz0r  <  c 

Demonstration. 
CASE   I.    Ut  A  be  >  C 

Because  a  is>c 

I.  The  ratio     A  :  B  is  >  C  :  B.  A  8.  -B.  S^ 

But  A  :  B      ^aih    (Hyp,  ij. 

And  C:.B      =ic:h    (Hyf.  z^ P,  ^Cvr.  B.  ^). 

2-  Therefore,  the  ratio  a  :  h  h  >  c  :i,  P.13.  ^.  $• 

3.  CoDileqaentlj,  a  is  alfo  >  c.  P.io.  Bi  $• 

4.  It  maj  be  proved  after  the  fame  inaiuier»  that  if  A  be  =3  C,  a  flikll 
be  =0  &  if  A  be  <  C,  fl  &all  be  <  c. 

5.  Confequently^  according  as  A  is  >,  =:  or  <  C>  ^  will  be  alfo  >» 
=s  or  <  r. 

Which  was  to  be  demonfiratf  d. 
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PROPOSITION    XXI.     THEOREM  XXL 


F  there,  b^vtfiree  iQagaiMKtos  (A,  B^  C),  and  other  three  (f,  t,  cj,  whkh 
hgve  the  faoie,  ratio  taken  two  and  two»  but  iix  a  cro&  ordef ;  if  the  firft  mag- 
nitude (A)  be.grealer  than  the  third  (C)^  the  fourth  (aj  fball  be  greater  than 
the  (ixth  (cj,  and  if  equal^  equal;  and  if.left^  1^. 

Hfppthefis.  Thefis. 

A  A>  •  B::==  i  :  c  According  m  Kis  .>^=3#r.  <  Cr 

//..  B:>:  C  =3=  4r  :  A  a  is  alfi:>^=z^  < c. 

CASE  I.    I^t.Aba>  C 


B 


DfiMOKBTR^TIQKi 


ECAUSE  A  la  >  C 
Thematic  of  A  :  B  >  C 
But  A  :  B      =  *  ; 

&  invertendo    C  :  B<     =s  A. : 
Cbn&ouently  the  ratio i  :  c>  t :  a 
Therctbre  r  ii  <  « ,  or  a  >  c 


B 


4.  It  mav  be  Amonflratcdefter  the  feme  manner*  if  Ai  be.3:::B»  aUa 
«  fhall  be  =  c  j  and  if  A  be  <  C,  a  flmU  be  <c 

5.  ConfequeitflTy  according  a8,A>  >rS?'Or><  C»  «:ilHdlte!>^-39 
or  <  r. 

>W3vch  was  to  be  de^onftrattd. 
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PROPOSITION  XXIL    THEOREM  XXII. 

\y  there  be  any  number  of  magnitudes  (A»  B,  C,  &c.)  and  as  many  others 
«,  i,  ^,  W^-A  which  taken  two  and  two  in  order  have  the  fame  ratio,  the 
irft  (hall  have  to  the  tad  of  the  firft  magnitades,  the  fame  ratio  which  the 
irft  of  tlie  others  has  to  the  laft,  by  equality  of  dired  ratio,  or  ex  aquo  or** 
linate. 

Hypothecs.  '  Thcfis. 

/.  A  :  B  =  a  :  ^  A  :  C  !=:  a  :  r. 

7.   B  :  C  =  *  :  r 


Preparation. 


1 .  Take  of  A  &  A  any  equimult.  m  \k  m  4 

2.  And    of  B  &  ^  any  equimult.  nY^  Be  n  h 

3.  And   of  C  &  r  any  equimult.  r  C  &  re. 


] 


Po/i.S,^. 


B 


Demonstration. 


A  :     B  =    a  :     h    (Hyp,  1/ 
m  A  :  hB  ^izma  :  nh 

^  X     Q—    b  :     c    (Hyp,  %). 
»B  :  rC  'r^nb'SSLrc 

rC  &  maf    nb^  r c  form  two  ftries  of 
magnitudes  which  taken  two  by  two  in  order  have  the  fame  ratio. 
Wherefore,  by  equality  of  ratio,  according  as  the  firft  «  A  of  the 
firft  feries  is  >,  =  or  <  the  third  r  C,  the  firft  ma  o{  the  other 
ferie3*will  be  >,  =  or  <  the  third  r  c. 
Confequently,  A  :  C  =r  «  :  r . 


ECAUSE 
It  follows  that 
And  becaufe 
It  follows  that 
Therefore,       «r  A,  n  B, 


P.  4.  i.  ;. 


Which  was  to  be  demonftrattd. 


P.to.  B.  5. 
D.  s.  JL  s- 


B  b 
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PROPOSITION  XXIIL     THEOREM  XXIH. 

Ji  F  theM  be  tny  number  of  mflgniiudes  (A,  B,  C,  &c.)  tnd  as  many  oAen 
(a,  i,  Cf  i^J  which  tnken  two  tnd  two,  in  a  crofs  order,  have  the  (ame  ntio; 
the  firft  (hail  have  to  the  laft  of  the  firft  magnitudes  the  fame  ratio  whid 
the  firft  of  the  others  hat  to  the  Uft,  by  e<iatlity  of  pertarbate  ratio  or  a 

mquo  perturbate, 

Hypothcfis.  Thdis. 

/.  A  :  B  =  i  :  f .  A  :  C  =  «  :  c. 

//.  B  :  C  =  tf  :  *. 

^  Preparation. 


B 


I .  Take  of  A,  B,  a>  any  equimult.  »  A» «  6,  ai «. 
a*  And   of  C9  b,  Cf  aay  equimult.  a  C,  nb^  n  £. 


Dbmonstrat^ok. 

tv  A  &  «  B  are  equimult  of  A  le  B  (Prep.  i/. 


ECAUSE 
ft  follows  that 
And 
Bat 

Therefate, 
And  becaufo 
It  followt  that 


A 
b 
A 
ai  A 
B 
B 


B  =  iaA 
c  =nt 
B  =     t 

mB  =Mb 
C   =      a 

mC   =:  «  a 


mB. 
n  r. 

c.  (Hyp^  I). 
n  c. 

b.  (ffy^.  %)• 


}iV:««> 


Pas- Is 


5.  Wherefore,    m  A,  tiB,  a  C,  k  ma,  m  h^  nc  form  two  fories  of 
mgns,  which  taken  two  and  two  in  a  cro6  order  have  the  liune  • 
Tauo. 

6.  Confeqpantif »  by  equality  of  raUo»  according  as  the  firft  «  A  of  the 
firft  feries  is  >,  :=  or  <  the  third  n  C,  the  firft  «  a  of  the  other 

fcrics  will  be  >,  =  or  <  the  third  a  r.  P.%i.  B.^ 

7.  For  which  reaifon  A  :  C  :=  a  :  c  /).  5.  J. ;. 

Which  wu  to  be  demonftrated. 
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PROPOSITION  XXIV.    THEOREM  XXIV. 

X  F  four  magnitudes  (A,  B,  C,  P)  be  proportiontls  and  that  a  fifth  (E) 
b88  to  the  fecond  (B)  the  fame  ratio  which  a  fixth  (F)  has  lo  the  fourth  (D), 
the  firft  and  fifth  together  (A  +  E)  (hall  have  to  the  fecond  (B),  the  fame 
ratio  which  the  third  and  fixth  t(%ether  (C+  F)  have  to  the  fourth  (D). 

Hypothefis.  Thefis. 

/.  A:B  =  C:D  A  +  EiB^ixC  +  F:^. 

//.  E  :  B  =  F  :  D. 

Demonstration. 

JOECAUSE                E:B=sF   :    D  (Hjf.  2),  fP-^B.^f 

1.  It  follows  invcrtcndo       B:E  =  D  :    F  XC9r. 
And  bccaufe                   A:B=;C   :    D    (Hjp.i). 

2.  Ex  xquo  ordinate           A  :  E  =  C  :    F  ^22.  B.  r, 

3.  Componcndo         A  +  E  ;  E  =  C  +  F  :  F  P.18.  A  c. 
Bwi  fmce                        E  :  B  =F    :    D    (Hyp.  zj. 

A^   It  follows, 

Ex  «quo  ordinate  A-J-ErBsjC+F.D  P.^t^.  B,  5. 

Which  was  to  be  dcnuonftratcd. 
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PROPOSITION   XXV.     THEOREM  XXF. 

^  F  four  magnitudes  {A,  B,  C,  D)  are  proportionals,   the   greateft  (A)  and 
I^eaft  of  thcni  (D)  together,  are  greater  than  the  other  two  (B  &  C)  together. 


I 


Hypothefis. 
/.  A  :  B  ?=  C  :  D 

//,  A  is  the  greateft  term$  ^  C^nfequentlj  (*) 
DtbeUaft, 

Preparation. 

Take  i  C  19:  C  &  i  D  s=  D. 


Thcfis. 
A  +  D  >  B  +C 


B 


Demonstration. 


EC^USE  AiB=3C:  Dr^M;&Q=iC&D=iD(^Pr^/.;. 
I.  It  follows  that  A  :  BzriC  :iD 
a.  Wherefore         A  :B=f=M:  N 

Butthemgn.      A  being  >  B   (Myp,  2).  ^ 

3.  The  ipgn.  M  is  alio  >  I^  \ 
'    Moreover,  becaufe    C  =:iC  &  D  =  iP  (Prep.  1  W  a^.  ^ 

4.  It  follows  fhat  jC4-D=iD.-fC 
And  fince  M  is  >  N  (^rg-  3  J. 

5.  It  follows  that  iC+p+M>iP-fC+N,  that  is  A+D  is  >  B+C 

Which  was  to  be  deinonftrated. 


P.19.JJ.5. 
Cor. 


Ax,j^.  B.u 


(♦)  Euclid  fupptfes  the  coftfequence  ef  this  Hypotbejis  fufficiently  evident  frm 
the  foregoing  truths  j  for  fince  A  :  B  :  C  :  D  (Hyp.  1.;,  £*  A  >  C  (Hyp.  %.), 
B  «  >  D  (P.  \JL.  B.  5.;.  Lihiuife  A  heing  >  B  (Hyp.  z)  C  «  >  D  (P.  16. 
A'*-  9'  S'J*     C^ry^quently  P  fr  tbe^  Uaft  of  the  IV  terms. 
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DEFINITIONS. 
I. 

JIMILAR  reMineal  figuris  (Pig.  i.)  are  thofe  (A  B  Q  a  b  c),  which 
lave  their  feveral  Angles  (A,  B,  C^  and  a,  b,  c^  equal,  each  to  each,  and  the 
ides  (AB,  A  C,  B  C,  and  a  b,  a  c^  b  c,)  about  the  equal  angles,  proportion 
sals  (that  is  A  B  ;  A  C  s?  a  b  ;  a c,  alfp  A  B  ;  B  C  z=  a  b  :  be,  and  A  C  i 
BCsac:bc;. 

II. 

HE  Figures  (D  A  B,d  A  b)  are  reciprocal  fFiga.)^  when  the  antecedenta 
(A  D,  A  b^  and  the  confequents  (A  d,  A  B)  of  the  ratios^^  are  in  ench  of  th^ 
figures,  (that  isAD:Ad=:Ab;AB. 

Or  the  figures  (DAB,  d  A  b^  are  reciprocal ;  wben  the  tw0jidet  (AD^ 
A  B  and  hA^  h  b),  in  each  of  tbofe  figures ,  about  the  fame  angk  (A),  or  equal 
angks,  are  the  extreanu  or  means  of  tbe  fame  proportion^*  that  isp  a  fida 
(A  D)  in  tbe  fir  ft  figure  is  to  a  ftde  (A  A)  of  tbe  otber,  as  tbe  remaining  fij^ 
{Ah)  of  tbis  otber  is  to  tbe  remaining  fide  (A  5}  of  tbe  firfi. 

m. 

jfx  Straight  line  (A  B)  is  faid  to  be  cut  in  mean  and  extream  ratio^  (Fig.  ^.) 
when  the  whole  (A  B),  is  to  the  greater  fegment  (B  C)i  as  the  greater  Tegmenta 
is  to  the  lefs  (A  C). 


"^ 
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DEFINITIONS, 

IV. 

HE  aUHudi  of  anf  figure  (A  B  Q  (FtgA.),  is  the  perpendiciilif  (BD)b 
fall  firoin  the  vertex  (B)  upon  the  bsTe  (A  C). 

/T  fMows  from  Ms  Definition,  thai  if  two  figure/  plUcei  mpeu  tUfm 
firdight  Ihe,  have  the  fame  altitude,  they  are  between  the  fame  perM\ 
becaufe  from  the  nature  of  parallels  the  perpendiculars  let  fall  from  met* ^ 
other  are  always  equal; 


Jri,  Ratio  (AB.  BC  CD  :  DE  EF.  FG)  //  comf>ounded  of  feverel  ^^^ 
(AB:DE+BC:  EF  +  CD:FG)  when  its  terms  rcfuk  fcorotfac 
multiplication  of  the  ternis  of  tliore  compounding  ratios. 

VI. 

•/\  Parallelogram  (AB)  (Fig.  2)  ia  faid  to  ho  applied  toafirai^tl'mt(Z% 
when  it  has  for  iis  bafe  or  for  its  fide  this  propofed  flraight  line  (CD). 

VII, 

jf\  Drficient  parallelogram  (A  F),  (Fig^i)  is  that  whofe  bafe  (AB)  ik* 
than  the  propored  line  (C  D)  to  which  it  is  faid  to  be  applied. 

VIII. 

JjUT  the  deficiency  of  a  deficient  parallelogram  (AF),  (Fig.i)  Is « I*'**' 
logram  (BG)  contained  by  the  remainder  of  the  propofed  flraight  line  '^ 
and  the  other  fide  (B  F)  of  the  deficient  parallelogram. 
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DEFINITIONS. 

K. 

j1\N  txatding  paralUkgram  (A  F)  is  that,  whore  bafe  (A  B)  is  grester  than 
the  propo&d  line  (C  D),  to  which  it  i$  faid  to  lie  applied. 


A. 


^ND  tbe  exceft  of  an  exceeding  paralUUgram  (AP)  if  a  ptralklogram  (HF) 
contained  by  the  excefs  of  the  btfe  (A  B)  above  the  propQred  flraight  line 
(C  D)  and  the  other  fide  (B  F)  of  the  exceeding  parallelogram. 
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PROPOSITION  I.     THEOREM  L 

_   RIANGLES  (ABC,  C  B  D),  and  paralleloKnuDs  (C  F,  CE),(f 
the  fame  altitude,  are  one  to  another  as  their  bafes  (A  C^  CD), 

Hjpothefis.  Tbefia. 

t*f  AABC,  CBD,y>,jiw.  /.  T**AABC:ACBD=AC:CBl 

CF,CE, bav*tbe/am*4tlt$tuJe  11.  Tit  fgm.  CF  :  fgm.CE  z=z  AC: CH 


B 


Preparation. 

t.  Produce  A  D  indefinitely  to  H  &  I. 

3.  Take  AG=:AC  =  GH,  alfoDL  =  CD  =  LL 

3.  Draw  BG,BH»BL,B  I. 

Demonstration. 


P.  3.^.1. 

P^uB.u 


P.jari. 


E  C  A  U  S  £  the  A  A  B  C,  G  B  A,  H  B  G,  are  npon  eapal  bales 
A  C,  A  G,  G  H,  (Prep.  2),  &  between  the  fame  plle8.  HI,  FE, 
(Hyp.  fcf  D.  35.  B.  1.  far  Rem,  D.  4.  8.6). 
Thofe  A  are  =  to  one  another. 

From  whence  it  follows,  that  the  A  H  B  C,  &  the  bafe  H  C»  ate 
equimuit  of  the  A  A  B  C,  &  of  the  bafe  A  C. 
It  may  be  demonftrated  after  the  fame  manner,  that 
The  A  C  B  I,  &  the  bafe  C  I,  are  equimuit.  of  the  AC  B  D,  & 
of  the  bafe  C  D. 

Confequentlv,  the  mgns.  H  B  C  &  H  C,  are  equimuit.  of  the  mghs. 
A  B  C  &  A  C  (Arg.  2),  &  the  mgns.  C  B  I  &  C  I  are  equtmnk.  of 
the  mgns.  C  B  D  ft  C  D,  (Arg,  3./ 

But  if  the  A  H  B  C,  be  >,  :=:  or  <  the  A  CB  I,  the  bafe  H  C  » 
alfo  >,  =  or  <  the  bafe  C  I,  (P, 38.  B.x.}. 
Confequenily,  the  A  A  B  C  :  A  C  B  D  =  A  C  :  C  D.      ^  D. 

Which  was  to  be  cfemonftrated.  i« 
But  the  A  A  C  B,  C  B  D,  bcmg  the  halves  of  the  pgms.  C  F,  C  E, 
(P^i,B,i,) 

It  follows,  that  AACB:ACBDr±  pgm.  C  F  :  pgm.  C  K.      P.i^.B.t. 
Wherefore  the  pgm.  C F  :  pgm.  C  E  2=  A  C  :  C  D.  Pai.B.^- 

Which  was  to  be  demonftrtted.  1 1. 
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PROPOSITION  IL     THEOREM  IL 

[P  ft  ftiraight  Nue  (DE)  be  dirawn  oarallet  W^  one  of  the  fides  (A  C)  of  a 
rimgle  (A  BQ  ?  if  flMrll  cur  t^  other  fide^  (A  B,  B  C)  proportionally^ 
ilMt  i*  AD  :  DBfisCE  :  EBDi  anrf  if  the  fides  (AB,  BQ  be  cut 
roportionally^  the  ftnnght  line  (D  £>  which  joins  the  points  of  fefiton  Auril 
K  fnralkl  to  the  renniniag  fide  (A  Q  of  the  trianste. 

^       HvpetMSiL  Thcfe. 

'hifiriii^timX^%hflh:mKQ.  Al>:  DBittCE  :  EB. 

Prepamm. 
Draw  c&e  firaight  lines  A  E,  CD.  iyii.  ^.i. 

BI.  P£MQKSTRATI0K. 
ECAUSE         DEUpUctoAC    (Hyp.). 
.Tbe  ADAEJf  «=ZiECD.  ^.37.^1. 

>.  Confequently,  A  D  A  E  :  i!^DBEs/2LEC  Dr'ADBE.  P.^i.^. 

Bvtthe  ADASrAPBEz?^         AD:DB. 

&the  AECp:  ADBE;?:        C  fi  :  EB  r^.i.ACJ 

;^  Theieibre  A  &r        1> it?         C  E  :  E  B.  ^.i i.  Aj. 

Whi^  was  ta  be  deinonfir%ted. 
Hyfothefis.  Thflia. 

LD  :  VB  =  CB  :  EB.  Tie >«^A» iifft D£ m/»«^/* AC; 

IL  DuMotrstRA-rroN. 


B 


ECAtrSE  tie  AD  AE>  DBE  aie  between  the  fiunepUes^ 
asalfothe  ASCD>  DB& 
Itfoncrwstfiat  ADAE:  ADBE  =  AD  :  DB. 


^F.ui.6. 


irthe  AEC&:A.DVCSB         C  £  :  E  B. 

Bmt  AD ;         DB  »         C  £  :  £  B.  (Uf^.h 

I.  Tbviefbrethe  AD  AE:  ADBE  s:  AECD  :  ADBE*        f.tx.B.%. 
\.  Wherefoie the  A  D  A£i»  9:  AE  CD.  P.  9.  i?.  $• 

y  Gftn^ently,  the  ftrafgV  line  D  fi  19  pUe.  ta  AC  i^j^  JjCt. 

VSiii^  was  ii  ba  *aiodttaf«d» 

Ce 
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PROPOSITION  ra.    Theorem  m 


_F  the  an^Ie  (B)  of  a  tritogle  (ABC)  be  divided  nto  two  equal  ««N  if 
ft  Oraight  line  (B  D)  which  cuu  the  baTe  in  (D>,  the  regments  of  tise  hfe 
(AD,  D  Q  flull  have  the  fame  raiio  which  the  other  fidca  (AB,  BQtf 
the  triangle  have  to  one  another ;  aiid  if  the  fcgments  of  the  bate  (AD,  DQ 
have  the  fame  ratio  which  the  other  fides  (AB,  B  Q  of  tbe  Iriangk  i^* 
one  another,  the  (Iraight  tine  (B  D)  drawn  from  the  vertex  (B)  totkfiit 
of  fe£lk>n  (D)  divides  the  vertical  angle  (A  B  C)  into  tvro  equal  aog|» 

Hypotheits.  Thefii 

rbiftraigbiiinehDJMdettl^^AhC  AD:DC=:AB  BC 

inU  itvo  equal fartSf  m-  V  •  =  V  *• 


Preparation. 

Thro'  the  point  C  draw  C  E  pile,  to  D  B. 
Produce  A  B  uotii  it  meets  C  £  in  B. 


P.xiM 


Ij. 


1>  E  C  A  U  S  E  the  ftraight  lines  D  B,  C  E  are  pUe.  (Pnp 

I.  It  follows  that  A  D  :  DC  =  A  B  :  B  E.  '.  P.$.i^ 

a.  Andthat  V  «=  V«,  &  V»=  V/»  P^^^ 

But,  V  •  being  =r  to  V  «  (HjpJ.  (Axil^ 

3.  The  V  «•  i«  affosr  to  V  /»  &  B  C  =  to  B  E.  {P  i^' 

4.  Wherefore  AD  :  DC  =  AB  :  B  C.  F.yMuM 

Which  was  to  be  deoionftiated 
Hypothefif.  TVfi»- 

AD  :  DC  =  AB  :  B  C.  BD*i/itf/ V  A  BC  «r  V'=V^ 

BIL  Dbmonstration. 
E  C  A  U  S  E  the  ftraight  lines  DB,  C  E  ar^  pile.  fPttp.  ij, 
1.  It  follows  that       AD:DC  =  AB:BE. 

But  AD:DCt=:AB:B'C    fHjpJ 

z.  Wherefore  Afi:BE=rAB:BC. 

3.  Confequeolly,        BEit       ssBC,  &V«=:VA 
But  V«i5alfo  =  toVit,av /=V»  r^.ag-A.O. 

4.  Conflkjucmlj, V  »  ia  =  to  Y  •,  or  B  D  btfedi  V  A  B  C. 


PmA 
(P(^H 
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r       PROPOSITION   IV.      rHEOREM  IV. 
H  E  fides  (A  C,"  AB  &  CE,  C  D,  &c)  about  the  cqiial  angles Y«  & 
^  &c)  ©f  equiangtilar  triangles  (ABC,  CDE)  are  proportionals  ;  and  thofe  fides 
ALB,  C  D,  &c)  which  arc  oppofite  (o  th^.equal  angles  (r  &  /,  &c)  arc  ho- 
lologous  fides ;  that  is,  are  the  antecedents  or  conrequents  of  the  ratios. 

HypotheGs.  Thciis. 

^U  A  ABC,  C  D  E  «rf  equi({ngulary  fAB:AC=:CD:CE, 

r^i  m=\f  n,  "i  r^'i  s,  /.  <AC:B  C  =  C  E  :  D  E. 

^\/p  =\/  9.  CAB:BC=CP:DE. 

f  A  B  ,*C  Dl  op^ofitg    to   tBe 
JI.  Tit  JSiia  I  AC,  Ct^eaual\/ar4lm 
(BCjDEj  m^logms: 

Preparation, 
1.  Place  the  A  AB  C,  C  p  £,  fo  that  the  bafea  AC».C  C 

may  be  in  the  fame  (Iraight  Hoe. 
%.  Produce  the  fides  A  B,  D  E  indefinttly,  to  F.  •  Pof.z.B.i^ 

B  Demonstration, 

ECAUSE  theV«+  rof  AABC  are<  2UY/^.i7.  B.u)  &yr=:\/s.  (Hyp.  ). 
I.  The  V  «  +*  are  alfo  <  2  L.,  &  AB,  D  E  meet  fomewhere  in  f .    Lem.  Ba. 

But  V  •»  bciug  =:toV»&Vr=toV*  (ffyf^J- 
z.  The  ftraight  lines  A  F,  C  D  alfo  jB  C,  F  E  are  pile. 
And  the  quadrilateral  figure  C  F  is  a  Pgrm. 
Confequcntly,  B  C,  F  D  $  alfo  C  D,  B  F  are  =  to  one  another. 
But  B  C  being  pile,  to  the  fide  F  E  of  the  A  F  A  E  (Arg.  %). 

5.  Therefore        AB:BF=:AC:CE. 

6.  Or  ahemando  A  B  :.  AC  =  B  F  :  CE. 
T.  Or  A  B  :  A  C  =  C  D  :  C  E,  C  D  being  =  to  B  F.  (Arg.  4/ 

Likcwifc  C  D  being  pile,  to  the  fide  A  F  ofthe  A  F  E  A. 

8.  It  may  be  proved  in  the  (kme  manner,  that  AC  :  BC  =  CE  :  DE. 

9.  Confcquenily,  A  B  :  B  C  =  C  D  :  D  E. 

Which  was  to  be  demonftrated.  i . 
But  the  fides  A  B,  C  D,  alfo  A  C,  C  E  &  B  C,  D  E  are  oppofite  to 
the  equal  V  r  &  up  &  O9  m  &  n. 
40.Confeqaently,  the  tides  A  B,  CD;  AC,  C  E;  B  C,  D  E  oppofite 
to  the  equal  V  are  homologous. 

Which  was  to  be  demonftrated.  11. 
Cor.  Jberefirt  tquiangufar  triangits  are  alfofimtlar  (D,\.  B.6J 


3- 
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RzS-B.i. 
P.34.i?.i. 

P.  2.JB.6. 
P.16.5.C. 
Rj^B.^. 


Pzz.  B.x. 
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T       PROPOSITION  V.     TH£OREMV. 
IP  the  iides  of  two  triaoglcs  (A  B  C,  D  EF)  be  proportioiuis,  ttiofeiri^th 
mix  be  ef  uianguUr.  and  have  their  ey at  anglei  ( A  &  m,  C  &  «» &^  qv^ 
to  the  bomokgous  fides  O^C,  EF  &  AB.  D  G>  &c). 


Thcfik 
/.7Af^ABC»Dfip4i»r 

?*  VBaVE, 


Hvpothefe, 
7A«AABC  0£F  Umt  their 

(AB  :  ACai^DE:  OP 

/.^AB  ;BC9^DE  :  IF. 

(AC  :  BC  ar  PP  :  BF. 

17.  »#/y#,  BC  E  F,  A B, »  E, 

A  C,  D  F.  art  b$tMtof^us. 

I.  At  O  in  D  F  nitlce  V^  n  V  A  &  atp,  V  f  k  V  C. 
^.  Produce  the  fides  D  G,  F  G  uatti  they  meet  in  G. 

BD^MOKSTEATLOW, 
ECAUSE  in  the  eqm'angutav  A  A  B  C,  D  G  F  (Prtp.  uttP.fM^ 
#.  i;,  VCas  V  f  &  V  B  a:  V  G. 
I,  AB:AC  =  DG:0F.  &AB:AC=DB:DF.  (ffy^ij 
%.  Therefore,  DG  :  DF  s  0£  :  D  F.  &  DGkae  lo  DE. 
3^  It  may  be  proved  after  the  fame  manner,  that  G  F  =s  E  F. 

Since  then  in  the  two  A  DEF,  DGF>  the  fidea  DE.  EF  s  the  fides 
DG,  GF  fArg.  a.  ti  3  j,  &  the  baio  DP  in  common  to  the  two  A. 

4.  The  V  fi  &  m  are  s:  to  to  the  V  f  ^  >  each  to  each.  I?  ft  J  i^ 

5.  And  the  A  D  E  F,  D  G  F  are  eqwaaeuWv  >  ' 
But  the  A  D  G  F,  is  eqpiianguUr  to  the  A  ABC  (Pre^.  t .  (i  P.^z.B,  1 ), 

fr  Prom  whence  it  follows  that  the  A  A  B  C,  £)  E  F  are  equiangular.   Jjca-^^ 

Which  was  to  be  demoflftiated.  u 

7.  Moreover,  the  Y  A,  C  ft  B  oppofiie  to  the  iUea  B  C,  A  B,  A  C,  be- 
ingequal  each  to  efich,.  to  the  y  i^ ,  m  kE  oppofite  to  the  fides  E  F, 
P  £,  D  P  I  homologous  t»  the  fides  B  C,  A  B^  A  C,  e«ch  to  e«da 
becaufe  the  one  k  the  other  of  thofe  V*  tre  equ^  each  to-each  to 
the  V  ^.  tfr  G  (Ptv^  u  P,  32*  A  i.  «  ><#».  4/ 

8.  It  follows,  that  the  V  A,  at  1  alfo  C,  »  &  B,  fi^onpeCte  to  the  hoaso- 
togous  fides  axe  e<|ual.  Whieh>  waa  to  bedemonftrmted.  1  r. 

Cor.  Tberefirt  tttft  iri^ngtu^  an  t^f^Jmitar.    (D.  i.  B,  6^J 
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^  PROPOSITION  VI.  fH^ORKM  VL 
y  two  tritiiglcs  (A  D  Q  D  £  F)  have  one  Mgle  (A)  of  the  one  equal  to 
M  angle  (m)  of  the  other,  and  the  ftdes  (B  A,  AC,  &  £D,  D  t),  abotit 
tc  equal  angles  proportionals,  the  triangles  (liall  be  equiangular,  sfnd  fhati 
ave  thefe  angles  (Cktt^  alfo  B  &  E)  equal  ivhich  are  Oppoiite  to  the  homoto^ 
3U8  iides  (B  A^  £  D  «r  AC,  D  P). 

Kypothefis.  thtM. 

Jl  V  A  SII9  y  «i^  /.  n^  A  AB  C,  D  £F  id^e  equiangular. 

7.  B  A:  ACS  ED  :  DP.  //.  The  ^^  Qfg  »j  a//p  ih' VB  fS&  ^e 

ft.  BA,  %t>i  AC»  DP  are  hemoiogeus.  C7  te  one  anofBer. 

Preparation, 
t.  At  the  point  D  »  iIm  fbaigbt  line  I>F  make  V  /  s  to 

y  A,  or  =:  to  V  M  &  at  the  point  F,  V f  =Jto  V  C.         P. 23.  B.i, 
a.  Produce  the  fides  D  6,  F  6  flntH  tbef  iheet  in  O.  Zrni.  J9.i . 

BDEMONSTRATIdir. 
ECAUSEtheAABC,  DOF^re equiangular  ('Prr/.i.  h  P. 

la.  A  i),  &  partiCttWU  y  C sy  tf  &  y  B=i  y  G. 
.  BA:AC=     GD:DF  P.4.  A*. 

But  -BArACsx     ED:D  T^ffyf.  %). 

,  Wherefore,       GD  :  DF  =     ED  :  DF.  P.ii.  M^. 

.  Confequendvr  G  D  ia         s  to  £  D.  ^  ^^  9"  ^S^ 

Therefore  thetwoAD^F^DGF  having^  the  two  fides  Ef  D,  D  F 

=  Mr  the  two  fides  G  D,  D  F  (Arg.%)  &  y  «  =s  to  y  /  (Prep.  i). 
)»  The  y  a,  f  &  Et  G  are  =s,  &  the  A  D£F,  DGF  are  equiangukr.    P.  4.  B.\. 

Bat  the  AABC,  DGF  bebig alio  oquiangular  (Prep.i. k  P.32.  Ai)t 
^.  It  foUowa,  that  the  A  A  B  C»  D£F  are equtanralar.  Ak.  i.  ff.i. 

WLick  was  to  be  demonftrated.  i. 

Moreover,  each  of  the  angles  Ckn  Wng  2=  to  y  ^  (frep,  1 .  i^  Arg.j^}. 
;,  Tic  y  C  isrrto  y  n.  Ax.  i.  B.x, 

I.  Coafcquently^  y  A  betngss  to  y  mJtiyp,\U  y  B  is  alfecto y  £  P.  Vh  B.i. 

AAd  the  fidet  BA,£DS:AC».DP  oppotate  to  t&oie  angles  being 


homologous  (fifvp,  >  £^  D.  12.  BtcJ. 
It  follows^that  the  y  C  &  irr  alio  B 


I.  It  follows^that  the  y  C  &  irr  alio  B  &  fioppofite  to  thofe  bomolo* 

gOtts>ridesarer=tooneaaoiher.  Wbckwas^tobademonitrated.  11. 

Zot.  tierefve  tbefe  triangles  are  otfifimikr  te  each  ether.  (P.^  Cer.  6. 6 J- 


"^ 
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PROPOSITION  VII.     THEOREM  FIL   - 


F  two  triangles  (ABC,  D  E  P)  have  one  aiq;le  of  the  one  (B),  qtnlto 
one  angle  of  the  other  (E),  and  the  Tides  (B  A,  A  C  dr  £  P,  D  F)  aboot  tire 
other  angles  (A  &  D),  proportionals ;  then  if  each  of  the  remaning  flgb 
(C  &  F)  1)e  either  acute,  or  obtufe,  the  triangles  (hall  be  cqutangnbr,  ail 
have  thofe  angles  (A  &  D)  equal,  about  which  the  (ides  are  propordooili 
HTpothefis.  Thefis. 

/.   V  B  fj  =r  /9  V  E-  Tfc  A  A  B  C,  DE  F  ^^  Mnmi^. 

//.    BA:AC=ED:DF  & /A#  V  B  AC  &  D  itrr  =  i»  «»e«iiife 

///.  The   y  C  VF   ifre  both 
eitber  mcutiy  or  tbtufe. 

Demonstratiok. 

If  not,  the  VBAC  &  D  are  unequal,  and  one  as  B  AC 
19  >  the  orfier  p. 

Preparation. 

At  the  point  A  in  the  line  A  B,  make  V  •  =  V  D-  t.ty^-^- 


Bi 


CASE    I.  If  the  VC&F  are  both  acute. 


BECAUSE  V  <»  18:?=  to  V  D  (Prep.)y  &  VB=  to  V  E  (Hypi). 

1.  It  follows,  that  V  «  is  =  to  VF  i  &  the  A  ABG,  D  E  F 

are  equiangular.  P.j^^t 

2.  Confequently,     B  A  :  A  G  =  E  D  :  D  F.  P.  4.  W 
But                    BA:AC  =  ED:DF.  (Hyp,  a;. 

3.  Confequentlj,    BA:AG=rBA:AC.  P.ii.&j 

4.  From  whence  it  follows  that  A  G  is  ^  to  A  C.  P.  9.  ^5- 

5.  Wherefore,  V  C  is  =1  to  V  w.  P,  5.  B\ 
And  becaufe  in  this  cafe  V  C  is  <  L. 

6.  The  V  «  will  be  alfo  <  L  5  &  V  «  which  is  adjacent  to  it  >  U-    ArjiJi 
But  this  V  n  bcin^  =  to  VF  (Arg.i),  which  in  this  cafe  is  <  L- 

7.  This  fame  V  «  will  be  alfo  <  ll ;  which  is  impoifible. 

8.  The  V  B  A  C  &  D  are  therefore  =  to  one  another,  &  the  third  V  C 

is  =  to  V  F,  or  the  A  A  B  C,  D  E  F  are  equiangular.  P.^tJ^- 

Which  was  to  be  demonftrated. 


I 
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C  A  S  E    II.    If  the  V  C  &  F  are  both  obtufc. 

13  Y   the  fame  reafomng  as  in  the  firft  Cafe  (Jrg*\.  to  Arg.  5*)  it  may 

be  proved,  that 
.   The  V  C  is  =:  to  V  «.  * 

;.   Therefore  V  «  is  alfo  >  U,  &  the  V  C  +  «  will  be  >  a  L> 

which  is  impoflible^  pAf.B.u 

J.  Confequently,  the  V  B  A  C  &  D  are  =:  to  one  another  &  the  third 

V  C  is  =r  to  V  F,  or  the  A  A  B  C,  1>  E  F  are  .equiangular.  P.ja.  B.i. 

Which  was  to  be  demonftrated 

R    B    At    A    A    K. 

\^F  the\^Cf^F  are  loth  right  angles  tbe  j^  A  B  C  &DEF  are  equUtHgu^ 

'     lor    (Myt^.i.(fP.p.B,2y 

Cor.  Tberrfore  tbcfe  triangies  are  fimUar  t6  Me  amtber  fP.  4.  Cor.  &  6/ 
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PROPOSITION  Yin    THEOREM  Vai 

In  i  i«h|  in^  triffic^  (AB  q»  if»pcrp«i4i€4bw  (B  D}  b«4nwi(ii# 
the  right  angle  (ABC)  to  the  bafe  A  Q  the  trko^  (A  D  B^  B  D  Q  « 
each  fide  of  9  «r«  flsuhr  ic^Om  whftk  tWilt  (4&Q  wt  l»qQ»«a^ 

Hypothefis.  The&. 

/.  7ik  A  A  B  C  is  rpU.  in  B.  Tk  A  AD  B,  B  DC  «ff  jUr 

//•  B  D  uXfi^air  AC.  fmeanthtr^  It  emcb  is  aUt/m- 

im-fibe%»b0k  AABC. 


B 


Demonstratiok. 

EC  AU  SE  in  the  two  igle.  AADB»ABC,tlieV«it=to 
V  A  B  C,  (Jx.  la  B.  i,J,  8c  V  A  common  to  the  two  A. 


1.  The  V  0 19  =  to  V  C  &  the  t«(a  A  A11C>  A  D B  are eaniangiilar.  P.^t^li 

2.  Confeqaently,  th^ft  |WQ  4«t«M^teil«r.         ^  '  CP.4.ii 


It  may  be  demonftnilfc)  96^  the  &»|  mapae^ 

3.  TheABDCU(«xaiieUitih«  A  ABC 
Likewife  in  the  two  rsle.  A  A&a.  BOC  V  i»lw«K<o  V  « 

(Ax.  10.  JB.  i.i  &  V  «si  ttt  y  Cf^  IX         ^ 

4.  TheVAi8=;t«>Y^,  *t|niwA^|>Vt_     ^   ^^    ^  .    ^ 

5.  Prom  whence  h  felbwa  th%t  tMb  4  ll» tpibu  f  ^-4^^ 

hi^fwAADB,  (Gr. 


.|»C  m tfijangiilar.  ?.3ai 
_       _     ^     Min  |P-4'^ 

^.  Confequently,  tbe±B9<liwtH^4  At  C  hii^twAAD  B,  [  ^ 
B  D  C  fimilar  to  one  ajao|her  (Jkf^  ).>  4i  flmn«|  |^  the  whole  A 


ABC  (Arg.  a.  W  3). 


Wl^ch  was  to  be  demonftntcd. 


FCOROLLARr. 
ROM  this  it  is  manifeft  ibai  the  ferfemlicuUr  B  D  drmwrnfrm^  tie  Vtrm 
of  a  right   angled  triangle  to   the  bnje%    is  0  memm    froporHmmi  ietvttu  tb 
figments  A  D&  D  C  of  tbe  tafi  i  for  tbt  trua^  A  D  B,  B  D  C  kis^  t^ 
angular y  A  Dj  DB  =  D  B  :  1>Sl(F.  4.  B,  6.) 


Aifoy  each  of 
t^oeon  tbi  bafe  I 

tho  triangles  h  _  _, _ 

=  AB:AD,&AC:BC=:bC:DCrP.4.A 


eacboftbi/iJesABorBCoftbe  triaiiglf  AB  Cis m l ^   ^ 

t^  and  the  figment  A  D  m-  D  C  adjacent  to  thai  fide,  fir  fina  tai^ 
D  B,  B  D  C  ti  equiangular  wtb  the  wMe  A  A  B  C,  A  C:  Ai 


6). 
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_         PROPOSITION  IX.     PROBLEM  J.. 

li  ROM  a  given  ftraight  line   (A  B)  to  cut  off  any  part   required. 
^For  example  the  third  pari). 

Given.  Sought.    ^ 

Tbeftraigbt  line  A  B.  *lihe  ahfcinded  Jlrdigbt  line  A  Df 

wbicb  nu^  he  tie  third  part  efK  B. 

Refolution. 

I.  From  the  point  A  draw  an  indifinlte  ftraight  line  A  Ci  mak- . 

ing  with  A  B  any  V  B  A  C.  A/l.  S.t. 

2«  Take  in  AC  three  equal  parts  AE»  EF,  FC  of  any  length.     P.   v  B.i. 

3.  JoinCB.  Pofi.BA. 

4.  And  thro'  E,  draw  ED  pile,  to  C  B,  which  will  cut  the  P.31.  £.i. 
ftraight  line  A  B  To  that  A  D  will  be' the  third  part. 

Dbmonstratiok. 

EC  A  USE  ED  19  pile,  to  the  fide  CB  of  the  A  CAB  (Prep.  4}. 

C  E  :  E  A  ==  B  D  :  D  A.  P.  a.  5.6. 

But  C  E  :  is  double  of  E  A  (Ref,  z)  ; 

2.  Confequently,  B  D  is  alfo  double  of  D  A.  D.  8.  A$* 

3*  Wherefore,  A  B  is  triple  of  A  D. 
4..  And  the  abftiodcd  ftraight  line  A  D  is  the  third  part  of  A  B. 

•  Which  was  to  be  demonftratcd« 

Dd 


B 


I. 
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PROPOSITION  X.     PROSLEAfll. 

_  O  divide  a  given  llraight  line  (A  B),  fimihrlv  to  a  nven  ftniriii  hi 
(AC)  divided  in  the  points  (D,  £  &c) 

Gives.  Sou^c 

Z  Th$firm^UniKK  To  dMik  AB Jmil^i^  AC 

ll  TbiJIraigbilim  AC  JividiJ  in  the  pwntt  F  &  G,>  ffar 

inile  finis  D.Ei^c.  AP:  PG  =  AD:DEe^ii« 

FG:GB=DE:EC. 

Rifohition. 

I .  Tola  the  given  ftraiffht  lines  A  B>  A  C  fi>  as  to  contah  anf 

VBAC  /yi.J.1. 

1.  Draw  C  B,  &  from  the  Dofnts  D  ft  E,  the  ftraighc  lines 
D  F,  E  G  pile,  to  C  B,  alfo  D  H  pile,  to  A  B.  ^.31.  5j. 


B 


Demonstratiok. 


ECAUSE  DF  ispUe.  tothefideEGofthe  AA6E/;J?r/a. 
&  P.30.  Ba),  and  K  E  pile,  to  the  iide  HC  of  the  A  D  HC  (Ref.  a/ 

1.  AF  :  FG  =  AD  :  DE. 

And     DK  :  KHrsDE  :  EC.  ^.  7.J* 

Bat  the  figures  K  F,  H  G  being  japms.  (Rif.  %.  fi  D*  3$.  B.  1./ 

2.  It  follows*  that  F  G  is  =  to  D  K&  G  D  =  K  H.  F.34.  Bv 

3.  Therefore,  P  G  :  G  B  =r     D  E  :  E  C.  P.y.e^  11.  #.$. 

4.  Conieqnentlv»  the  given  ftraight  line  A  B  is  divided  in  the  points 
P  ft  G  >  (bthat  AP  :  FG  =£AD  :  D  E  ft  F  G  :  GB  =  DE  :EC. 

Which  was^  to  be  dooe. 
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PROPOSITION  XL     PROBLEM  III. 
O  fiod  a  third  proportional  (C  E)  to  two  given  ftriight  linos  (AB^  A  C). 


Given. 
The  twoftraiffbi  lin 
^  B,  A  C 


Sought. 
Tbiflraigbt  lui£  C  E,  a  third prof^rti^fuJ 
00  the  itvo  flr^^bt  lints  A  By  A  C  thm 
isfucb  /Aa/  A  B  :  A  C  q=  A  C  :  C  E. 


Refolution. 


1.  Join  the  two  ftrtij^ht  lines  A  B>  A  C  fo  ^  to  coot^aia  an/ 
VBAC. 

2.  Produce  them,  &  make  B  D  s  A  C  f  -  j.  i?.|. 

3.  JoinBC.  *  PqJa.B.i. 

4.  And  from  the  extremitj  D  of  the  ftraight  limp  A  P  draw 
DEpUe.toBC.  P.3i.B.i, 


B 


DEMONSTRATIOIfr 


ECAUSE    B  C  i«  pile,  to  D  E /'/?f/:  4;. 
A  B  :  B  D  ss  A  C  :  C  E. 


But 
2-  Confequcntly, 


B  D  is  =  to  A  C   (Ref,  z)  ; 
AB  :  A<;  =  AC  :CE. 


P.  a.«4. 


Whif:h  wa^  to  te  doae, 


Zli 
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PROPOSI  TION  XII.    PROBLEM  ir. 

O  find  a  foarth  proportional  (  C  E  )   to  three  g^ven   flraigbt  fas 
(M,  N,  P). 

Given.  -   Sowht. 

Jhiftraigbi  lines  M,  N,  P;  The  firaigbt  Time  C  E,  «  fii^^ 

pr9p9rti9m4d  /•  M,  N»  P  ^  M«f 
isfuck.tbatU:  N=P:CL 

Refohtion. 

1.  Draw  the  two  (braight  lines  A  D»  A  E,  contaming  any . 

V  D  A  E.  P.  ^,  1 1 

Z.  MakcAB=:MjBD  =  Ni  A  C  =  P.  F^.iti 

3.  Join  B  C. 

4.  From  the  extremity  D  of  the  ftraight  line  AD,  draw  DE> 

pile  to  BC.  P.^x.tx 

Dbmonstratioic. 


B 


ECAUSE  BC  is  pile.  toDE  (Ref.  ^}. 

,  A  B  :  B  D  =?:  A  C  :  C  E.  P.  1.  M.i 

Qui  A  B  =  M,  B  D  ==  N,  &  A  C  =  P  (Re/.  %)  ; 

2.  Confequenjly,    M      ^  N      =   P      :  C  E.  P.7.  Wii-J^S- 

Which  was  to  be  done. 


ookVI. 


Of    EUCLID. 


213 


• 

D 

» 

j 

r                •'* 

..♦' 

• 

Laaaa 

a^H 

A 

B               <-• 

PROPOSITION  XIII.    PROBLEM  V. 

J[    O  find  a  mean  proportional  (B  D) ;  between  two  g>ven  ftraigbt  linea. 
A  B,  B  C).  . 

Given.  Souriirr 

Tht  ivi^ftraigbt  Unu  A  B,  EC-  Hhe  ftrcugbt  lint  BD,  a  mean  /r»/«r- 

iionai  hetnvefn  A  B  &   B  C,  ihae  ii 
fucb  /*«/  A  B  :  B  D  p=  B  D  :  B  C. 

Refolution. 


1.  Place  A  B,  B  C  in  a  ftraight  line  A  C. 

2-  Defcribc  upon  A  C  the  fcmi  ®  A  D  C.  Pof.^.  B.u 

3.  At  the  point  B,  19  A  C>  exe6t  the  X  B  D  meeting  the 

O  in  D.  P.I  I.  5.1, 


Preparation. 


Job  AD,  &CD. 


P^/i.ii. 


B. 


DfMONSTRATIOK. 


_>E  CAUSE  the  V  A  D  C  it  in  a  femi  ®  CR^f,  t,  W  PrefX 

f.  It  is  a  right  angle.  P.^i,  S.y^ 

2.  Wherefore,  the  A  A  D  C  is  right  angled  in  D,  &  B  D  is  a  X  let  fall 


from  the  vertex  D  of  the  right  angle,  on  the  bafe  AC  (Re/.  3/ 
3.  Confequently,  AB  :  BD  =  BD:  BC. 


Which  was  to  be  done* 


f  P.  8 
ICpr. 


8.  B.6, 
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PROPOSITION  XIV.     THEO 

QUi.__  ^ „ ,.  _. . 

fF'BD)  equal 'to  one  "angle  of  the  other  (G  BE),  have  iheTr  fidea  (FB, 


E 


^  A  L  parallelograms  (A  B,  B  C),  which  have  one  angle  of  the  one 


B  D  ^  G  B,  B  E)»  about  the  equal  angles  reciprocally  proportional^  (that  is, 
FB:BE=sGB:BD).  And  parallelograms  that  have  one  angle  of  the 
one  (P  B  D)  equal  to  one  angle  of  the  other  (G  B  E)  and  the  fides  (F  B,  B  D 
Ar  G  B,  B  E)»  aboitt  the  equal  angles  repiprocaUy  proportional,  are  equal. 

Hypothecs.  Thefis. 

T.nepgr.ABh^ioibffgr.EC.  FB:BE  =  GB:BD. 

//.  YFBD«3Cf(?  VGBE.  ' 

Preparation. 

Iff  Place  tht  two  p^.  A  B,  Q  C  fo  as  tlie  (idea  P  B,  B  E 
may  be  in  a  ftraight  line  F  E. 

z.  Completf^  the  pgr.  D  £.  Po/.z.  B.i. 

Bl   DeMOK8TRATI»N. 
ECAU^E  the  VFBD,  GBE  are  equal  (M^.z^i  ftFB* 
B  £  are  in  a  ilraight  line  F  E  (fre^^  ij, 
I*  Therefpre,  G  B»  %  D  are  ina  ftraight  liaeGD.  P.14.  J.t. 

But  the  pgr.  A  B  being  ;=:  to  the  pgr.  B  C  (ffyp.  i)- 

2.  The  pgr.  A  B  :  pgr.  D  E  =5  Pgr.  B  p  :  pgr.  ?>£•  P.  7.  B.  5. 
But  the!  pgril.  AB»  QE  alfo  BC»DE  have  the  (ame  altitude  (D.^BjSX 

3.  Hence  pgr.  AB  :  pgr.  D£=sFB  :BE&i)fr.BC:^.DE=GB:BD.  P.  i.  Efi. 

4.  Confequently,  fB:BE=;:GB:BD  fArg.  z).  P.iu  £5. 

Which  wma  t9  be  demooftrated. 
Hypotheiis.  Thefis. 

/-FB;   BE;=:GB:   BI}i  The  pgr.  KB  is;::it9  the  pgr.EC 

11.  Demoni^tratiok. 

T  n^ay  be  demonftrated  as  before,  that  GB,  BD  are  ia  the  HneGD. 
But  the  pgrs.  AB»  DE,  &  BC,  DE»  have  the  fame  altitude  (D,^  B.6J. 
z.  Hence,  pgr.  AB  :  pgr.DE=PB  :  BE,  Srpgr.  BC  :  pgr.DEssGB  :  BD.  P.  u  BS. 
But    FB  ;  BE5=GB  :  BD  r^/.JT 

3.  Wherefore,  the  pgr.  A  B  :  pgr.  D  E  =  pgr.  B  C  :  pgr.  D  E.  P.i  i.  i^.j. 

4.  Confequentlyy  the  pgr.  A  B  is  ^  to  the  pgr.  B  C.  P.  9.  i^.5. 
^                                               ^  .     Wpkh  was  to  be  tfemonftrated. 
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PROPOSITION  XV.     THEOREM  X. 

tl/OyAL  trisngks  (AC  B»  £  C  D)  which  hivc  one  angle  of  the  one  (m) 
^qual  to  one  angle  of  the  other  (n) :  have  their  (ides  ( A  Q  C  fi,  &  £  C»  C  D)^ 
ibout  the  equal  angles^  reciprocally  proportional ;  &  the  triangles  (ACB,  ECD) 
vhich  have  one  angle  in  the  one  (m)  equal  to  one  angle  in  the  other  (n)^  and 
;h€ir  fides  (A  C,  C  B,  &  E  C,  CD)^  about  the  equal  angles  reciprocally  pro* 
portional,  are  equal  to  one  another. 

CASE    I. 
Hypothecs.  Theiis. 

/.  TA#  A  A  (5  B  1/  =  /•  A  E  C  D.  rh$fiiti  AC,  CB  W  E  C,  CD, 

U.  >^  m        <r  c=  i»  y  n.  an  rfcifrocaUy  fr^timudt   %t 

AC  :  CDssEC  :  CB* 

Preparatm. 

1.  Place  the  A  A  CB»  ECD  <b  that  the  fides  AC,CD 


B 


may  be  in  the  (ame  ftraight  line  A  D« 
Draw  the  ikuight  line  B  D. 

Dbmomstration. 


PtfA.B.U 


EC  AUSEV«  =  V«r^.  a.;,  &  the  ftraight  «aesAC,CD 
are  in  the  4me  ftraight  line  A  D  (Pn^-  ij- 
1,  The  lines  £  C,  C  B  are  alfo  in  a  ftraight  line  E  B. 
But  the  A  A  C  B  beioe  =:  to  the  A  £  C  D  (mp.  \). 
The  A  A  C  B  :  A  C  Bl3  =  A  E  C  D  :  A  C  B  D. 


Bnt  the  A  A  C  B,  C  B  D  alfe  £  C  D,  CB  D  have  the  fiune  altitude 

(Pnp.  a.  Jrg.iiJ  D,  A.  Rtm.  B.  6J. 
^.  Wherefore  the  A  ACS  :  ACBD  =  AC  :  CD. 
^   &  the  AECD:  ACBD  ==  EC  :  CB. 

4,  ConfcquenUy,    AC  ;  CD  =  E  C  :  CB/Jrg.zSJPA uB.il 

Which  was  to  be  demonftrated. 


P.14,  i.i. 
P.  7.  As- 


\P.  i  A^ 


2l6 
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C  A  S  E    11. 

Hypothcfis.  The&. 

/.  AC  :  CD  =  EC  :  CB,  «f  A  ACB,  tt  =  if  A AECD. 

11.  Vim        7=z\fn. 

Preparatim. 

I.  Place  the  two  A  A  CB,  E  CD  To  that  the  fides  AC, CD, 

may  be  in  the  fame  ftraicrht  line  A  D. 
a.  Draw  the  ftraight  line  BI). 


I 


Demonstration. 


T  may  be  demonftrated,  as  in  the  firft  CaTe,  that  E  C,  C  B  are  hi 
the  fame  ftraight  line  E  B. 
And  becaufe  the  A  A  C  B,  C  B  D,  alfo  the  A  E  C  D,  C  B  D  hare 


the  fame  altitude  {Prep,  %.  Arg.  i .  (^  D.  4  Rem,  B.  6). 

2.  The         A  A  C  B  :  A  C  BT>  =:=  A  C  :    C  D. 
Likewife  AECD:ACBD=EC:   CB. 

But  AC:  CD=EC  :   CB.  (Hyp.i). 

3.  WhercforeAABC  :  ACBD  =  AECD:ACBD, 

4.  Confcquently,  the  A  A  B  C  is  ::r  to  the  A  £  C  D. 


\p.uU 


Which  was  to  be  demonftratcd. 


took  Vt. 


B 


r  PROPOSITION  XVI.  THEOREM  XL 
IP  four  ilraight  lities  (A  B,  C  D,  M,  N)  be  prbporrionftis,  the  redmrtgte  coin 
lined  by  the  extremes  (AB.  N)  is  equal  to  thtt  of  fhe  meant  fC  D.  M).  And 
f  the  reOangle  contained  by  the  extreames  (A  B.  N)  be  equal  to  the  re£h|ii- 
le  contained  bv  the  means  (C  D.  M)«  the  four  ftraigbt  lines  ( AB;  CD^  M^  N) 
re  proportionals. 

Hypothecs.  The&. 

ifr:  CD==M  :  N.  <;fr.  A  B.  N  =±  J?^/#.  C  D.  M 

I^eparation. 

1.  At  the  extremities  A  fifC,  of  AB,CD,erc©theX  AE,CF.  Pai.Bx. 

2.  MakeAB::^N,  ftCF!=lM.  F.  ^.B.u 

3.  Complete  the  nrles.  E3»  F  D.  P.31.  Ai. 
1*    ^^BMONSTR  A^IO)^ 

ECAUSB  AB :  CDsM :  N  (Hyb.) :  fr  Ms=CF  ft  N=±:AE  (Prtp.t). 

AB  :  CD  =  CF  :  AE.  P.j.ifit.M.^. 

U  Thereforo  the  fides  of  the  rgles  E  B,F  Daboat  the  equal  V  A  ft  C, 

(Pref,  u  H  Ax.  io.B.i.J%n  rectprc^aL  D.  a.  S£* 

is  Orafequently,  the  ^le.  EB  ==  igle.  ¥D,9t  the  rgic  under  AB.AB  iP.i^.  BA 

ss  the  rgle.  under  CD.  C F.  iD.  t.B.u 

Confequently,  A  E  being  =  N  &  C  F  =  M  (Prep.  2 A 

^.  The  i^e.  under  A  B.  N  is  alfo  =:  to  the  rgle.  under  C  D.  M.  Ax.i.  B.z» 

Which  was  to  be  derooi^bated. 
Hypothecs.  Thefis. 

fhrgk.  KB.  if  i$:Sitotb€fgl€.  CD.M.  AB:CDx&:M:N. 

BU.  Dbmokstaatiok. 
ECAUSE  the  rgle.  AB.Nis=:to  the  rgleCp.M  (rhf.):& 
AE  =  N.  ftCF=sMr^.2/ 
•  The  rgle.  under  A  &  A  E  is  ss  to  the  rgle  under  C  D.  C  P.  Axa.B.i^ 

But  theie  fides  being  aboi^t  the  equal  VEAB»  FCD  (Pnp.i.  t^Jx.io.B.i). 
I.  AB:CD  =  CP:AE.  Pia.  S.6. 

And  C  F  being   ==  M  ft  A  £  ft:  N  (Prep,  2). 

;.  A  B  J  CD  a:  M  :  N»  P-j.lS  11.  B.^. 

Which  was  to  be  dc monftrated. 
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I     PROPOSITION  XVn.     THEOREM  Xa. 
F  three  ftraight  lines  (AB,  CD,  M)  be  propordonak,  the  reBb^n^  (A&M 
CDDtained  hy  the  extremes  is  equal  to  the  fquare  of  the  mean  (CD) :  An^i^ 
tK*  redangit  contained  by  the  extreams  (AB.M)  be  equal  to  the  fqiiareoftke 
(CD),  the  three  flraight  Knes  ( AB^  CD,  M)  are  proportionals. 
H/pothcfis.  Thefis. 

CI>2C  CO  :  M.  rA#r^&.AB.Mu  =  /a<itfDi/Cn 

Preparalim. 
,    I.  At  the  ettveraitieaB  1^  D  of  AB,  CD  ecea  the  JJU&,DF.  Pn^i 
a.  Make  B  E  =  M  &  D  F  =3  DC.  P.  3  '' 

3.  Complete  the  rglct.  E  A,  F  C.     -  Pji.^J 

i   DfiMON&TRATrON. 
ECAU3E  AB:CD:pM  (Hy^J,  &CD=DF*Ms3B£ 

AB:CD  =  DF:BE.  PjMii-h 

ThereAre  the  6de9  of  the  rgles.  £  A»  F  C  about  the  equal  V  B  &P 
(Pr^P*  1..  (^  j/x.  iQ.  A  li  axe  reciproeaj.  17.  a^^ 

CoaieqDcntly,  the  rgle.  E  A  is  =1  to  the  rgle.  FC»  or  the  rgle.  under 
A  B.  B  E=  the  rgfcCa  DF.  f  i^M*' 

Wbectfore,  BE  being  :;=  M&DF=CD  (Pnf.zJ,  theiglcti).  t*^ 


B 


Thefis. 
AB:CDsjCI1:»1 


A  B.  M  is  aUbsto  the  O  of  CD. 
Hjrpotbeni. 
7it  rgU.  A  B.  M.'i  3  M  f^f  D  0/ C  D. 

Blh  DjIMONSTit^ATIOK. 
E  C  A  U  S  E  tht  igle.  under  AB.M  is-.sc  to  the  O  of  CDCAa.;> 
h  that  B  E  is  =M&  D  F  =  C  D  (Pnf,  %). 
I,.  The  rgle.  under  A&ftEis=tot!be  mfe.  under  C  D.  D  P.  ^fr.!*'^ 

But, thofe  fries  vciftbQUt the eqpal  y  £B A*  F liC(AM.  i9.B.\.k. 

a.  Therefore,    A  Q.:  C  S  =:  & P  :  B  E.  P.14. '^ 

AndApfc  DF  =  CD&BB=5Mr*«t^-. 

3.  AA:CDx:CI>:M;  /^.j.ffn'j^ 

Which  was  to  be  demonftsated- 
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PROPOSITION  XVffl.     PROBLEM  f^I. 


^'  PON  a  given  ftniight  line  (AD)  i6  deTcribe  a  reaiBoeal  figure  (M) 
iimilar,  and  iirailarly  fituated  to  a  given  re£bKnial  figure  (N). 

Sought. 

f  a  rtOthngaifigurt  N  &/ir/- 
hrfjffi turned. 


Given. 
/.  Tbtftrmgbi  line  A  D. 
//.  ^be  re&Uimal  figtre  N, 


B 


Re/olution, 
t.  JoinHF. 
jt.  At  the  pointa  A  & D  tn  AD,  make  VA  se  yE  fr  V«=s 

V  n,  wherefore  the  remaining  V  A  B  D  will  be  s=  to 
the  remaining  V  E  F  H. 

3.  At  the  points  D  ft  B  in  D  B  make  V  «  =^  V/  *  V  f  ^ 

V  r»  confequently  the  remaining  V  C  will  be  3S  to  the 
remaining  V  G. 

DBMONSTitATlOV. 


,1 E  C  A  U  S  E  the  A  A  B  D  is  equiangular  to  the  A  E  F  H,  ft  the 
A  D  B  C  equiangular  to  the  A  H  F  G  (Ref,  2.  &  tj. 

I.  BD:FHis:BA:F£c2AD:EH.  7 

ft  BD  :  FH  tr  DC  :  HGs=CB   :  GF.  j 

a.  Confequently,    BAiFEsrADilCHsPC:  HGss 

But  y  «  b^ing  =t  V  «  r^'/.  a;,  ft  V  •  s=  V  ^  (^^/  3). 

3.  The  whole  V  «  +  •  i«  ss  to  the  whole  V  »  +  A 

4.  Jl-ikewife  VABC=VEPG. 

Moreover,  V  A  ?n  V  E  r^'/  aA  ft  V  C  =e  V  G  (Re/.  ^J. 
4.  Wherefore,  the  rectilineal  f^rc  M  is  equiangular  to  the  redUineal 

figure  N,  ft  their  fides  about  the  equal  V  are  proportioaalt. 
^.  Inerefore,  the  re6kiUneal  figure  M  defcribed  upon  the  given  line  A9 

is  fimilar  to  the  leAilineal  figure  EG,  &  is  fimilarlj  fituated.  O, 

Which  wu  tf  b^  done. 


I.  J?* 


^    PflQPOSITIOK  XK.     THEOREM  m 
OlMILAR  tritt^lM  (ABC,  DCF)  ««  to  one  another io ikdqi- 
cate  ratio  of  their  bomologotts  fide*  (C  B»  F  £  or  A  C;  D  F,  &c). 

Ibpotliefit.  Thcfis. 

n*  triM^  ABC,  DEP  4infimUar.  Tb*  A  ABC  «( /•  /Jr  ^  HEP  • 

$9  that   yC  s:  VF,  ^  (h*/du  thtJuflitater^ifCli>n 

Take  C  G  a  third  piopottipnil  toCB,F  E,  &diaw  AG.    \f^.i.L. 


B 


Dbmonstratiok. 


.ECAU8E   AC  :  GBsrDF  :  FE  r^/.W2>.i.«.«. 
AltemaiulQ        AC  :  D  F  =x  C  B  :  F  E.  '»^*J 

But  C  B  :  F  E  =  F  E  :  CG  (PrtpX  ^     . 

».  ConfeaucnUy,   AC:DF=FE:CG.  >*  "^V 

3.  Therefore,  the  fides  of  the  A  AGC,DEF  about  the  eouni  V  C  &  F 
(Hjp.)  m  reciprocal  (D.  2.  B.  6).  ,, 

4,  Hence  the  A  A  GC  is  =  to  the  A  D  E  F.    •  J"-^^^^ 
But  the              A  A  B  C,  A  G  C  haftng  the  fiune  altitude. 

t.  The  AABt!AAGC=iCB:CG.  ^  «•" 

6.  Confcqueiitl7,  the  A  ABC  :  A  I>E  F  sC  B  :  C G.  .  /"•  1^ 
Buifince                       C  B  :           i^  E  =  F  E:  CG.  {Prtp). 

7.  C  B  :  C  G  in  the  duplicate  ratio  of  CB  to  F  E,  or  as  C  B*  :  F  E«*  l>-^o-H 
$.  Wherefore,  the  AABC:ADEF  in  the  duplicate  ratio  of  C  ^to 

F  E,  or  as  C B*  :  F  £»•.  i*.»  h 

Which  was  to  be  demonftiated. 

FCOROLIART.  , 

ROM  this  it  ismamfeft,  thai  if  thrn  Hntt  {CB,F  E»  CG)  htff^v^ 
as  the  firfi  is  n  tbf  thirds  fiismnyCa  upM  thi  firfi  i§  mfamUtr^  tg  f»^  ^^^ 
'A  up^ni  tbe  ftconJ. 

*  f ftf  Or.  %.  rftbefilkwing  pfp^tun. 


\ 
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Q  PROPOSITION  XX.  fHEQREM  Xn^. 
Similar  polygons  f  M  ^  N)  may  be  jdiyick^  by  the  diagonali 
(A  Cy,  A  P;  F  H,  F 1)  into  tKc  faqne  pumber  of  fimilar  tn^^  (ABC,  ACD. 
AD^  &  FGH,  FHI,  FIK)  haying  the  fame  ratio  to  one  another^  that  the 
polygons  (M  &  N)  have ;  and  the  polygoi^  (M  &  1^  baine  to  pne  another  the 
du^icate  ratio  of  that  which  |fadr  homologous  (ides  (4B|  FG}  or  ^  G^  &c.) 

baye. 

Hypothefis.  Thefis. 

^h€  ^MujUmitar  to  ihpofyg.Hi 
h  that  /if  V A3.C,Wr.  art  =  /•  tb9 
V  F>  G,  H»  lie.  ioth  u  9ach  \i  th$         II 
JUUi  AB,FG|  «rBCGH,&r. 
4rf  bmJig/mu  ///• 


B 


/.  Th^ffofygnu  aw  he  iUvidt^  ift^  thg 
/ami  mi0fer  effimlar  A. 
Whtrtpf^  each  t9tacbha$  the  fmm  rath 
njohich  tb^  pdmtu  h0^. 
Afkithefofu.M  :  pofygHiin the dupjir 
Cifte  rath  if  the  bemdogms  Jubs  A  B, 
JGi  «r«fAB*  :Fp»* 
Preparaiion. 
Draw  AC  FH>  likewife  AD,  F  I.  A/Ii.  B.^. 

^DeMONSITR  ATIOIY 
BECAUSE  VB=VG«rAB  :BC=FG:GH(f&^e* D.I. W). 


Th^  A  A  B  D  is  equianffular  to  the  A  F  G  H 

Wherp^re  fhofe  A  are  umilMr)  &  V  «•  =  V  «• 

B^i  the  whole  V*  yf  «  is  =  to  the  whole  V  «  +  f  T^M 

Conrequently,  V  n  is  c=:  to  Vr. 

Siace  then  by  the  fimii.  of  the  A  A  B  C  &  F  G  H  (Arg.i), 

'  '  AC'BCsrF  VC'  G  H 

&bythefiina.ofthcpo1yg.M&N,BC:'cD=:GH^HI.' 
It  follows.  Ex  iEquo,  that  AC:CD=7FH:HI. 

That  is,  the  fides  about  the  equal  V  «  &  r  are  pfoporttonals. 
Therefore  the  A  A  C  D  is  equiangular  to  the  A  FH  I. 
And  confequently  is  fimilar  to'  it. 

For  the  &me  reafon,  all  the  other  A  ADE,  FIK,  he  are  fimilar. 
Hwrefore,  fimilar  polygons  may  be  divided  bto  the  iame  number  of 
fimilar  A.  •         Which  was  to  be  dcmopftrated.  i. 

*  Sh  C»f.  ^.  •/  this  fropofitien^ 
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jtx.3.B.i. 


b 


t.B6. 


P.»2.  Aj. 


F.6. 


J.6. 


zzz 
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LXkt^tik,  bectafe  the  A  ABC,  FGH  treiknilar  fJrg.  2/ 

6.  The  AABC:  AFGHesAC*  :  F  H»  .• 
And  the  AACD:  AFHI  3=:AC*:FH».« 

7.  Therefore,  the    A  A  EC  :  A  FG  Hex  A  A  CD:  AFHI. 
It  mar  be  demoaftrated  after  the  fame  manner,  that 

8.  The  AADE:AFIKfisAACD:  A  PHI. 

9.  Wheiefere,  AABC:  APGHcr  AACD:  APHItr  AADE :  AFIK.  Pui^ 
lo. Therefore,  comparinff  the  fum  of  the  anteced.  to  that  of  the  conieq. 

A ABC+AACD,  &c. :  A  FGH+ AFHI,&c=AABC:  AFGH,fcc.  ?.ii.  h 

That  is,  the  wAnt.  M  :  Dotnr.  N  =  AABC  :  APGHs 

A  A  CD:  AFHI,&c.  F^lM 

Which  waa  to  be  demonftrated.  1 1 . 
Since  then  the  AABC:  AFGHss  A  B*:FG*«i^P.i9.A6). 
I  i.The  polyg.  M  :  Hrg  N  =  A  B*  :  F  G»»  Puh 

Which  was  to  be  deoionftratecL  1 1 1. 

CO  RO  LL  ART  L 

Jl\  S  this  Dtwmnfit^thn  maj  it  mppUedn  fuaJrikaeral figwrtst  (f  ^/^^ 
kas  already  him  fr$vul  in  (riangles  ('jP.lo)»  ii  is  tviJenl  usuverfmlfy^  thttUm^ 
rediiineal  figures  are  to  one  another  in  the  duplicate  ratio  of  tbeir  hoonologoa 
fkles.  Whtrefft^  ifioAB.FG  ttm  •/ /A#  bomhgius fides  a  ibirj prmrtmdl 
h  tahn  ;  htcauft  AB  is  to  X  in  tbf  duplicaJti  rati9  0/AB:FG;  ft  iSalAftSit 
fte^figyre  M  is  n  another  fimilar  reBilineal  figurt  N,  in  the  duplicate  rath  •/  » 
fame  Ides  KB  :  F  G  j  it  fdinvs,  that  if  three  ftraidbt  lines  be  proporlJOiaM 
the  Hrft  is  to  the  third,  fo  is  anj  redilineal  figure  defcnbed  upon  the  6ift  to  ft  v* 
lar  &  fimilaflj  defcribed  redilineal  figure  upon  the  fecoad.  (P.ii.  JK.5). 


^COROLLJRr    /A 
,LL  ffuares  heing  fimilar  figures  (D,  30.  A.  t.  V  D*  t.  A 


ram- 


S-iSp 


meai  figures  M  (f  U^  are  t9  •«*  anoiher^as  the  ffuares  ef  their  tmmmf^r: 
A  B,  C  D  (expreSed  thus  A  B>  :  C  DV)  fer  defi figures  or*  im  Aeisf&tUt^ 
ef  theje  fame  fides,  • 


Babk  Vi: 
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PROPOSITION  XXI.     THEOREM  XF. 


ECTILINEAL  figures   (A^  C)  which  arc  fimilar  to  the  r«nie 

nfiWinetl  figure  (B),  are  alio  fimilar  to  one  another. 

Hyootheiis.  Thefis. 

Thf  reSUinea)  figttref^  A  W  C  7bi  rtdtilineal figure  A  itjimilar 

mrejimilar  to  the  figure  B.  io  the  rediUneoTfigure  C. 


B 


D£MONSTRATION. 
E  C  A  U  S  E  each  of  the  figuics  A&C  it  fimilar  to  the  ^oreB 

1.  Each  of  thole  figures  will  he  alfo  equiangular  to  the  figure  B>  Bt 
will  have  the  fides  about  the  equal  V»  propoitional  to  the  fides  of 
the  figure  B.  Z>.  i .  B& 

a.  Confequently»  thoie  %nres  A&C  will  be  alfo  equiangular  to  one  C  Jxa,  B.i. 
anotharr  and  their  fides  about  the  equal  V>  will  be  proporticmal.     ^  P.  1 1.  Bx. 

3.  ConfequcQtl7»  the  figitres  A  &  C  arc  fixnilai.  D.  \,B.6. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXII.     THEOREM  XFL 


F  four  ftnigbt  lines  (A  B,  C  D,  E  P,  G  H)  be  profiortioittl^  the&rir 
ftdilineal  figares  It  rimtlarl|r  defaibcd  upon  them  f  M,  N,  &  P,  QJ  U 
alfo  be  proportionals.  And  if  the  fimilar  rcdilineal  figure*  (  M,  N,  Ar  P,  Qj 
fimilariy  dercribed  upon  four  ftra%ht  lines  be  proportiomk,  tfaole  flnigktfv 
ihall  be  proportional. 


I. 

Hypothefis. 
/.  AB  :  CD  =  EF  :  GH. 
n.  Tit&uM  M  &  N  dt/trOtJ  uf»H  AB.  CI>. 
alfi  tbtfyurti  P  ^  QJtfcriMup»H  EF,GH. 

Preparation. 

To  tb«  linet  A  B,  C  D  take  a  III  proportionl  Z. 
To  the  lines  E  F,  G  H  take  a  III  proportional  X. 


TbA. 


f.ii.l4 


JjECAUSE  AB 

&  cp 

AB 


Demonstration. 


JVr/.W?.itJ.s). 


CD  =  EF:GH. 

Z     =GH:X.      ^...^,..„„,_ _„        , 

Z"=EF:X.  FM-h 

But  the  figures  M,N,  &  P.Q^being  fimiUr  &  funilatly  defcribed  upon 

the  ftraight  lines  A  0»  C  D,  &  E  F,  G  H  (Hyp.  zj. 


& 

3.  Wbereftrt, 


AB:Z 
EfiX 
M    :N 


=  P 
=  P 


N 


ffsali 


SbokVl. 
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Hypoihefis. 
/.  M  :  N  =  P  :  Q;, 


11. 


AB 


It.  Thofefiftures-areJimiUirUJtmiliirljriiefc 
upon  thefiraigbi  lines  AB,CD  Of  EF,( 


crihed 
GH. 


Thefis. 
CD  =  EF 


gh; 


Preparation. 


Eiz.S,^: 


B 


f .  To  AB,  CD,  EF  take  1  IVth  proportional  KL. 

z.  UponKL  defcribe  the  re£Ul.  figure  R»  fimikr  to  the 

rc6til.  figures  P  or  Q^  &fimilarly  fituatcd.  P 18.  BS 

DEMONSTRATION* 


E C  A  U  S  E  A  B  :  CD  ±±  E  F  r  K  L  (Prep.  \),  &  upon  thofe 
^  '         I7  deicribed  the  hfifi 

iimiiar  each  to  each  (Hyp.  2..  6f  Prep.  z). 


ftra\ght  lines  have  been  fimilarly  defcribed  the  hgures  M,  N,  &  P,  R» 


I. 


R     {Ift.  part  of  ibis  propofition.) 
CL  (Hyp.  I). 


M  :  N  =t  P  : 
But  M  :  N  =  P  :    _  ,    _     . 

a.  Confeqnentlj,  P  :  R  =  P  :  Q^  Pai.  B.^. 

3.  Wherefore,              R  rr  Q^  P-  9- ^S- 
Moreover,  thofe  figures  being  fiinilar  &  fimilarlj  de(crit)«d  upon  the 

ftraight  lines  G  H,  KL     {Prep,  2).                       *  f  P.zo.  B.6. 

6   :   R  =  DofGH:DofKL.  ICar.  2. 

(ileing=  R     (j4r2.  2 J.  ]  Pi6,  A5. 

H  is     =  to  the  U  of  K  L.  I  Cor. 


And 

4.  The  D  of  G  ] 

5.  Confequently,    G  H  =  KL. 

Since  then  A  B  :  C  D  =  E  F  :  KL(Prep,i\  &  GH  ^Kh(yirff.tl 

6.  AB:CD=EF:GH.  ^    P.  7.  ^.54 

Which  was  to  be  demonfhated. 


Cor, 

:p.4< 

Cor, 


CP.46.Al. 


Ff 
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PROPOSITION  XXm.    THEOREM  XFU. 

_j QU I ANG  U L  A  R  ptrallelograms  (M  &  N)  have  to  one  aoother  At 
ratio  which  it  compounded  of  the  ratioi  of  their  fides  (AC,  CD  &  E  QCG) 
about  the  equal  angles. 

Hypothefis.  Thefia. 

7be  pfrrs.  M  W  N  «r#  epuofijnikr,  Pgt,  M  :  P/r.  N  =  AC.CD:ECCG 

fotbat  VACD  =  VECG. 

Preparatim. 

1.  Place  A  C  &  C  G  in  the  fame  ftraight  line  A  G  ; 

therefore  E  C  &  C  D  are  alfb  in  a  ftraight  ^  E  D.  P.14.  ti 

2,  Complete  the  pgr.  P.  P^.uhi 

BDsMONfTRATrOlf. 
£  C  A  U  S  E  the  pgrs.  M«  P,  N  form  a  ieries  of  tliree  munikiidea 
I.  M:MP  =  N      :  N.P.  ^.  C^^f 

a.  And  alternando      M  ;  N      =  M.P  :  N.P.  P,i6.  J.5. 

3.  Confeqitently  the  ratio  of  the  iiril  M  to  the  Uft  N,is  compoaadcd  of 

the  ratios  M:  P&  P  :  N.  D.  5.  W 

But  fincf  A  C  :  C  G  zz  M    :  P  7  •       •< 

&  DC  :  CE  =  P     :  N.  }^-  ' ^^ 

4.  The  ratio  of  iha  fides  AC  :  CG  is  the  (ame  as  that  of  the  pgrs. 
M  :  P  ;  &  the  ratio  of  the  fxks  D  C  :  C  E,  the  fame  as  that  of  the 
pps.  P  :  N. 

Since  then  the  ratio  of  M  :  N  is  c^mpoonded  6f  the  ratios  M  :  P» 

&P:Nr^r^.i/ 
c.  Th's  fame   ratio    is  compounded  of   their  equals;    the    ratios 

ACiCGSeCD  :  E  C*  of  the  fides  about  the  eqm«i  VACD,£CG. 
4.  Confcquenily,  M  :  N  :=:  AC. CD  :  EC.CG.  D.  ^.BJL 

Which  was  to  be  demooftrated. 

Cor.  The  fame  truth  is  mppiicaUe  to  the  triangks  (A  C  D,  E  C  G)  bimmmm  ma^ 
(A  C  D)  equal  to  an  angle  (E  C  G).  for  the  diagonals  (A  D,  E  G)  diviJu  the  ff^ 
into  two  equal part^  (r,  34.  B,  \). 


Dok  VL  Of    E  U  C  L  I  D.  zvj 
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r; 
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^ 
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A 
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PROPOSITION  XXIV.    THEOREM  Will 


HE  parallelograms  (FH^  IG)  about  the  diagonal  (AC)  of  any  paratlek- 

ram  (BD),  are  fimilar  to  the  wholci  and  to  one  another. 

Hypothefis.  Thefis. 

r.  B  D  is  a  pgr.  /.  Thi  fgrs.  AFEH,  EICG  at$ 

r.  FHJG  art  fp%  ahut  tbt  fimilar  to  the  fgr.  ABCD. 

diagonal  AC.  //•  And  fimilar  f  one  another. 

BDbmonstration. 
EC  A  USE  FEisplle.  toBC  (Hyp.i.^  %.fi P' %o.  B.\). 
•  The  AAFE  is  equiang.  to  the  A  ABC  in  the  order  of  the  letters.    1 

In  like  manner,  becaufe  H £  is  pile,  to  D  C.  \  P.29.  B.i. 

.  The  AAHE  is  equiang.  to  the  AADC^  in  the  order  of  the  letters.    J 
.  Therefore  the  per.  AFEH  Is  alio  equiangular  to  the  pgr.  ABCD,  in 

the  Older  of  the  letters. 

And  becaufe  in  the  AAH£,ADC,  the  V AHE  &  D  are  equal  (Arg.i), 

as  alfo  in  the  A  AFE,  ABC«  the  V  AFE  k  B  (Arg.  i).    . 

AH  :  HE  =  AD  :  DC  &  AF  :  EF  =  AB  :  CB.  P.  4.  S.$. 

Moreover,  becaufe  the  VAEH,ACD;  aifo  F£A,BCA  are  equal  (Arg.  i  .(^2). 
;.  HE  :  AE  c=DC  :  AC  &  AE  :  EF  =  AC  :  CB,  P.  4.  B.6, 

i.  Therefore,  ex  aequo,    HE  :  EF  =  DC  :  CB.  P-za-.-ff-s- 

And  becaufe  the  V  E  A  H,   E  F  A  are  conunon  to  the    two 

A  A  H  E,  A  D  C  &  A  F  E,  A  B  C. 
u  HA  :  EA  =  DA  :  CA  &EA  :  AF  n=CA  :  AB.  P.  4.  B.6. 

I.  Therefore,  ex  aequo,  HA:AF  =  DA:AB.  P.zz.  ^.5. 

y  Wherefore  the  pgrs.  AFEH,  ABCD  have  their  angles  equal,  each  to 

each  in  the  order  of  the  letters  (Arg.  3^ ;  &  the  fides  about  the 

equal  angles,  proportionals  (Arg. 4.  6. 8/ 
io.Coniequently,  thofe  pgrs,  are  fimiiar.  D,  1.  B.6. 

1 1  .ft  may  be  demonftrated  after  the  fiime  manner  that  the  pgrs.  E I C  G* 

ABCD  are  (imilar. 

Whidi  was  to  be  demonflrated.  1. 
[  a.Confequently,  the  pgrs.  AfEH,  EICG  are  alfo  (imilar  to  one  another.  Pai-  B,i. 

Which  was  to  be  demonftrated.  i  u 


'1 
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T    PROPOSITION  XXV.     PROBLEMS 
O  dercribe  a  redilineal  figure  (N)»which  fliall  b€  (imilar  to  a  giveo  reSi- 
lineal  figure  (L)»  and  equal  to  another  (M). 

Given.  -  Sought 

/.  The  reailineal figure  L.  The  rtSilfyun  N,  fimiUur  l§  thtnOiL 

//.  T^be  rtaUinealfigf^e  M*  figwn  L,  CJ  =  /o  /5e  reail.fiprt  M 

I.  Upon  the  ftraight  line  AC,  defcribe  the  pgr.AH  ^  to  the 

given  re&ilineai  figure  L.  ^44. 1.i. 

2-  And  on  the  ftraight  line  CH  a  pgr.  CK  =:  to  the  given  redti- 

lineal  figure  M,  iMving  an  V  <»  =  ^o  the  V  «•  ^-4$. '  i- 

3.  Confequently,  the  fides  AC,  C  I,  &  G  H,  H  K  will  be  in  P.  14.  2^ 
a  ftraight  line.  &54.  f.i 

4.  Between  A  C,  &  C  I  find  a  mean  proportional  D  F.  P.13.JA 

5.  Upon  this  ftraight  line  D  F,  defcribe  the  refttl.  figure  N, 
fimilarly  h  finiilar  to  the  rediiineal  figure  L.  P.i8- 1^ 


B 


Pemonstration. 


E  C  A  U  SE  the  pgrs.  AH,  CK  have  the  fame  altitude  (Rtlzli^y 
I.  pgr.  AH  :  pgr.  CK  =  A  C  :  C  I.  P.  i.  U 

But  the  pgr.  A  H  =  reail.  L,  &  the  pgr.CKxz rcail.M  (Ref.i.^i), 
a.  Confcquenily,    L  :      M  =3  A  C  :  CI.  P.ii.Bx; 

But  AC:DF=:DF:CI    (Ref.  4  J.   &    upon  the 

ftraight  lines  AC,    D  F  have  been  fimilarly  delcribed  the  fimilar 

figures  L  &  N,  (Refi  5^. 

3.  Confequently,     L  :      N  ;=  AC  :  CI.  KF.io^Bi 

4.  Hence,  L  :     .  N  =  L       :  M  (Arg.  2/  ICir. 

15.  Wherefore,  N  =  M  fP.ii.Aj. 

§'  Therefore,  there  has  been  defcribed  a  redilineal  figure  N,  fimflar  (/'.i4*^S 
to  the  reailineal  figure  L  (Rtf.  5^,  &  equal  to  the  reailineal  figure 

Which  was  to  be  done. 


*»kVl 
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PTLOPOSlTlON    ;^  ^^    have  a  common ^nsl^e 

1*^  ,\\AofiT»m^  (^  5^\,  .he  r»n^<=  diagonal  (B  D). 

TT     tvco  fvm  Hr  V"^7.^'^Vv«  «*^  *^°'^'  Thefts. 


,.e.  Une  BHD  ^^-^^-'Sdl  G  E  i«  the  poi^^  '^^^ 


.  I  he   fame  diagonal  B  t^ 


C^^^B?^Sa>vfja» 


Bl. 


*  - 


<=*^mrr\^ 


x^'^    Iff 


CB 
GB 


GB  ;BF. 
Bl  =BF. 


3- 

7- 
8- 


i'  •'°ftq"■=»"" 
is  p»*''^ 


^^l\\\t; 
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PROPOSITION  XXVII.    THEOREM XX. 


F  all  parallelograms  (A  G)  applied  to  the  fame  ftraight  line  (A  B),  ari 
deficient  by  parallelograma  (N  I)  fimtiar  and  fimtlarly  fituated  to  that  (F  £9 
which  is  defcribed  upon  the  half  (F13)  of  the  line  (A  B) ;  that  (A  E)  whidi  if 
applied  to  the  other  half  (AF),  and  is  fimilar  to  its  defed  (FD),  is  tfaegreaici. 

Hypothefis.  Thefis. 

/.  A  E  is  a  pgr,  applied  to  $he  half  A  £  m  tbt  matffi  of  aU  tbtp^»- 

AF  of  the  ftraight  lint  A  B.  fucb  as  AG,  applied  /•  A  B,  M 

//.  Which  is  fimilar  li  fimilarfy  hepoe  their  defeds   fucb   «  NI. 

fituated  to  its  dcfed  the  pffr.TD,  fimilar  V  fimtlarly  fituaied  to  tk 

4efcHhed^H  tkeothfriaffFB.  M^  ^  ^  defeddfAE,  de/crM 

.  lipon  FB  the  half  of  A  B, 

Preparation. 

I.   Draw  the  diagonal  B  E,  PofuBu 

1.  Thro'  any  point  G,  taken  in  B  E,  draw  I  H,  MN  pile,  to 

BA,  AC  P.31.A1 

In  order  10  have  a  pgr.  A  G,  ap^icd  to  A  B,  deficient  by 

a  pgr.  N  I,  fimilar  to  the  pgr.  r  D  &  limilarly  fituated,        P.26.  i?.6. 


B. 


Demonstration. 

C  A '  S  .E    I.    When  the  point  N  falls  in  the  half  P  B. 


I E  C  A  U  S  E  the  pgr.  G  D  is  =  to  the  pgr.  G  F  ("P.43.  -B.i)  j  ad- 
ding the  common  pgr.  N  I. 

I,  TThe  pgr.  N  D  will  be  =  to  the  pgr.  F  I.  Ax.i-Ba^ 

But  becaure  the  pgr.  A  K  is  alfo  =  10  the  pgr.  F 1.  (P.  36.  B.  i ), 

%,  The  pgr.  N  D  is  =  to  ihc  pgr.  A  K.  Ax.i^  B.v 

And  adding  to  both  fides  the  pgr.  P  G.  * 

3j  The  gnomon  «  ^  r  is  =  to  the  pgr.  AG.  dx.%.  B.i 

4I  Confequently,  the  whole  pgr.  F D,  or  its  equal  the  pgr.  AE  (ffyp-i), 

IS  >  pgr.  AG.  AklBA. 

Whiph  vras  to  b^  dtnonftratcd. 
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AN            a 

B 

CASE    II.     When  the  point  N  falls  in  the  half  A  F. 

The  pgr.  N  E  being  =  to  the  pgr.  I  E  (^P.  43.  B.  i),  if  the  common 

pgr.  F  D  be  added  to  both  (ides. 
.   The  pgr.  N  D  will  be  =  to  the  pgr.  F  I.  Ax.i.  B.iZ 

But  becaufe  the  pgr.  A  K  is  alfo  rr  to  the  pgr.  F I  (P.  3$.  B.  i). 
.  The  pgr.  N  D  will  be  =  to  the  pgr.  A  K  Jx.i.  B.i. 

Therefore  the  common  pgr.  F  m  being  taken  away  from  both  (ides. 
\,  The  remaining  pgr.  F  D  is  =  to  the  enomon  a  b  c,  Ax.%,  B,i. 

But  the  pgr.  F  D  is  =  to  the  pgr.  AE.  P.36.  B.i. 

|..  VTherefore  the  pgr.  A  E  is  =  to  the  gnomon  a  ic  Ax.i*  B.i* 

;.  Confcquently  the  pgr.  A  E  is  >  the  pgr.  A  G.  Ax,%,  B.i. 

Which  was  to  be  <lf monftrtttd. 
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^-^  PROPOSITION  XXVUL     PROBLEM  FUL 

X  O  a  |;iven  ftraight  line. (A  B)  to  apply  a  parallelogram  (AG)  equal  tot 
given  redilineal  figure  ^V),  and  deficient  by  a  parallelogram  (MI),  fimilirti 
a  given  parallelogram  (T) ;  but  the  given  redilineal  figure  (V)  muft  not  be 
greater  than  the  parallelogram  (A  F)  applied  to  half  of  the  given  lioe,  htvic 
its  defed  (E  D)  fimilar  to  the  given  parallelogram  (T). 

Given.  Sought. 

7.  The  ftraiffbt  line  A  B,  W  the  pgr  T.  The  nnftruaion  9fapgr.  kG,i^ 

11,  7be reCtilipeal figures^ not  > /w-.ED,  /•  AB,  v)bich  nut^  he  zz  t%S y^ k- 

'  JimilartoT^  applied  uAEi  half  of  hB.         ficient  hy  a  pgr.  Ml /m'lar  /iT. 

Re/olulion. 
I.  Divide  A  B  into  two  equal  ^rts  in  E.  ?.ia B.i 

V    2-  Upon  £  B  defcribe  a  pgr.  E  D,  fimilar  to  the  pgr.  T,  & 

fimilarly  fituated.  ?.i8-  U 

3.  Complete  the  pgr.  A  D.  ^  /  P.ii.l\' 
The  per.  A  F  will  be  cither  =r  or  >  V  j  fince  it  cannot 

be  <  V,  by  the  determination. 
C  A  S  E   I.    If  AFhe  =r  V. 
There  has  been  applied  to  AB,  a  Wr.  AF  :=  to  the  re^ilineal  V,  & 
deficient  by  a  pgr.  E  D  (imilar  to  the  pgr.  T. 

CASE    IL     If  A>  be  >  V,  &  confcquently  E  D  >  V, 

AF  being  =  ED.  '        .       P-jd-ii 

4.  Defcribe  a  pgr.  X  fimilar  to  the  pgr.  T  (or  to  the  pgr.  ED) 
(Ref,  zjf  &  fimilar ly  fituated,  &  equal  to  the  excefs  of 
E  D,  or  Its  equal  AF,  above  V  (i.  c.  make  X  =  ED— V), 

«c  let  R  S,  F  D  &  R  P,  F  E  be  the  homologous  fides.  F-^^-  ^ ' 

And  becaufe  X  is  fimil.  to  ED  &  <  ED;  (ED  being=:V+  X). 
.The  fides  R  S,  R  P  are  <  their  homologous  fides  F  Df-f  E 
MakethenFN  =  RS,  &FK  =  RP.  F- y^^ 

And  complete  the  pgr.  N  K.  f.ji.^' 


t 
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Demonstration.  . 

HE  pgr.  K  N,  being  equal  5r  (Itnilar  to  the  pgr.  X  (Ref,\y^Xi6)t 

which  IS  itfelf  fimilar  to  the  t>gr.  ED  (Ref.  4). 
t.  The  pgr.  KN  is  fimilar  to  the  ogr  ED.  Pzi.  BjS- 

2,  Wherefore  thofe  two  pgrs.  K  N,  E  D,  are  about  the  fame  diagonal.    P.26.  ^.6. 

Draw  this  diagonal  F  G  6,  &  complete  the  defcription  of  the  figure. 

Since  then  the  pgr«  M  I,  is  alfo  about  the  fame  diagonal  F  B. 
3;  It  is  fimilar  to  the  pgr.  E  D.  P.z^,  B.6. 

4.  Confequentlf  fimilar  to  the  pgr.  T  (Ref.  z).  P.21.  BJS* 


But  the  pgr.  D  G  being  =s  to  the  pgr.  E  G  (P.  43.  B,  i),  if  the 
*  conunon  pfr.  M I  be  added  on  both  fides. 
The  pgr  MD  will  be  =r  to  the  pgr.  EI. 
Biit  the  pgr.  A  K  being  alfo  ^t  to  the  pgr.  E  I  (P.  36.  B*  i). 
6.  The  pgr.  MD  is  =  to  the  pgr.  A  K. 


5.  The  pgr  MD  will  be  =r  to  the  pgr.  EI.      ^       ^  Ax.i.B.i. 

Ax.i.B.i. 

And  adding  to  both  fides  tde  common  pgr.  E  G. 
7.  The  gnomon  ah  c  will  be  z:i  to  the  pgr.  A  G.  Ax,z.  Ba: 

But  the  pgr.  E  D  being  =  to  the  ngures  V  &  X  taken  together 

(Ref.^.),  ortoV&KN,  fince  X  is  =  K  N  r^??^  5.  »  6)  1  ifKN 

be  taken  away  from  both  fides. 
S.  The  remaining  gnomon  ah  c^nV.  Ax.'^^Ba^ 

9.  Conlequently,  the  pgr.  AG  is  =  to  V  (Arg,  7/ 

But  pgr.  A  G  has  for  defedt  pgr.  M  I,  fimilar  to  pgr.  T  {Arg.  a). 
loTherefore,  there  has  been  applied  to  A  B  a  pgr.  A G  =r  V,  deficient 

by  a  pgr.  M  I,  fimilar  to  the  pgr.  T.  D.  8.  A& 

Which  was  to  be  done. 

SR    E    M    A    R    K,^ 
EVERAL  Editon  of  New  Elements  of  Euclid  have  left  out  this  ^pofition 
W  the  fillowingy  as  ufelefs  ;  hecaufe  they  were  ignorant  of  their  ufe.     They  are  not* 
^uithjianding  ahfolutely  neceffary  for  the  analyfis  of  the  ancients^  correfponding  '/• 
the  analitic  refolution  of  equations  of  the  fecond  degree, 

Thfs  XXVUItb  propofition  correfponds  to  the  cafe^  inhere  the  laft  term  of  the  equa- 
tion is  pofitive. 

For  reducing  the  given  fpace  V  to  an  equiangular  pgr.  T  i  let  V  ^z  n  I ;  the  rati9 
of  the  fides  Q^P,  P  R  of  the  ^^.  X  (or  T),  «  :  «  ,  A  B  =  «,  A  M  =  x  W  M  B 
=  a  —  X.  Confequently,  fince  the  de/ed  M  I,  Jbould  he  fimilar  to  the  pgt.  T  or  f 
the  Pgr.  X. 

Q^P:PR  =  BM:MG     (D.  1.A6). 

m  :      «  =r  a— ;r  :  —  (a — x). 
m 
AnJ  hecaufe  the  pgr.  GA  (  =  MA.  MG)  Jbould  he  equal  to  the  given  fpaceW 
(=s  nl)t  there  rej[)ilts  the  following  equation  (P. 23.  ^.6). 

.-  (tf — x)  X  zz:  V  or  n  I. 

iVbich  is  reduced  to    ^xx a  x  A-  W  =z  0. 

m  m 

Or  fuhftituting  for  V  its  value^  W  multiplying  by  mli  dividing  by  n. 
XX  *^  a  X  '{'  m  I  ZSL  0, 

Gg 
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T     PROPOSITION   XXIX.     PROBLEM  IX. 
O  a  given  ftraight  line  (A  6),  to  apply  a  parallelogram  (A  G),  equal  to 
ft  given  redilineal  figure  (V),  exceeding  by  a  parallelogram  (MI)^  fimilar  to 
another  given  (T). 

Given.  Sought. 

/.  7he  ffraigbt  line  AB,  bttbf  pgr.  T.         Tie  cpnJlruSiom  9/ a pgr.  A G,  apptitdu 

II.  7be  reStlintal  figure  V.  A  B,  equal  to  the  reSUineal  figure  V,  fi? 

having  for  exeefs  apgr*  Mltfimiigr  /•  T. 

Re/olution. 

1.  Divide  A  B  into  two  equal  parts  in  E.  P.io.  B.i, 

2.  Upon  E  B,  defcribe  a  pgr.  E  D,  fimllar  to  the  pgr.  T,  &^ 
fimilarly iUuated.  (p.o    d. 

3.  Defcribe  a  pgr.  X  (or  P  S^  =s  V  -|- E-D,  fimilar  ftfimi-f  ^•'^-  ^^' 
iarly  fituated  to  the  Ki-  T;  &  coiUequenHy  fimtlar  to  thej 

pgr.  ED  (Ref,z,P.zi.B.ei)i  &  let  the  fidci  RS>  FD;  RP,  FE 
he  homologoi]!. 

4.  Since  X,  (as  =  V+E  D)>  is  >  E  D;  the  fide  R  SU  >  FD, 
&  the  fide  R  P  >  F  E  ;  v^herefore,  having  produced  F  D 
&  FE,  makeFN=RS&FK  =  RP;&completethe 
pgr.  F  KG  N,  which  will  be  equal  &  fimilar  to  the  pgr.X.  Pju  J.i. 


T, 


Demonstratiok. 


.HE  pgr-  K  N  being  equal  aad  fimikr  to  the  pgr.  X,  which  ia 
"itfelf  rimilar  to  the  pgr.  E  D  {Refi  3). 

1.  The  pgr.  K  N  is  finiilar  to  the  pgr.  E  D.  P.ai.  BS. 

2.  Wherefore  thofe  two  pgrs  K  N,  E  D  arc  about  the  fame  diagonal.     P.a6.  B.6. 
Draw  this  diagonal  F  B  G,  &  complete  the  defcription  of  the  figure. 
SiiK:eXi«=taV-t-ED;  &X:=pgr.KN  (Ref,  3,  ii  4}. 

3.  The  pgr  KN  =  V  +  E  D.  Jbe.i.B.t. 
Therefore  takifig  away  from  both  fides  the  comnion  pgr.  E  D. 

4.  The  remaining  gnomon  a  ^  r  is  z=  to  the  rediKneal  figure  V.  Ax,x^B,i. 
But  becaufe  A  E  =  E  B  (/^f/  1 ). 

The  pgr.      AK  =  the  pgr- EI.  p.^^  J^.r. 

Confequently»  this  pgr.  A  K  is  =1  to  the  pgr.  NB.  P^j.  B,\. 


I: 


Book  VI.  Gf    E  U  C  L  I  D.  ^35 


Therefore  adding  to  both  (ides  the  common  ^gr.  M  K. 

7.  There  will  refiiit  the  pgr.  A  G  =  to  the  gnotoon  a  b  c.  Ax.%.  Ba. 
But  the  gnomon  a  ^  c  is  t=:  to  the  re^ilineal  figure  V  (iffv.  4}. 

8.  Confequentiy,  the  pgr.  AG  is  =x  to  the  redtilineal  fi^re  V.  Ax,i,B.i. 
Since  then  this  pgr.  A  G  has  foe  excefs  the  pgr.  M  !»  fimiltr  to  the 

pgr.  E  D  (P.  24.  B.  6.)  i  &  eonfequently  fimilar  to  the  pgr.  T 
\Ref.z.P,zi.B.e). 
O.  There  has  been  applied  to  A  B|  A  pgr.  A  G  =r  to  the  redUlineai 
figure  Vy  having  for  ezcefs  a  pgr.  M  I>  fimilar  to  the  pgr.  T. 

Which  WIS  to  be  done. 

—  REMARK, 

M.F  as  in  the  fongping  cafe  AB  he  made  =r  dy  the  given  fquare  V  (reiuud  /«  m 
pgr,  efuiangular  to  the  fgr.  TJ  :=  n  I ;  the  ratio  of  the  fides  Q^P,  P  R  d/  the  pgr. 

X  (^wbich  is  the  fame  as  that  of  the  fides  of  the  pgr,  T)  m\  n%  H  A  M  =  x,  con- 
Jequentlyy  M  B  =  a:  —  a,  there  tuill  refult  an  equation  of  the  fame  kind, 

Forfinte  the  defeS  M  I  fbould  be  fimlar  to  the  pgr,  T  or  X>  «^  *v»//  baive  as 
hgferi  the  following  proportion. 

CLP:PR=iMB     :UG  (D.uB.6). 

m     :     n    ==  x  —  a  :     H  (X '^  a). 
m 
And  becaufe  the  pgr,  A  G  (=  A  M.  M  G)  ftould  be  equal  to  thf  gi%eHfpMte  V 
/s=  n  IJ,  there  refults  the  folloiuing  equation, 

1  (x  —  aJx=zW  (P.2yB.6). 
m 

^uffbicb  is  reduced  to    !Lxx  '•^  ^a  x  —  V  'Sn  0. 

m  m 

And  fuhflitutingfor  V  its  valui  n  A  then  multiplying  bymi^f  diviiBng  by  ir. 

XX  —  ax  —  m  I  :si  0, 
From  tvbence  it  appears  that  the  XXlXih  Prop,  correfponds  to  the  Cafe,  in  nvhicb 
ibs  laft  torm  of  the  equation  is  negative. 
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T      PROPOSITION  XXX.     PROBLEMS 
O  cut  a  given  ftraight  line  (A  B)  in  extreme  and  mtan  ratio  (in  E). 
Given.  Sought. 

ThJIrmgbt  line  A  B.  ^he  point  E,  /mcB  thtt 

BA:  AE=AE:BE 

Refolution. 
Upon  tke  ftraight  line  A  B  defcribe  a  fquare  B  C. 
Appiv  to  the  fide  C  A,  a  pgr.  C  D  =  to  the  fquare  B  C, 
wnofe  excefs  A  D  is  fimiiar  to  B  C»  which  will  confe- 
quentl/  be  a  fquare. 

B  Demonstration. 

ECAUSEBC=:CD  (Ref.  2)  i  by  taking  away  the  conunon 


I. 

2. 


P.46.  J  I. 


rgle.  C  E  from  each. 
I.  The 


Ax.y  Hi 


4- 


B 


remainder  B  F  =  A  D. 
But  BF  is  alfo  eauiangular  with  A  D  (P.  i^.  B,  i). 
Therefore  their  fides  F  E,  £  B,  £  D,  A  E  about  the  equal  angles* 
are  reciprocally  proportional,  that  is  F  E  :  E  D  =  A  E  :  E  B.  P.  14-  5^ 

ButFEi5=cCA(r/>.34,^.i;.  or=to  B  A,  &ED=AE.  D,ro.Eu 

Wherefore,      BA:AE  =  AE:EB.  P.7.WH.A5 

But  becaufe    B  A  is  >  A  E  (Ax.  8-  B.  \). 
The  ftraighi  line  A  E  is  >  E  B. 

Confequenily,  the  (Iraight  line  A  B  is  cut  in  extreme  &  mean  ratio  in  E, 

Which  was  to  be  done. 
Otberwife. 
Divide  B  A  in  E,  fo  that  the  red.  A  B.  B  E  be  =  to  the  D  of  A  B. 
Demonstration. 
B  A  .  B  E  is  =  to  the  D  of  A  E  (Ref). 
BA  :  AE     =  AE  :  BE 
BA  i8>  AE    (Ax.Z  B.i). 
A  E  is  >  B  p. 
Confcquently,  the  ftraighi  line  AB  \%  cut  in  extreme  &  mean  ratio  in  E. 

Which  was  to  be  done. 


ECAUSE 


And  becauie 

2.  The  ftraighi  line 

3.  '      ' 


P.14.A5 


P.11.H2. 


P.iy.BS 

P..4.  B.^. 
D.  3.  Ad 
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PROPOSITION  XXXI.     THEOREM  XXI. 

[  N  every  right  ansled  triangle  (A  B  C),  the  redilineal  figure  (E)  dercribed 
pon  the  hypothenule  (A  C)  h  equal  to  the  fum  of  the  fimilar  and  fimilarly 
efcribed  figures  (G  ^  H)|  upon  the  fid^s  (A  B,  B  C)  containing  the  right 
igle. 

Hypothcfis,  Thefis. 

/.  A  B  C  «  fl  Tfile.  A  in  B.  /jf.  E  ;;=/^.G-}t^ 

r/.  Thefift.  E  is  defcrihti  upon  the  hypotb.  A  C  of  this  A- 
r/.  And  the  figures  GliH  are  fimilar  to  E,  W  fimilarly 


B 


defcribed  upon  tbe  two  otber  fides  A  B,  B  C. 

Demonstration. 


E  C  A  U  S  E  the  figures  E,  G,  H  are  fimilar,  &  fimilarly  defcribed 


fP20.i?.6. 
1  Car.  %. 


upon  the  homologous  fides  AC,  A  B,  B  C  (Hyp,  7), 

G  :  E  =  DofAB  :  Dof  AC) 
And  H  :  E  =  DofBC  :  Dof  A  C.J 

Confequently,  G  +  H  :  E  =  D  of  A  B  +  D  of  BC  :  D  of  A  C 
But  hecaufc  the  A  A  B  C  is  rgle.  in  B  (HvP.  i). 
The  D  of  AB  +  a  of  B  C  is  =  to  the  D  of  A  C.  P.47. 

Therefore,  the  figure  E  is  =  to  the  figures  G  +  H.  C  P.16. 

XCQr. 
Which  was  to  be  demonflrate^. 


5.1. 
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PROPOSITION  XXXII.     THEO  REM  XXll 

JP  two  triaogles  (ABC,  CD  E),  which  have  two  fides  (A  B,  B  Q  of  * 
one,  proportional  to  two  fides  (C  D,  D  E)  of  the  other,  be  joined  at  one  tf^ 
(C),  fo  as  to  have  their  homologous  fides  (A  B,  C  D,  B  C,  D  £)  pinW» 
one  another,  the  remaining  fides  (A  C,  C  E)  (hall  be  in  a  ftraif[ht  lioe. 
■   ^  Thclis. 

7b€  remaining /J^i  A  C,  C  E  t/i^^ 
ari  in  a  ftrmiffk  lim  A  £• 


Hypothecs. 
/.  A  B  :  B  C  a=  C  D  :  D  E. 
//.  7i&^  A  A  B  C,  C  D  E,  aremneJin  C 
///.  So  that  AB  is  plU.  io  CD,  IS  EC  pile, 
to  D  E. 

Demonstration. 

15eCAUSE  the  piles,  a B,  C D  are  cut  hj  the  ftraight  line  BC, 
&  the  piles.  B  C,  D  E  bv  the  ftraight  line  DC  (Hyp.  zj. 
The  V  B  18  a=toVB(JD&VDi8=:toVBCD.  Pi^i-^- 

Confequently,  V  B  is  c=  to  yD.  Ax-i.li 

And  befides  AB:BCi=:CD:DE  (Hjp.  i). 

The    A  A  B  C,  C  D  E  are  equiangular.  f.  6.M 

Therefore,  V  A  is  s  to  V  D  C  E»  being  oppofite  to  the 
homologous  fides  B  C,  D  E. 

AddiDff  then  to  both  fides  yB,  or  its  =z  yB  C  D  (ArgA)^  together 
with  the  common  y  B  C  A. 

TheyA  +  B4-BCA  will  be  =  to  the  y  DCE+BCD+BCA.  Ax-ph' 
But  the  y  A  +  B  +  BC  A  are  =  to  a  U  (P.  3a.  B.  \). 
Confequcntlv  the  y  D  C  E  +  B  C  D  +  B  C  A  are  alfo=  to  2 U-  Axx^'^ 
Wherefore  the  ftraight  lines  AC>  C  E  are  in  the  fame  ftraight  line 
AE.  P.ff*' 

Which  was  to  be  demonftrated. 
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I  PRO  POSITION  XXXIIL     rHEO  REM  XXllL 
N  equal  circles  (A  I  B  C»  E  K  F  G),  angles,  wether  at  the  centres  or  cir*^ 
cumferences    (A  M  Q  £  N  G  or  A  I  C,   £  K  G),   as  alfo  the   Tcdors 
( A  M  C  m,  £  N  G  ff)  have  the  Tame  ratio  with  the  arches  (A  m  C,  £  n  G) 
on  which  tbey  ftand,  have  to  one  another. 

Hypotbeiis.  Theits. 

/.  7b€  ©AIBC.EKFG  tfrf=/o  one  another.  L  "iklAQ  :  VENG  :£t  AmC  :  EiiC. 
//.  7be  \f€t  the  centers  AMC,ENG  t^  the    IL  VA  I C  :  VEKG  =:r  hn^  :  E«G. 
V  «/  the  OAIC,  EKG  fi^md  lep^  the   III.  Sea.AMCm:Sea.ENGtt=::AmC:EnG. 
arches  A  mC,  E  n  G. 

Preparation^ 

1 .  Join  the  chords  AC,  EG,  Prf.i  .B.t. 

2.  In  the  O  A  I  B  C,  draw  the  chords  C  D,  D  B  frc,  each 
=  to  A  C,  &  in  the  O  E  K  F  G  a  paretl  number  of  cords 

G  H,  H  F  &c,  each  =  to  E  G.  P.  i.  Sa. 

3.  DxawMD,  MB&c,  alfoNH,  NF&c.  Pof.i.B.u 

B  Demonstration. 

E  C  A  U  S  E  on  one  fide  the  cords  A  C,  C  D,  DB,  &  on  the  other 
the  cords  E  G,  G  H,  H  F  are  =  to  one  another  (Prep.  2). 
X .  The  arches  A  in  C,  C  9  D,  D  B  are  all  equal  on  the  one  fide,  as  the 

arches  E  «  G,  G  H,  H  F  are  on  the  other.  PaZ*  A3, 

a.  Confcquently,  the  V  A  M  C,  C  M  D,  D  M  B  &c,  &  E  N  G,G  N  H, 

H  N  F  frc,  are  alfo  =:  to  one  another,  on  one  fide  &  the  other, 
o.  Wherefore,  the  V  AM  B  &  the  arch  A  C  D  B,  areequimult.of  the 
V  A  M  C  &  of  the  arch  AmC 

4.  Likewife,  V  E  N  F  &  the  arch  EGHF  arc  equimult.  of  V  E  N  G, 
&  of  the  arch  E  »  G. 

But  becanfe  the  ©  A I B  C,  E  K  F  G  are  equal  (Hyp.  i). 
According  as  the  arch  A  C  D  B  is  >,  3=  or  <  the  arch  E  G  H  F  ^ 
VAMBisalfo>,  =or<  VENF.  Pzi-B.t. 

5.  Wherefore,  VAMC:VENG  =  AiwC:E«G.  Z).  5.^.5. 

Which  was  to  be  demonftrated-  i. 
Moreover,  V  A  M  C  being  double  ofVAIC,&VENG  double 
of  V  EKG  (P.zo.B.^. 
e  Itfbftowsthat  VAMC:  VENG=  VAIC:  VEKG.  P.ic.  B.c. 

7.  Confcquently,   VA  IC:  VEKG  =      A«C  :       E  « G.  Pai.  B.^. 

Which  was  to  be  demonftrated.  1 1. 
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PREP.  4.  In  the  arches  A  C,  C  D,  take  the  points  «  E^  •,  &  join 
Aiw,Ci«;  C»,  Do&c.  Po/i.li. 

Since  then  the  two  (idet  A  M,  MC  are  =  to  the  two  fides  C  M»  M  D 
(D,  iK.B.i),  &  the  V  A  M  C,  C  M  D  are  equal  (Arg.  x). 

8.  Thebafe  AC  18=:  to  the  bafe  CD,  &  the  AAMC  =lo  the  ACMD.  P.  4.*.! 
Moreover,  becaufe  the  arch  A  «  C  is  =  to  the  arch  Ca  D  (jfrg.  i). 

9.  The  complement  A  I  B  D  C  of  the  firft  is  =^  to  the  complement 

C  A I BD  of  the  fecond.  Asyii. 

10. Wherefore  V  A  «i  C  is  =:  to  V  C  «^  D.  P-i7-  Aj. 

1 1  .Therefore  the  fegment  A  m  C  is  fimtlar  to  the  fegment  C  »  D.  Ax.t.  i-y 

Befides  they  arc  lubteijded  by  equal  cords  (Arg.  %). 

la.Confequently,  the  fegment  A  in  C  is  =  to  the  fegment  C  0  D.  P.2\^  B,y 

But  fmce  the  A  A  M  C  is  alfo  =  to  the  A  C  M  D  (Arg.  8/ 

ij.The  feaor  A  M  C  «  is  =  to  the  fedor  C  M  D  a.  Jx.i-  B.h 

Likewife,  the  fedor  D  M  B  is  equal  to  each  of  the  two  foregoing 
AMCm,  CMDo. 

1 4.Therefore  the  fetors  A  M  C,  C  M  D,  D  M  B  are  =  to  one  another. 

1 5.Tt  is  demonftrated  after  the  fame  manner,   that  the  fedors  £  N  G, 
G  N  H,  H  N  F  are  :=  to  one  another. 

16.  Wherefore,  the  fed.  A  M  B  D  C,  &  the  arch  A  C  D  B  are  equimult.  of 
the  (ea.  A  MC  «,  &  of  the  arch  A  «»  C,  the  fed.  EN  FHG,  &  the 
arch  £  G  H  F  art  equtmult.  of  the  fed.  £  N  G  » ,  &  of  the  arch  £  m  G. 
But  becaufe  the  0  A  I  B  C,  £K  F  G  are  equal  {Hy^,  i). 
If  the  arch  ACD  B  be  =:  to  the  arch  £GHF,  the  fed.  AMBDC 
is  alfo  =  to  the  fed.  E  N  F  H  G,  as  is  proved  by  the  reafoninr  em* 
ployed  in  this  third  part  of  the  demonftration  to  arc.  i  z  induuVely. 
And,    if  the  arch  A  C  D  B  be  >  the  arch  £  G  H  P,  the  fed. 
AMBDCisalfo>  thefed.  ENFHG,  &  if  leis,  lefs. 
Since  then  there  are  four  magnitudes,  the  two  arches  Am C,  EffG, 
&  the  two  fed.  A  M  C  m,  £  N  G  n.    And  of  the  arch  A  «  C,  & 
fed.  AMCds,  the  arch  ACDB  &  fed.  AMBDC  are  any  equi- 
mult,  whatever  1  &  of  the  arch  £  n  G,  &  fedor  £  N  O  ji,  the  arch 
£  G  H  F,  &  the  fed.  £  N  F  H  G  are  any  equimult.  whatever! 
And  it  has  been  proved  that,  if  arch  ACbBbe>,^or<the  arch 
E  GH  F,  fed  A  M  B  D  C  is  alfo  >,  =  or  <  the  fed.  E  NFH  G. 

17.It  follows,  that  Ted.  A  MC  :  fed.  EN  G  =  A  »  C  :  EjiG.  D.  j.fj. 

Which  was  to  be  demonfiraifd«  1 1 1. 
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COROLLARY    h 

HE  angle  at  the  center,  is  to  four  right  angles,  as  the  arch  upon 
which  it  ftands,  is  to  the  circumference. 

For  (Fig.  1;,  V  B  C  D  :  U  =  B  D  :  to  a  quadrant  of  the  O. 
Whererore,   quadrupling  the  con(equents. 

VBCD  :  4U  z=  BD  :  O.  P.ij.-ff.j. 

CORALLARYIL 

H  £  arches  £  F,  B  D  of  unequal  circles,  are  (imilar,  if  thev  iub* 
tend  equal  angles  C  &  C,  either  at  their  centers,  or  at  their  O  (Fig.  2). 

For  EF:OEiiF  =  VECF:4U. 

But  VBCDor  VECF/:  4U=BD:  OB«D. 


Confequently,  EF:OE«F  =  BD:OBiwD. 

Therefore,  the  arches  £  F,  B  D  are  fimilar. 


\(C^iJ 


P.I  I.  B.J. 


^^  CORALLARY    IIL 

X   W  O  rajs  C  B,  C  D  cut  off*  from  concentric  circumferences  fimilar  arches 
E  F,  B  D    (Fig.  2). 

-  REMARK, 

1  T  is  in  confequence  of  the  proportionality  eftablijbed  in  Cor.  i.  that  an  arch  of  a 
ircU  (B  D)  is  called  the  mbasuke  rf  its  correfpondent  angle  (B  C  D);  that  is  of  the 
mgle  at  the  center^  Juhtendtd  by  this  arch  j  the  circumference  of  a  circle  being  the 
ifj  curvet  'whofe  arches^  increafe  hr  dimini/b  in  the  ratio  of  the  correfpondent  an^ 
'leSt  about  the  fame  point.  , 

The  whole  circle  is  concei<ued  to  be  divided  into  360  equal  partSy  which  are 
ailed  DEGREES  J  and  each  of  thefe  degrees  into  60  equal  parts ^  called 
fiNUTES  ;  and  each  minute  into  60  equal  parts,  called  seconi)S  l^Jc.  in  confe-- 
nence  of  this  hypothefis,  &f  the  correfpondence  ejlablijhed  between  the  arches,  t7  the 
mglesy  we  are  obliged  to  conceive  all  the  angles  about  a  point  in  the  fame  plane  (that 
I  the  fum  of  4  L.  ),  as  divided  into  360  equal  partSy  in  fuch  a  manner,  that  the 
Hffle  of  a  degree  is  no  more  than  the  ^6oth  part  of  4  L.,  or  the  gotb  of  a  X^,  IS  con^ 
menthy  of  an  amplitude  to  be  fuhtended  by  the  360/^  part  of  the  circumference. 

H    h 
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DEFINITIONS. 


t\  S&LID  k  UuA^hkh  bath  leagth,  bmdih  and  IbickQelip 

IL 

Wa/  ^icb  hounds  a  Solid  b  a  ruperficles. 

IIL 

f  /Irasgbi  line  (A  B)  is  perpendicular  to  a  plam  (P  L)  {Fig.  l),  if  it  be  ptf- 
endicular  to  all  the  lines  (C  D  &  P  E),  meeting  it  in  this  plane  ;  tbai  is, 
^  line  (A  B)  w///  be  perpendicular  to  tbe  plane  (P  L),  if  it  be  perpendicular  to 
>e  lines  (C  D  &  F  E)  wA/VA  being  dra^n  in  tbe  plane  (PL)  pafs  tbrougb  the 
9int  (B),  fo  that  tbe  angks  (ABC,  ABD,  ABE  &  ABF)  w  right  angles. 

IV. 
f  plane  (A  B)    {Fig.  2)    it  perpendicular  to  a  plane  (P  L),    if  the   lines 
D  E  *  FO)  drawn  in  one  of  the  planes  (as  in  A  B)  perpendicularly  to  the 
ontimon  fedion  (A  N)  of  the  planes,  are  alfo  perpendicular  to  the  other  plane 
PL). 

be  common  fefiion  of  two  planes  is  tbe  line  wbicb  is  in  tbe  inuo  planes  •    «^ 
he  line  (AN),  wbicb  is  not  only  in  tbe  plane  (A  B),  but  alfo  in  tbe  plane  (P  L). 
berefore  if  tbe  lines  D  £  &  F  G  drawn  perpendicular  /o  A  N  in  tbe    plane 
\  B  are  alfo  perpendicular  to  tfse  plane  P  L  ^  tbe  plane  A  B  will  he  perpettdl^ 
^ular  to  tbe  plane  P  L. 

V. 

Tbe  inclination  of  aftraigbt  line  (A  B)  to  a  plane,  {Fig-  3.)  is  the  acute  angle 
A  B  E),  contained  by  the  ftraight  line  (A  6)«  and  another  (B  E)  drayv^n  from 
*ie  point  (B),  Jn  which  A  B  meets  the  pkne  (PL),  to  the  point  (E)  in  ^vhtch  a 
pn-pendicuhn'  (A  E)  to  the  pUne  (P  L)  drawn  from  any  point  (A)  of  thie  line 
A3)  above  the  plane,   meets  |he  fame  plane. 


244 


The    ELEMENTS 


Book  XL 


DEFINITIONS. 

VI. 

_  HE  inclination  of  a  flam  (A  B)  (Fig.  i)  /•  a  plane  (P  L) ;  is  tbeic* 
angle  (D  E  F)  contained  by  two  ftraight  lines  (E  D  &  E  F)  drawn  in  ochrf 
the  planes,  (that  is  D  E  in  the  pitne  A  B  Ar  E  F  in  the  plane  PL)  ftoai 
fame  point  (E),  perpendicular  to  their  common  fefiion  (A  N). 

VII. 

Tfvo  planes  are  f aid  to  have  the  fame  or  m  like  inclination  to  one  awstkr^M 
tufo  other  planes  have,  wh<ui  their  angles  of  inclination  are  equal. 

VIIL 

Parallel  planes  are  fuch  which  do  not  meet  one  another  tho'  produced. 

Similar  folid  figures  are  thore  which  are  contained  by  the  fame  vxB^^ 
furfaces,  fimilar  and  homologous. 

X. 
Equal  y  fimilar  Solids  vt  thofe  which  are  contained  by  the  fame  Dumtoa 
equal,  Timilar  4nd  homologous  furfaces. 

XI. 
A  folid  Angle  (A)  is  that  which  is  made  by  the  meeting  of  more  than  W)  pi* 
angles  (B  A  C,  C  A  D  &  B  A  D),  which  are  not  in  the  fame  pUnc,  in  (* 
point  (A). 

XII. 
A  Pyramid  (E'B  A  D  F)  {Fig.  3 )  is  a  folid  contained  by  mote  tta «« 
triangular  planes  (BAD,  B  A  E  &c)  having  the   fame  vertex  (A),  » 
whofc  bafcs  (viz.  the  lines  E  B,  B  D  &c)  are  in  the  fame  plane  (E  B  W  n 
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DEFINITIONS. 

xni. 

Prifm  is  a  Tolid  figart  (A  HE)  (Fig.  \.)  contained  by  plane  figurct, 

of  which  two  that  are  oppofite  (viz.  GHIKF&BCDA^  are  equal  fimi- 
lar,  and  fMrallel  to  one  another;  and  the  other  fides  (as  G  A»  AK^  KD,&c.) 
are  parallelograms. 

ff'  the  oppofite  parallel  planes  be  trianglet,  the  prifm  is  called  a  triangular  oka^ 
(and  it  is  only  of  thofe  prifms  that  Euclid  treats  in  the  Xlth  and  Xllth  Book)^ 
sf  tbi  oppofite  planes  are  polygms,  tbey  ar4  called  polygon  prifms^ 

XIV. 

A  Sphere  is  a  felid  figure  (A  £  B  D)  (Pig.  2.)  nrhofe  rorface  is  defcribed  by 
the  revolution  of  a  femicircle  (A  E  B)  about  its  diameter^  which  remains  im- 
moved. 

XV. 

7^  Axis  of  a  Sphere  is  the  fixed  diameter  (A  B)  about  which  the  femicircle 
revolves  whilft  it  defcrib^  theTuperficies  of  the  fphere. 

XVL 

The  Center  of  a  Sphere  is  the  fame  with  that  of  the  femicircle  which  defcribed 
its  fuperficies. 

XVIL 

The  Diameter  of  a  Sphere  b  any  firaight  line  which  ptfies  thro*  the  center, 
and  is  terminated  both  ways  by  the  fuperficies  of  the  fphere. 


DEFINITIONt 

XVDBf. 

/V  C(w  t$  •  Mid  tfgtsft  (ABCD)  (JFi^r.  i,  t,  »  y.)  4eferibfd  hj  tk 
feyttxmtm  of  t  fight  ang^eil  mmffit  (ABE),  «lmitt)ne  of  the  fides  (BQ 
cofitaining  ihe  right  tngte,  which  fide  rtifiMis  JlMrf. 

If  the  fixed  fide  (BE)  of  the  triangle  (A  B  E)  (Fig.  2)  be  ratnl  to  ifie  other 
Me  (A  E)  conlaiiifiig  4hc  right  tngle,  tiie  cone  is  ctlled  «  ri^t  angled  cooe; 
if  (B  E)  ke  leb  riwo  (AE)  (Pig^S.)  an  obtafe  mnglcd,  rati  if  (B  E3  be  grei- 
er  than  (A  E)  (fig.  x.)  aa  mMt  wgM  oene. 

XIX. 

The  Axis  of  a  dne  is  the  fiied  Araight  liae  (B  E)  about  which  the  tria^ 
(A  B  E)  revolved  whilll  it  defcribed  the  fuperncies  of  the  cone. 

XX. 

Tbi  Bfji  cf  a  Com  is  the  circle  (AG  CD)  (Fig.  \.)  defcribed  by  thttfik 
(B  E)  containing  the  right  imgle|  which  fef<»hre$.     - 
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DEFINITIONS. 

XXI. 

/\  Cylinder  is  a  folid  figure  (EBD  F)  (Fig.  i.)  dcfcribcd  by  the  rcvoloii- 
»n  of  a  right  angled  paTauelogram  (AN  M  C)  about  one  of  its  fides  (A  C) 
vhich  remains  fixed. 

xxn. 

Tbe  Axis  of  a  Cylinder  is  the  fixed  ftraight  line  (A  C)  about  which  tkt  parat- 
elogram  revolved,  whilft  it  defcril)ed  the  (uperficies  of  the  cylinder. 

XXHL 

Tbe  Bafet  of  a  Cylinder  (ivL.  E  N  B»  &  F  M  D)  are  the  circles  defcribed  by 
be  two  oppofite  fides  (N  A^  M  C)  of  the  parallefegram^  revolving  about  tht 
Knnts  A  &  C. 

XXIV- 

Similar  CofUi  and  Cylinders  are  thofe  which  have  their  axes  and  the  diameters 
i  their  Bafes  proportionals. 

XXV. 

f  Cule  or  Beabedron  (Pig.  7,.)  is  a  feTid  figure  contained  by  fix  equal  fquares. 

XXVf. 

f  Tetrdbedron  is  a  pyramid  (BDC  A) /f/g.  3J  contained  by  four  equal 
ind  equilateral  triangles  (viz.  A  B  D  C^  B  Au,  A  DC  &  B  AQ. 
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DEFINITIONS. 
-.  XXVII. 

I\N'  Offahedron  (Fig.  ij  is  a  folid  figure  contained  by  eight  eqaolnl 
equilateral  triangles. 

XXVIII. 

A  Dodecbebedrmi  (Pig,2.)  is  a  folid  figure  contained  by  twelve  equal  pCDUpi 
which  are  equilateral  and  equiangnlar. 

XXIX. 

An  Icofabedron  (Pig.  ^.)  is  a  folid  figure  contained  by  twenty  equal  and  equi' 
lateral  triangles. 

XXX. 

A  ParalUlepiped  is  a  folid  figure  contained  by  fix  quadrilateml  figures  wbn> 
of  every  oppofite  two  are  parallel. 

XXXL 

A  Solid  is  /aid  U  hi  infcribed  in  a  Solid,  when  all  the  angles  of  the  ioTcriU 
folid  touch  the  angles*  the  (ides,  or  the  planes  of  the  folid  in  which  it  is  ioraiiiai 

xxxn. 

A  Solid  is  /aid  to  be  circumfcrihed  about  a  Solid^  when  the  angles,  tbefMl(S| 
or  the  planes  of  the  circumfcnbed  folid  touch  all  the  angles  of  the  infcribed  faU 

^===E-===SBSBS9EBB=S==SSS9BB9BBH^ 

EXPLICATION  of  the   SIGNS. 

CO Similar. 

£? Parallelepiped. 
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PROPOSITIOlSt   L    THEOREM  I.     . 

^  N  E  part  (A  B)  of  a  /Iraight  line  cannot  be  in  a  plane  (Z  X)  {  and 
nether  part  above  it. 

Mypothefis.  The&. 

I  B  iV  /I  part  ofaftiraight  line  Another  paft  of  this  ftraigbt  line  (as  B  C^ 

■    •     t:  X.  ' ^^' 


ituated  in  the  plane  Z  . 


tvill  he  in  theja$ie  platie  Z  X. 

Demonstration. 


If  not  .      ^ 

It  will  be  above  the  plane  as  B  D  is. 

Preparation. 


B 


1.  At  the 

2.  At  the 


point  B  in  A  B  ered  in  the  plane  Z  X  the  ±  GB.  1  «> , ,   p  . 
point  B  in  B  G  treft  in  the  plane  ZX  the  J.  BC.  J  ^•"-  ^''" 


ECAUSE  VABG  isaL,  likewife  V  G  B  C,.&  they  meet 

in  the  fame  point  B.      ^ 
I .  The  lines  A  B  &  B  C  are  in  the  fame  ftrajght  line  A  C«  P^i^  B.i* 

But  the  line  B  D  is  a  part  of  the  ftraight  line  above  the  plane  (Sup,/. 
I.  Therefore  the  lines  B  D  &  B  C  have  a  common  fegment  A  B. 
}.  Confequcntly,  V  D  B  G  ==  V  G  B  A  =  G  B  C,  /A^/  m,  the  part 

IB  to  the  whole.  Ax,io.S.i. 

^.  Which  is  impoffible.  Ax*  S,B,u 

^.  Therefoie^  B  D  cannot  be  a  part  of  the  ftraight  line  A  B  (Arg.  i). 

And  as  the  fame  demonftration  may  be  applied  to  any  other  part  of  B  C. 
6.  It  follow!,  that  all  the  parts  of  a  ftraight  line  are  in  the  lame  plane. 

Which  was  to  be  demonftratcd. 


I  r 
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PROPOaiTiON  U     THEORBAf   II. 

Jl  W  O"  ftraiglii  Itaet.  wbicb  cut  on*  another  ia  ^>i4ie  in  one  pbo*  (ZX) 
and  three  itraight  lines  which  cenftitute  a  triangle  (E  A  D)  are  in  the  katt 
plane  (Z  X). 

HVpuiliefiSk  Tbi&L 

/.  AE  tf  CD  ntmrmmHkrmE.  /.  AB  &  CS,  «rv  at  ii«r/nrfA» 

1/.  EADiVifA.  //.  ng  ^hk£iEAD  is  im  tie  pirn 

DEMON&TftATIOK. 
If  not« 
The  lines  A  B  Sr  C  D  are  not  m  ihe  fiiine  sJane, 
Likewiie  a  part  of  the  A'  E  A  D,  as  A  P  G  D. 


Draw  G  P. 

IJtECAUSE  the  part  A  FGD  ef  the  A  E  A  D  isoot  in  < 

planr  (Z  X)  with  E  F  G  f^J. 
t.  It  follows^  ebat  the*  pam  G  D,  C  G  of  the  fiae  CD stfe indaierem 

planes,  &  the  parn  A  F,  F  B  of  the  ttnig^t  line  A  B>  are  in  difiexent 

j^anes,.  as  alTo  A  P  G  D"  &  F  £  G. 
at/ Whifclt  IB  impoffible.  R  t.  Air- 

3.  Stncetften  the  parts  of  the  two  lines  &  of  the  A  can  not  be  in  dBfaenr 

^anes. 
4*  Thej  miifr  coofeqnently  bein  tfate  fame  pkme. 

Which  was  to  be  demonfttated,  i.k  lu 
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PROPOSITION  nL     THEOREM  ill. 

If  two  rhaes  (RS  &PJL}  gbi  we  aqoltoj  Uwir con 
ftraigbt  line  (A  B). 

HfpochflfiL  Thcfii. 

?  hmrw  tuM  flames  TUir  mmmnt  JeOim  A  9f 

I^MONSTEATIOir. 


RS& 

nvbkbcui 


B, 


If  it  he  not. 

The  feaion  wiQ  be  two  ftrmight  iiaes. 
AsAXEfortliepUiieRS;  &  A  7 B  for  the pUne  P  L. 


^^^ 


lECAUSE  thcfbft^lioet  AXB&  ATBhavethel 
tremitjes  A  &  B. 

1.  Thofe  two ftraight linet  AXB  &  A  YB  i«d»de  t  ipice  AXB  Y. 

2.  WUch  is  iapoffible.  i<r.i2.  ^.i 

3.  Conieqvrntlf,  tbe  feaioo  of  Uue  planes  P  L  &  RS  ctnaoft  be  two 
ftraight  lines  A  X  B  &  A  Y  B . 

4.  TheriBfoi€  their  coounoo  ibftiop*  is  «  ftraig^  line  A  B. 

Which  SOLS  to  be  demooftrtted. 
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PROPOSITION   IV.      THEOREM  IF. 

If  two  ftraight  linet  (A  B  &  C  D)  tnterfea  rich  other,  and  at  (he  poitf 
(E)  of  their  interfedion  a  perpendicular  (E  F)  be  eredjed  upoo  thofe  faa 
(A  B  &  C  D)  :  it  will  be  alb  perpendicular  to  the  plane  (P  L)  which  pfe 
through  thofe  lines  (A  B  2^  C  D). 

Hypothefi3.  Thefii 

/.  A  B  W  C  D  are  ftraight  lines  EF  is  ±  f9 the fJemfl 

fituated  in  the  plane  P  L. 
//.  ^hey  interJeS  each  Qther  in  £. 
///.  E  F  1/  J.  /0  thofe  lines  at  the  pnnt  ^. 

Preparation. 

1.  Take  E  C  at  will,  k  make  E  B,  E  D  &  A  E  each  equal 
to  E  C. 

2.  Totn  the  points' A  h  C,  a1(b  B  &  D. 

3.  Thro'  the  point  E  in  the  fame  plane  P  L,  draw  the  ftraight 
line  G  H,  terminated  by  the  ftraight  Hnea  A  C  &  B  D»  at 
the  points  G  &  H. 

4.  Draw  AF,  GF,  CF,  DF,  HF  &  B  F. 

Pemokstration. 

HEAAEF,CEF,BEF,&DEFhavcthefideEF  common. 

The  (ides  AE,  C£,  BE,  &  D  E  eqnal  (Frep.  \)  &  the  adjacent 

VAEF,  CEF.BEF,  &t)EF  equal     (Hyp.  3;. 
1.  Confequenily  the  bafes  A  F.  C  F,  B  F,  &  D  P  are  equal.  P-  4-  *' 

In  the  A  A  E  C  &  D  E  B,  the  fides  A  E,  CE,  E  Q  &  £B  are  =: 

rPrf/iJ  &the  VAEC&  DEB  alfo  equal.    ' 
a.  Therefore,        A  C  =  B  D. 
3.  And  VE  AC':s=  V  E  B  D, 

TheAGAE&EBH  have  VAEG=VHBB. 

VEAG=VEBH  (4rg.z^)  &AE=:EB  (Pttp.^). 


P.I5J.I- 
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^,.  Confequentlv,  the  fides  G  A  &  G  £  are  =  to  the  fides HB  &  EH.  P.26.  i^.i. 
In  the  A  AF  C  &  F  D  B,  the  three  fides  AF,  FC  &  AC  of  the 
firft  are  =s  to  the  three  fides  F  B,  F  D  &  D  B  of  the  fecond 

5.  Therefore,  the  three  V  of  the  A  A  F  C  are  3=  to  the  three  V  of 

the  AfD?  each  to  each, /Afl/iiV  FAG  =  VFBH,  &c.  P.  9.  B.}. 

The  AGAF&HBF  have  the  two  fides  A  F  &  A  G  =  to  the 

two  fides  F  B  «r  B  H    (Arg,  r.  It  4^. 

Moreover,  VFAG  =  VFBH    (Arg.  5/ 
5.  Therefore,  G  F  =  F  H.  P.  4.  J.i. 

Infine,  in  the  A  G  F  F  &  F  £  H,  the  fides  G  F,  G  £,  &  F  E  ara 

=  tothefidesFH,  £H,  &EF    (ArgA,f^6). 

7.  Coniequeatlv,  the  three  V  of. the  A  GF  E  are  =7  to  the  three  V  of 

the  A  F  E  H,  each  to  each,  that  is  y  F  £  G  5=  V  F  E  H,  &c.      P.  8.  Ba. 
But  thofe  VFEG&FEHare  formed  by  the  ftrai|ht  line  EF 
falling  upon  G  H  (becauie  G  £  ft  £  H  are  b  the  fame  ftraight  Ime) 

8.  Therefore,  thofe  VF  EG  &F  EH  are  L,&  FEXuponGH.  <n'^'f"* 
But  H  G  is  in  the  fiime  plane,  with  the  lines  A  B  &  C  D  (Prep.  3/  C  ^-ip.  -ff.i. 
And  E  F  is  J.  upon  thofe  lines  (ffyp.  i)- 

^  Confequently,  £F  is  J.  upon  the  fame  plane  PL.  Z>.  3.  8.11. 

Which  wa^  to  be  demonftrate4« 
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PROPOSITION   V.     THEOREM  y. 


^F  three  AraightUnti  (BC,  BP^ArBE)  metaH  in  cm  prnnt  (B),  ML 
m  (Iraight  IJM  (A  B)  ia  ptrptwiioAu  u  eacli  of  lli«»  ip  lli«l  pml«  tfacfe  ihfce 
iloight  Jivs  (B  Q  BD,  &  B  E)  are  in  one  and  the  (kme  plane  (Z  X). 

Hypothejfis.  Tbdb. 

1.  EC,  BD,  brB£«r#//if«.  BC»  BD,  &B£^rvttflr 

DlMIHrilTRATION* 

If  not. 
One  of  thofe  three  as  B  E  u  in  a  different  plane. 


B, 


Preparaiiou. 
Let  a  plane  T  P  pafi  thro*  the  X  AB  &  the  line  B  E. 


_   ECAUSBTP&ZXare  4tierent  pkwa  which  meet  in  B. 

1.  They  will  cut  each  other  when  pi«ducea»  &  their  common  fcAion 

vrili  he  a  ftraight  line  B  P,  common  to  the  two  planet.  P.  5.  Bav 

ButABisXtoBD  &BG  /"l&f.  n). 

2.  Conrequentlj,  A  B  will  be  alio  X  to  the  plane  Z  X>  in  which  thofe 

lines  are.  P.  4^  jLii. 

3.  Therefore,  ABisXtoBPfc  V  ABPaU  C^gO- 
But  V  ABE  is  a  L  (H^,ii). 

And  B  E  is  in  the  (ajoc  plane  with  A  B  &  B  P  (l^rtp.  li  Arg.  \), 

4.  Confequently,  V  A  B  E  =  V  A  B  P,  rJhi^  if ,  the  part  =  the  whole. 

c.  Which  is  impoffible.  ^x.8>X.  1. 

6.  Therefore,  B  E  ia  not  in  a  different  plajae  from  that  in  which 
BD&BCare. 

7.  Confequentfy»  thofe  three  lines  are  in  the  (ame  plane  ZX. 

Which  was  to  be  demonftrated. 


BbokXl 
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J        PROPOSflTION  VI.     TtiBOkEM  }^h 

Af  two  ftmigHrKMs  (A  »*  GTD)  be  peniendlcbrflr  to  a  pikne  (2X).  tlic* 
ihall  be  pariffel  to  dne  anwhfer:^  x       /*     -y 

Ails»CI><wrX/4rjAi»/lfiirZX.  AB  «  CU^jl«rA/ii* 

Preparation. 
I.  Join  the  i>oints  B  &  D  in  the  plane  2]!L 

a.  At  the  Qoint  D  in  B D  in  this  fame  plane,  ercft  the  JL !>£.•  Pat  M  t 
3.  Make  DE  =  AB.  p     '  d  / 

4.-Draw  AD,  A  E,  &  B  E.  '  ^ 

Demonstration. 

J3eCAUSE  in  tbe  AA^BD&BDE,  the  fide  I>fi:it3£AB 

(Pnf.  3./,  B  D  is  common  to  the  two  A»  &  the  V  A  fi  D  &  B>D  £. 

arc  L.  (9fyp.frep.  %.ii  D,  ^  luj^ 
I.  IbeficfoAD  i8=:BE.  p_. 

In  tlie  A  A^B/E^a.  AI>E,  the  fide  A  £  it  common,  A  B  ii  sk^D  £, 

&  B  E  =  A  D  (Pre/>.  2,  W  >^r^.  ij 
Z'  Goafeii^ntly,  VABEis=:VAD£.  p^ 

But  V  ABE  italic.  p]  ^ 

3.  Therefore;  V  AIXEk-sdro  a»L«  Jff  u 
But  VCD E  it  a  L.  i>  * 

4.  Conieauently»SKi»J..toCD,DAft'DB/J^/r#/|wa«(^^3). 

5.  Therefore,  thofc  lines  C  D,  D  A  &  D  Bare  in  the  fame  plane,,  ibat 
is  C  D  is  in  the  plane  which  pafles  thro'  D  A  &  D  B.  P.  5. 

6.  Likewife  A  B  is  alfo  in  the  fame  pline  which  pafles  thro'  D  A  &  DB.  X  z, 

7.  Therefore,  A  B  &  CD  are  in  the  fiime  plane. 
But  the  interior  VABD&BDbareL  (ffjp.^ 

8.  Confequently,  AB  is  paralMtoCD.  P.28. 

WUcJi  wa^  to  be  demonftrattd. 


B.  u 


B.  I. 
B.11. 
B.  I. 


B,ii. 
B.ii. 


B.  u 
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PROPOSITION  VII.      THEO  REMVll 

1 F  two  points  ( A  &  B)  in  two  parallels  (D  C  &  F  E)  lie  joined  by  t  Snfh 
line  (A  B)  ;  it  will  be  in  the  rame'  plane  (?  L)  with  the  parallels. 

HypOtheris.  Thefii. 

I  A  &  B  ure  tnve  p9inU  taken  at  mil  A  B  t/  in  tie  fame  pliti^l 

in  thefioralleb  £F  C^  CD.  nvitt  the  pUaXDHH 
IL  A  fr  ii  aftraight  line  which  joins 
tbofe  finte, 

Dbmokstratiok, 

If  not. 
It  will  be  in  a  different  plane  A  G,  as  the  line  A  X  B  is. 

XJ  E  C  A  tJ  S  £  A  X  B  is  in  the  plane  A  G,  different  from  the  plane 
P  L,  &  its  extremities  A  &  B  are  in  the  lines  C  D  &  EF>  fitaated 
in  the  platie  P  L. 

I.  The  line  A  X  B  will  be  common  to  the  two  planest  that  if,  A  X  B 
is  the  common  £edion  of  the  two  planes  A  G  &  P  L.  P»  y  i" 

But  A  B  is  alfo  a  ftraight  line  having  the  fame  extremities  A  &  B 
(Myp.wh 

3.  Which  is  impoffible.  /r.itiv 

4.  Wherefore,  the  ftratsht  line  (A  B)  which  joins  the  points  A  &  B, 
is  not  in  a  plane  A  G  different  from  that  in  which  the  parallels  C  D 
&  £  F  are. 

J.  Therefore,  A  B  is  in  the  fame  plane  PL  with  the  piles.  CD  &  EF. 

Which  was  to  be  demonftrated 
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T     PROPOSITION  VIII.      THEOREM  Fill. 
X  F  two  (Iraight  lines  (A  B  Sr  C  D)  be  parallel,  and  one  of  thenfi  (as  A  B) 
M  perpendicular  to  the  plane  (Z  X) ;  the  other  C  D  (hall  be  perpendicular  to 
the  fame  plane.  ^ 

Hypoihefis.  Thefis. 

/.  AB  WCD«i'^///«.  CD  is  1.  to  the  plane  ZX. 

IL  A  B  fj  X  to  the  plane  Z  X. 

Preparation. 
Join  the  points  B  &  D  in  the  plane  Z  X.  Po/.i.  B.u 

At  the  point  D  in  B  D,  ere6t  in  the  plane  Z  X  the  XD  £«  P.iz.  Ba. 
Make  D  E  =r  AB.  P.  3.  A4. 

Draw  AD,  A  E,  &  BE.  Pof.i.B.i. 

B  Demonstration; 

E  C  A  U  S  E  B  D  is  in  the  plane  X  Z,  &  A  B  is  ±  to  this  plane  (Hyp,  u). 
1.  V  ABD  is  a  L.  D.  3.^.4. 

a*  Confequently,  V  B  D  C  is  alfo  a  L..  P-z^  Ba. 

B«t  V  B  D  E  is  a  L,  D  E  is  =  A  B  (Prep,  a.  Esf  3.;  &  B  D  being 
common  to  the  two  AABD&BDE. 
3.  The  bafe  A  D  is  =  to  the  bafe  B  E.  P.  4.  B.\. 

In  the  two  A  ADE&  ABE,  AB  \i=J>'E.  (Prep,y)  AD  =  BE 


I. 

2. 
3- 
4- 


8. 


(Arg.  y)  &  A  E  common. 

Confequcntly,  VABE=VADE. 

But  V  A  B  E  is  a  U- 

Therefore,  V  A  D  E  is  alfo  a  L- 

Confequentlj,  DEisXtoBD&AD  {^rrep.  2-  C^  Arg. 

Wherefore,  D  E  is  alfo  JL  to  the  plane  pafTine  thro'  thofe  lines  B  D 

But  A  D  joins  two  points  A  &  D  taken  in  A  B  &  C  D  which  are 

parallel  (Hyp.  i). 

Therefore  CD  is  in  the  fanje  plane.with  A  B  &  A  D.  P. 


(Prep.  2.  i^  Arg.  r;). 


P. 
D 
Ax'i 


8-5.1. 
B.i. 


B.u 


7.5.11. 


9.  Confequently,  D  E  is  JLjo  D  C,  or  D  C  ia  X  to  D  E,  Z>.  3.  B.  1 1 . 

Since  then  CDiaJLi 


,  to  D  B  &  ED  (Arg.  2.  ii  9/ 
lo.C  D  will  be  alfo  X  to  the  plane  pafllog  thro'  thofe  lines  (that  is)  to  , 
the  plane  Z  X.  P.  4. 

K  k 


B.ii. 
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PROPOSITION, IX.     THEOREM  IX. 

JL  HE  liAfcs  (AB  «r  CD)  whkh  .•!« ^«3h  oF  them  pmiM  to  die  6ac 
ftriif^t  liitfe  (£  F)  though  fitutted  ill ^iffsitot  pbMi  (SF  <c  R  F)  m  (r 
ralld  to  one  another. 

Hypothefis.  Thefit. 

/.  AS  /i  in  ^iepiaHe'S  F,  &  C  D  AS  «r  /&.  i»CSl 

f«  /&#  ^/aitf  R  F. 

I.  From  the  point  H  of  the  line  A  B  in  the  pfa^e  F  S  iet  fid! 

a  J-HGuponEF.  »..  p  . 

«.  From  the  pointO  in  the  pkneRPlet  fidltheXGK    ^-"-^'* 

upon  C  D. 

Demonstration. 


6> 


_>ECAUSEEGorEFisXtoGH&GK  (ftep.i.lS z). 

1.  EG^^iil  he  JL  to  the  plane  which  padTes  thro'  thdfe  lines.  P.  4.  ILu 

But  A  B  faille,  to^  F  (ffyp.  %). 
a.  Therefore,  A  B  ia  X  to  the  plane  which  paSes  thfo*  thofe  Hues 

H  G  &  G  K.  P.  «.  Ai*. 

3.  In  like  manner,  C  D  is  alfo  X  to  this  fiune  plane. 

The^efo^e•  the  lines  A  B  &  C  D  being  X  to  the  {ameplcne 


4.  They  Hre^ille.lO'Oae'aflOther. 


Which  was  tol)e  densonilnued. 


P.  6.A11 
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^         PROPOSITION   X.     THEOREM  X. 

X  F  two  ilraight  lines  (A  B  &  B  C)  which  meet  on^  another  (in  B)  be  pa- 
rallel to  two  others  (D  E  &  £F)  which  meet  one  another  in  (E) ;  and  are 
not  jQ  the  fame  plane  with  the  firft  two ;  the  firft  two  and  the  other  two  ih|U 
coAUin  equal  angles  (A  B  C  &  D  E  F)» 

Hypothefis.  Hiefis. 

A  B  e^  C  D  meet  one  another  in  B,  in  a  V  A  BC  » is;:  V  P  Ef. 

different  plane  from  that  in  mAith  D  £  (^ 
ET  mret  woiich  al/o  meet  one  another  in  E. 

Proration. 

1.  Cut  off  at  will  from  the  ftraight  Hoes  AB  &  B  C  the  parts 

BG&BI.  P.  vS.  %. 

a.  MakeH£z=:BG,  &EK  =  BI. 
3.  Join  the  poinu  B E,  G  H,  G  I,  HK  &  i  K.  Pof,i.  B.  1. 

Demonstration. 


_  H  E  line  B  G  htxng  rz  &  oUe.  to  H  E  (Pr^p.  2.  W  Ujp). 

1.  G  M  will  be  =  &  pile  to  B  E. 

2.  In  like  noanne/,  IK  is  =  &  pile,  to  B  E. 

3.  Confequently,  G'H  is  =  &  pile,  to  I  K 

4.  Therefore,  G  I  is  =  &  plk.  to  K  H. 
And  becanfe  io  the  A  -G  3  I  &  H  E  K  the  three  fides  6  6,  B  I, 
&  G  I  of  the  firft,  are  =  to  the  three  fides  H  E,  E  K,  &  H  K  of  the 
laft,  each  to  each,  (Prep,  a-  W  Arg.  aJ. 

5.  VGBIorABCis  =  to  VHEKorDEF.  P. 

Which  WAS  to  Jbe  deiiM>fiftrated. 


{It 


B.  I 
5.1 1 
B.  I 
B.  I 
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PROPOSITION    XI.     PROBLEM  L 

X  O  draw  a  ftraight  line  (A  H)  perpcndicultr  to  a  plane  (Z  X)  fxoin  a 
given  point  (A)  above  it. 

Given.  Sought. 

/.  Tbf  plant  Z  X.  Tbefirmght  line  A  H  UtfJlfrm 

11.  Apwnt  A  mhw€  it.  the  pcint  A,  X  /•  the  flam  Z  X. 


Bi 


;.  In  the  plane  Z  X  draw  at  will  the  ftraight  line  BC: 

2.  Prom  the  roint  A  let  fall  upon  B  C  the  X  A  D.  P.12.  £-  i 

3.  At  the  point  D  in  the  plane  Z  X  ere^  upon  B  C  the  JL 

DG.  P.ii.Ai. 

4.  From  the  point  A  let  fall  upon  D  G  the  ±.  A  H.  P.\%.  JL  i. 

Preparation. 
Thro'  the  point  H  draw  the  ftraight  line  F  £  pile,  to  B  C.       P.31.  A.  i. 

Demonstration. 


_  lEC  A  U  S  E  the  ftraight  line  BC  is±  to  D  A  &  DG  (RefzJ^^), 

1.  It  will  be  X  to  the  plane  which  pafles  thro'  thoie  lines.  P.  4.  ^.n. 
But  F  E  i«  pile,  to  B  C  (Prep). 

2.  Therefore,  F  £  is  alio  X  to  this  (ame  plane  which  pafles  thro'  D  G 
&DA.  PZBau 
But  A  H  is  in  the  fame  plane  with D  A  &  D  G  (^P.  2.^.  11^  &  meets 

F  £  in  rt  (Ref.  4.  W  Prep), 

3.  Therefore,  V  F  H  A  is  a  L.  i>.  3.  An. 
And  becaufe  V  A  H  D  is  a  L  (Ref.  4;. 

4.  A  H  is  ±.  to  the  two  lines  F  £  &  D  G  fituated  in  the  plane  Z  X 
which  interiefl  each  other  in  H. 

$.  Therefore,  A  H  is  ±  to  the  plane  ZX.  P.  4.  Bax- 

Which  was  to  be  done. 


Book  XI. 


Of    EUCLID. 


z€i 


PROPOSITION   XII.     PROBLEM  II 

R  O  M   a  given  point  (A)  in  a  plane  (X  Z)  to  ered  a  peq>endiciiiar 
(BA). 

Given.  Sought. 

ji  point  A  in  the  fhtm  X  Z*  ^  firai^t  lin$  B  A  dranvn  from  fbf 

p9int  A  X  /o  the  plane  X  Z. 

Re/olution. 

1.  Take  at  will  a  point  D  above  t^e  plane  X  Z. 

2.  From  this  point  D ;  let  fall  upon  this  plane  the  -L  D  C*  P,ii.  B.n. 

3.  Join  the  points  A  &  C.  Pof.i.B.  i, 

4.  From  the  point  A  draw  A  B  pile,  to  DC.  -P.31.  -5.  i. 

Demonstration. 

JJECAUSE  the  line  A  B  is  pile,  to  D  C  (Ref,  ^).  . 

And  that  D  C  is  X'to  the  plane  X  Z  (Ref,  2). 
I.  A  B  win  be  alfo  X  to  the  fame  plane  X  Z.  P.  8.  £.1 1 

Which  was  to  be  done. 
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i^  R  Q  M  tl«  hme  p6iAt  (B)  iM  a  ixitti  )>l«t)€  (2  X)  fliere  ctmnt  ti^dmni 
QD  the  fame  (ide  of  it  more  than  one  perpendicular  (A  B). 

HjpotKefN.  TbdU. 

A  1B  fi  X  of  tbifnnt  B»  /•  //  k  im^jShle  f  iron  fhm  dw 

the  plane  %  Z.  f$int  B  amtber  JL  /#  the  pUue 

X  Z  M  the  fame  fide  tbai  A  B  e^ 

Demonstration. 
If  jpot» 
Thefe  fii&y  be  drawft  frOm  tte  point  B  aiAttet  i^ 

Prephrdtion. 

From  the  point  B  eraE^  a  X  B  C  di^er<c1lt  from  A  B. 

i5eCAUSE  the  line^AB  ftBC  iftectat  fticlftrim*. 

1.  Thev  are  io  the  fame  plane  PO. 
But  they  are  each  X  to  the  plane  X  Z  (^Mp). 

2.  Confcqu«litljp,  flue  V  *  -J-  ^  &  *  arc  each  tl. 

3.  llicrefore,  V  «  +  *  =  V  *>  f^^f  ^J»  the  whole  =  to  the  part. 


4.  Which  is  impoilible. 
But  A  B  is  X  to  the  plane  X  Z  (ffyfJ- 

5.  Therefore,  B  C  is  not  X  to  X  Z. 
'   Confequently,  *ii  is  impoifible  to  ^rrfw  from  a  point  B  any  0 

on  the  fame  fide  an  A  B,  that  wifl  ^  X  «>  iIk  plane  !K  2. 

^tVMok  w«i^^4MM»ftrated. 


P.2.  ft.  11. 
D.10.A  I. 


ksokXL 


Of   BV  CtlX>. 
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PROPOSITION  XIV.     THEOREM  Xll. 


LANES  (2X&TY)  to  which  the  finne  flr^ight  Unc  (A  B)  is  per- 
pendicular ;  are  pacaUel  to  one  aqpther. 

Hypotheiis.  Tbefii. 

A  B  /i  X  /o  ibe±lattis  XZ  C^  TY.  7h* plane  XZ  is ptti,  ioihi 

plane  7  Y. 


V  not, 


B 


DEMONSTRAfTKnr. 
The  planes  XZ  &  TY  j>rQduSed  will  meet  one  another.      Z>.  8.  B.iil 

1.  Produce  theifdaaes  XZ 4k  T^ until  ihqr i^eec  in iM:* 

2.  Take  a  point  £  in  the  fe^on  D  C 

3.  Draw  EA&EB. 


IECAU-6E  AB  is.X  to  ibepJawTY  ri(i^.>*  ;EB  Is  in 

this  plane  (Prep.  3^.  P.  .3 .  )9. 1 1 . 

1.  V  A  B£  is  a  L.. 

2.  Likewife  V  B  A  E  is  a  L. 

3.  GonTecfaently,  the  A  B  A  E  has  two  X»* 

4.  Which  impoifible.  JP^lj'J^  i* 
S-  From  whence  it  fblbws  that  the  lines  A  E>&  £  B  4piV)t>iHeet.Qae 

another,  no jooie '  |b«D\die  .pianos  T  ,Y  fie  X^.  iP.  i .  ^.  1 1. 

6.  Therefore,  thofe  planes  are  pile.  i).  8.i7.ii« 

Which  was  tp  be  dtiaonftrattd. 
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PROPOSITION  XV.     THEOREM  Xm. 

X  F  two  ftraight  lines  (A  B  &  A  C)  fituated  in  the  Tame  plane  (A  X),  ad 
meeting  one  another  (In  A)»  be  parallel,  to  two  ftraight  lines  (D  E  &  D  F) 
meeting  one  another,  and  fituated  in  another  plane  (D  Z)  ;  thofe  pboes 
(A  X  &  D  Z)  will  be  parallel 

Hypoihefis.  TTicfis. 

A  B  W  A  C  fituated  in  the  plane  A  X  The  plane  A  X  in  which antkbo 

y  meeting  each  other  in  A,  are  pile,  to  A  B  &  A  C  »  fSe.  to  the  fiam  D2 

D  E  6f  E  F  meeting  each  other  in  D,  H  in  which  aretbe  lines  D  E  tf  D  F, 

fituated  in  the  plane  D  Z.  .          . 

Preparation. 

I.  From  the  point  A  let  fall  upon  the  plane  DZ  the  X 

AG.  Pm.Iw 

%.  DxawGHpUe.toDE,  &GL  plle.toDF.  /.ji.B.! 


B 


Demonstration. 


P.2().  B.  I 


E  C  A  U  S  E  the  Imes  G  H  &  G  L  are  pUe.  to  D  £  ft  DF 
(Prep.  2/ 

1 .  They  will  be  alfo  pile,  to  A  B  &  A  C. 
And  G  L  being  pile,  to  A  C. 

2.  The  V  C  A  G  +  A  G  L  are  =r  2  L. 
But  V  A  G  L  is  a  L.  (Prep.  ij. 

3.  Confequentiy,  V  C  A  G  is  alfo  a  L* 

4.  It  may  be  demonftrated  after  the  fame  manner  that  V  B  AG  is  a L- 

5.  Therefore,  G  A  is  X  to  the  plane  A  X.  P  4  ^M 
But  G  A  is  alfo  X  to  the  plane  D  Z  (Prep,  i), 

^.  Wherefore^  the  plane  A  X  is  pile,  to  the  plane  D  Z.  P-ifl^' 

Which  was  to  bt  demonftrated. 
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BROPOSIXION  XVI.      THEOREM  XIV. 

X  F*  two  parallel  planes  (5:  X  &  Y  P)  be  tut  by  another  plane  (A  B  D  Cj, 
the  common  Tedionft  with  it  (C  D  &  A  B)  are  parallels. 

Hypotheiis.  Hiefis. 

/.  The  plants  Z.X  £?  P  Y  are  pile.  The  common  feaions  C  D  e^  A  B 

//-  7bey  are  cut  by  the  plane  A  B  C  D.  are  pile. 


If  not, 


DEMdNStRATION. 
The  lines  A  B  &  C  D  being  produced  will  meet  fonlewhere^ 

Preparatiotti 
Produce  them  until  they  meet  in  F.  -P^/^i.  B,  i. 

i3  ECAUSE  theftraightlinesBAF&DCPmeeiinF; 

1 .  The  planes  P  V  &  Z  X  in  which  thofe  lines  are,  will  alfo  meet  one 
Another  :  (B  A  F  being  entirely  in  the  plane  P  Y,  &D  C  F  entirely 

in  the  plane  Z  X).  P.  I.  ^.i  I^ 

2.  Which  is  impoflible  (Hyp.  i). 

3.  Wherefore,  A  B  &  C  D  do  not  meet  one  another. 

4.  Therefore,  A  B  &  C  D  are  plU.  -0.3$.  B.  i* 

Which  was  t6  be  demonftrated. 


Ll 


t 
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rHOPOSITION  XVIL      THEOREM  W. 

\c  ^  AtiRM  lines  (AC  ArBD)  bt  cut  fiy  f»ralkl  pbncs  (XZ,PY&QM): 
X»  (M  l<  cut  in  the  Ttme  ritio^  (tbM  £r,  A  £  :  E  F  =  B  F  :  F  H  Ar). 

Hjpotheiis.  Tbcfis. 

^  V  K  D  4trr  Aw»  ftraigbt  lines. 
^  ^^^^  ^Vf  /^iw  XZ,  P  Y  W  QM. 


AE:  £43s&F:FR 


Preparation 

I    l^un  the  points  A  &  B,  alfo  G  &  H. 

^   Diiiw  A  li  which  will  pafs  tkro'  the  plmne 

m>iMi  I. 
I  n«LiwEI&  IF. 

Demonstr  ation. 


PTb  the/ 


Tyi.Ai. 


K  W  i  l^  E^  the  pile,  planes  ZXftPYarecntbydie  pine  of 
^yi,  >  \  H  ir 

K%  4^«t»r  i^  IP.  P.16.  JLii- 
^-JU^K  I  J*  pile,  to  GH. 

^s^iU.     AI:IH  =  BF:FH.  \^       ,. 

AI  :  IH  =  AE  :  EG.  J^  ^^^ 

Ntf,         AE:  EG=:  BF  :  FH.  i^.iul.^ 

Which  was  to  be  demooftimted 
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PROPOSITION   XVfll.     THEOREM  WI. 


F  a  ftraight  line  (A  B)  is  pcrpcndicuUr  to  a  plane  (Z  X):  every  plane 
as  QE)  which  pafles  thro^  this  Ijoe  (A  B)  (hall  be  perpendicular  to  this 
>lane  (Z  X).  ^^ 

Hypothefis.  Thefis. 

A'B  is:^t0  the. plant  Z  X.  ,  E^er% plane  (as  Q^E)  tviicb  paffes  ibnf 

fheJLAh  is  X  ^9  fb^flfifie  Z  % 

Preparation. 

1.  Let  a  plane  Q£  pafs  thro'  A  B>  which  will  cut  the  plane 

ZX  inEF.  P.  3.  J?,  u 

2.  Take  in  jthis  ftraijriit  line  E  F,  a  point  O  at  will. 

3.  From  this  point  D,  draw  in  the  plane  Q  E>  the  line  D  C 

pile,  to  A  B.  P.31.  B.  I, 


Demonstration. 


JEjBCAUSE  tlie  ftraight  line  A  B  is  J.  to  the  plane  Z  X,  &DC 

is  pile,  to  A  B  (Hyp.  ^Prep.  3/ 
I .  The  line  D  C  is  X  to  the  plane  Z  X. 


P.  8.  P.I  I. 
D.  3.  P.I  I. 


Z.  Confequently,  CD  is  alfo  X  to  the  common  fejStion  E  F. 

3.  Therefore,  the  plane  E  Q^in  which  the  lines  A  B  &  C  P  are>  is  X 
to  the  plane  Z  a.  -P.  4.  Ba  1 
And  at  the  fame  demonftration  may  be  applied  to  any  other  plane 

which  paffes  thro'  the  X  A  B,  we  may  conclude. 

4.  That  every  plan^  which  paffes  thro'  this  line  is  X  to  the  plane  Z  X. 

Which  was  to  be  demonftrate^. 


1 
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PROPOSITION  XIX.     THEOREM  mi. 

J.  F  two  planes  (C  D  &  E  F)  cutring  fine  another  be  each  of  them  pop» 
dicular  to  a  third  plane  (Z  X);  their  common  fedion  (A  B)  flull  be  fejo- 
dicular  to  the  fame  plane  (Z  X). 

Hyiwthefw.  Thefis. 

I.  Tbeplatiti CD  ScEF  Orel.  19 tbe^aneZX.  Tbt  ccmmmftOim ktii 

JlTbtycutmuambtrtHfiB.  t$  the  fLaie  Z  X. 


B 


Demonstration. 


E  C  A  U  S  E  C  B,  the  common  fedion  of  the  plane  C  D  with  the 
plane  X  Z  is  alfo  in  the  plane  X  Z.  P-  3  '" 

There  may  be  ereded  at  the  point  B  in  C  B  a  X  f^P.  1 1.  ^.  n.) 
which  will  be  in  the  plane  C  D  (Hfp  i  J  ^'^^  ' " 

And  becaule  the  line  F  B  the  common  fe^on  of  the  planes  F  £ 
&  X  Z  is  alfo  in  the  plane  X  ?.  ^*  3  ^" 

There  ma]r  be  ereded  at  the  fame  point  B  &  at  the  fame  fide  with 
the  foregoing  another  X  which  will  fall  in  the  plane  F E.  PiS* |^^ 

But  from  the  point  B  only  one  X  can  be  raifed.  P.ij.**^ 

Confequently,  thofe  X  muft  coincide*  that  is^  thofe  two  lines  moft 
form  but  one  which  is  common  to  the  two  planes. 
But  thofe  planes  have  only  the  line  A  B  in  common  (Hj^P^  tj 
Therefore  A  B  is  X  to  the  plane  X  Z. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XX.    THEOREM  Win. 

X  F  three  plane  angles  (CAB,  B  A  D  &  D  A  C)  form  a  fdid  angle  A :  any 
two  of  thofe  angles  (as  B A  D  &  C  A  B)  are  greater  than  the  third  (CAD). 

Hypothefis.  Thefis. . 

^he  three  plane  VCAB,  i/Wf  +  *  VCABH-^>V*  +  C 

form  a  f olid  \/  K, 

DEMONSTRATION. 


6 


CASE    I. 
When  the  three  angles  C  A  B»  i/>  C^  c  +  ^  are  equal. 


EC  A  USE  the  V  C  A  B,  ^£*f  +  ^  are  equal. 

I.  It  follows  that  V  C  AB  +  ^will  be  >  V  c  +  i. 

CASE    II. 


^^.4. A  I. 


When  of  the  three  angles  CAB,  ^  £tf  c  +  *  twp  as  C  A  B  £5f 
d  are  equal,  &  the  third  r  -f*  ^  is  le(s  than  either  of  them. 

Because  v  cABis>Vf +  *.  Ax.l.b.  i. 

i.  y  C  AB  +  V  rf^ill  he  much  >  V  f +  *. 

Which  was  to  be  dcmonftrated. 
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1.  At  the  point  A  in  A  C  make  V  h : 
CAD. 

2.  Make  A  E  =  A'B. 


C  A&IL   ni. 
When  the  three  aoglef  are  une^nal,  k  i-^ch^  C  A  B  oi  J. 

Preparatim. 

:  VCABinthephme 

•^23- Ai. 

2.  .vt«^  « i".  3-  ^i 

4.  From  the  point  C  draw  thro'  E  the  ftraight  luie  C  ED.  |  p^,  », 
4.  From  the  poinu  C  «  D  dmw  C  B  &  B  D.  5  ryinx, 

l/^HE  ABCAACABhtveth«&le8AB&AE«iiwa(^/Vi^.«^. 
The  fideC  A  common  &  V  *=  V  C  A  B  (Prep.  i). 

1.  Confequently,  the  fide  B  C  is  =  to  %hc  fide  C  E.  P.,  4.  B.i 
»otin  the  A  CBD  thefides-CB  +  B  D  «re  >  C  D.  ilja  JLi 
Therefore,  if  from  C  B  +  B  D  be  taken  away  the  part  C  B,  & 

from  C  D  a  part  =r  to  C  E. 

2.  The  remwndcr  B  D  will  be  >  E  D.  Ax,<,  B.  1 
In  the  A  B*  A  D  &  E  A  D,  the  fiderf  A  B.«r  A  Em  rr  (Prepi  %). 

&  A  D  common. 

Bui  the  bafe  B  D  is  >  the  bafe  E  D  {Arg.  2). 
^.  Therefore,  V  <^  »»  >  V  f.  /laj.  Ai 

If  therefore,  V  C  A  B  be  added  <m9  iide,:&  itr  equal  V  *  ^n  ihe 

other. 
4.  V  C  A  B  + 1/  wiU  be  >  V  *  +  f  or  C  A  D,  Jx^  JLi. 

Which  was  to  be  demonftrattd. 
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PROPOSITION   XXI.    THEOREM  XIX. 

_LL  the  plane  angles  (B  A  Q  C  A  D^  D  ^B)  which  form  a  folU 
angle  (A) ;  are  lefs  than  four  right  aisles. 

Hvpothefis.  Thcfis. 

TJrVBAC,  CADt^DAB  fhe  plane  \/ B  AC  +  CAD +TiAB 

firma  folU  \f  A  iw  <  4  U. 

Preparation. 
I .  In  the  fides  B  A,  A  C,  &  A  D  takf  the  three  pomts  B^  C,  I>.^ 
a.  Draw  B  C,  B  D  &  C  D.  Piffii.  B.  1. 

3.  Let  a  plane  B  C  D  pafs  thro' thole.  Hnes»  which  witr  form 
with  the  planes  B  A  C,  C  AD  &>B  AD,  three  foHd  V  ; 
viz.  the  ioJid  V  B,  formedhy  theplaiie  V  C  B  A«  A  BD 
&  C  B  D ;  the  folid  V  C,  formed  by  the  {Jane  V  B  C  A, 
ACD&BCD,  &  infine,  the  folid  V  D^  formed  by  the 
plaim  VCDA,  ADB.&BDC.    .  D.ii.Ail. 

BDEMOKSTRA.TION: 
EC  A  USE  the  folid  V  D,  is  formed  by  the  plane  VCD  A» 
ADB&BDC. 
1.  The  VCD  A+ ADBari5>  VBDC.  7 

a.  Likewife,    VABD-fABCare>VDBC  yP.zo.B.ti 

3.  And  V  A  C  B  -f-  A  C  D  arc  >  V  B  C  D.  J 

4.  Hence,  th»  fixplarie  VC  D  A  + A  D  B-|- AB  D  + A  B  C+A  G  B 
4"  A  C  D  are  >  the  three  plane  VBDC+DBC  +  BCD. 

But  thofe  three  plane  VBDC  +  DBC  +  BCDlire=ia.U.     P32.  B.u 

5.  Therefore,  the  fix  plane  VCDA-f-ADB  +  ABD  +  &c.  are 
>  a  L  (Arg.  4O 

But  the  nine  V  of  the  A  B  C  A,  C  A  D  «f  D  A  B  viz.  the  fix  alrea- 

dv  mentioned  (Arg,  5.)  &  the  three  remaining  V  B  A  C,  C  A  D  & 

D  A  B  arc  together  =  to  6  L..  J?.3a.  B-.u 

If  therefore  thefixVCDA+ADB  +  ABD+ABC  +  ACB 

+  A  C  D  which  are  together  >  2  L.  be  taken  away. 

(.  The  remaining  plane  V  B  A  C +  C  A  D  + D  A  B  will  be  <  4  L, 
Bui  thofe  plane  VBAC,  CAD&DAB  form  afolid  V  A. 

7.  Confcqucntly,  the  plane  V  which  form  a  fdid  V  A  arc  <  4  L^. 

Which  was  to  be  demondrated. 
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|.     PROPOSITION  XXII.     THEOREM  XZ 

X  F  every  two  of  three  plane  angles  be  greater  than  the  thinly  and  if  it 
flraight  lines  which  contain  them  be  all  equal;  a  triangle  may  be tnakcf 
the  ftraight  lines  (D  F,  G  I  &  A  C)  which  Tubtend  thofe  angles. 

Hypothefis.  Thcfis. 

/.  Jnjf  t^vo  of  the  three  given  y  a^i^c^  J  A  map  he  mail  ^thtft^ 

are  >  the  third,  «*  +«  >  f,  tr  «  +  lines  G  I,  D  F  &  AC,«Wj* 

c>*,«r*  +  f>tf.  tendtbofey. 

II.  TA#/ifiHG,  HI,  DE,  EF,  AB& 
B  C  which  comain  thofe  V,  are  efud. 

Demonstration. 
Tht  three  given  yf  ayh^li c are  either  equa!»  or  unequal. 
CASE   I    If  the  V  A>  ^»  (^  f  be  equal. 

X5  E  C  A  U  S  E  the  fides  which  contain  the  V>  are  equal  (f^.  r) 
I.  The  ADEF,  GHI  &  A  BCare  equal, 
a.  Therefore  DF:5=GI  =  AC. 

3,  Confcquently,  DF  +  AC>GI. 

4.  Wherefore  a  A  may  be  made  of  thofe  ftraight  lines  D  F,  A  C  &  G  I.  Pn-  ^  '- 

CASE.   II.   If  the  given  "i  a,h,lic\t  unequal 

Preparation. 
1 .  At  the  vertex  of  one  of  the  V  »«  B,  make  V  A  B  L  =  V  «•  ^  *3-  ^  ' 
z,  MakeBL^iDE.  /»  sj^ 

3.  DrawLC&LA.  i^i  A  ' 

B  Demonstration. 

ECAUSE  the  two  V-»  +  f  are  >  V  *  T^- «J&L  B=HG 
=  B  C  =  H I  (Prep.  2.  (g  »*.  2.) 
I.  ThebafeLCwillbe>GI.  PM'I'' 

ButLC<LA+AC..  ^20.A« 

t.  Much  more  then  6Iis<LA  +  AC. 
But  L  A  =D  F  (Prep.  i.  tf  P.  4.  B,  i). 

3.  Therefore  G  I  is  <  D  F  +  A  C  Ax^  *  ^' 

4.  Confequently*  a  A  may  be  made  of  the  ftraight  lines  D  F,  A  C  &GI. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXIII.     PROBLEM  III. 

X  O  make  a  folid  angle^P),  which  fhall  be  contained  by  three  given  plane 
angles  (ABC,  D E  P  &  G H I)»  any  two  of  them  being  greater  than  the 
third,  and  all  three  tc^ether  (V  A  BC+ V  DEP+ V  GHI)  lefs  than 
four  right  angles. 

Given. 
/.  T*f*e  VABC,DEF&GHI,tf»r/w«f 

HJobUb  art  greater  than  the  tbird^  ^  V  B  -p 

E>  VH,  VBH-H>  VE.&VE  +  H 

>  VB.       , 

VB  +  E  +  H<4L. 


Sought. 
A  folid  V  P)  contained  ly  thi 
three  plane  V  B,  E  &  H. 


//. 


Refolution. 


1.  Take  A  B  at  will,  &  make  the  fides  BC,  DE,  EF,  GH  &  HI 

equal  to  one  another  &  to  A  B.  P,  3.  jR.  i, 

a.  Draw  the  bafcs  AC,  D  F,  &  G I.  Pof.i.B.  i. 

2.  With  thofe  three  bafes  A  C,  D  F  &  G I  make  a  A  L  M  N  fo  C  P.27.  B.  i. 
ihatNMbe  =  GI,  NL  =  AC,  &LM=:DF.  lP.2a.A11. 

4.  Ipfcribc  the  A  L  M  N  in  a  ©  L  M  N.  P.  5. 1?.  4. 

c.  From  the  center  O,  to  the  V  L,  M  &  N,  draw  the  ftraight  lines 

L  O,  O  N  &  O  M. 
6.  At  the  point  O,  ered  the  X  O  P  to  the  plane  of  the  ©  L  M  N.     P.iz.  B.ii* 
17.  Cut  O  P  fo  that  the  D  of  L  O+the  D  of  P  O  be  =:  to  the  D  of  A  B. 
8.  Draw  theitraight  lines  L  P,  PN  &  PM. 

M  m 
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Demonstratiok. 

j3  E  C  A  U  S  E  P  O  is  ±  to  the  plane  of  the  ©  L  M  N  (Ref.  6 J 

1.  The  A  P  O  L  will  be  right  angled  in  O  (Re/.  5.  W  9 J 

2.  Confequemly,  ihc  D  of  P  O  +  the  D  of  O  L  is  =  to  the  D  of  LPP^rl 
But  the  D  of  P  O  +  the  D  of  O  L  =  D  A  B,  (Ref.  7  J  -  (jIx 
Therefore  the  D  of  A  D  is  =  to  the  D  of  L  P,  &  A  B  =  L  P.    <Pao.  i 
Likewife  P  N  &  P  M  are  each  =  to  A  B. 
ButNMIs=ioGI,  NL  =  AC,  &LM=:DF,  (Re/.  ^J 

5.  Confequenily,  A  N  M  P  is  =  to  the  A  G  H  I,  A  N  P  L  = 
AABC,  ALPM  =  ADEF,  VNPM=VH,  VLP 
1=  V  B,  &  V  L  P  M  =  V  E. 
But  thofe  three  V  N  P  M,  L  P  N  &  L  P  M  form  a  folid  V  P- 

6.  Therefore  a  folid  V  P  has  b^en  made,  cx)mained  by  the  three  giren 
plane  V  B,  E  &  H. 

\\  hich  was  to  be  done. 


3- 
4- 


tue  uoiLirr^rj 

7.;  i^\ 

B=LP.    <P.j^o.i 

I. 

nJp. 
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PROPOSITION  XXIV.      THEOHEM  XXL 

XN  every  parallelepiped  (A  H) ;  the  oppofite  planes  (BD  &CF;  BE& 
F  G  ;  A  F  5^  B  H)  are  finiiUr  &  equal  parallelograms. 


Hypoihefw. 
In  the  gi<ven  Q1  B  F,  the  plane  B  D  is 
•ppofiteta  C  F,  B  E  /o  F  G  &  A  F  /o  B  H. 


Thefis. 

the  iipftffite  planes  B  D,  C  Fj  B  E 
&FG;  AF&BHtff^  =  &cg 
pgrs,  each  to  each. 


B 

I. 

2- 


J: 


Preparation. 
Draw  the  oppofite  diagonals  EH  &  AG,  alfo  AC  &  D  H. 

Demonstration. 
E  C  A  U  S  E  the  pile,  planes  B  D  &  C  F  are  cut  by  the  plane 
ABCE. 

The  line  B  A  is  pile,  to  E C  P.i6  .B.i i. 

Likcwife  C  H  is  pile,  to  G  B. 
And  the  fame  pile,  planes  B  D  &  C  F  being  alfo  cut  by  the  plane 
DGHF. 

The  line  D  G  will  be  pile,  to  F  H. 
Likcwife  A  E  is  olle.  to  B  C  &  D  F  pile,  to  G  H. 
And  becaufe  thofe  pile,  planes  (Arg.  i.  a.  (^  4.)  are  the  oppofite  fides 
of  the  quadrilateral  figures  AECB&DFHp. 

Thofe  quadrilateral  figures  A  E  C  B  &  D  F  H  G,  are  pgrs.  -^-3$.  ^-  i- 

Likewife  the  other  oppofite  planes  BD&CF;  AF&  BH  are  pgrs. 
And  fince  A  B  &  B  G  are  pile,  to  E  C  &  C  H,  each  to  each  {Arg.  i.ya). 


P, 


7.  V  A  B  G  is  =  to  V  E  C  H 
But  A  B  is  =  to  E  C  &  B  G  =  C  H. 

8.  Therefore  the  A  A  B  G  is  =  &  03  to  the  A  E  C  H. 
But  the  pgr.  B  D  is  double  of  the  A  A  B  G.  )  ,  p        «     . 
And  the  pgr.  C  F  is  double  of  the  A  E  C  H  ]  ^^'^^'  ^'■^ 
But  thofe  pgrs.  have  each  an  V  common  with  the  equiangular  A. 

^.  Confequenily,  the  pgrs.  B  D  &  C  F  are  =  &  cO-  D. 

I  o.It  may  be  demonftrated  after  the  fame  manner  that  the  pgr.  B  D  is 

=  &  CO  to  the  pgr.  CF,  &  pgr.  A  F  is  =  &  cu  to  the  pgr.  B  H. 

I I  .Therefore  the  oppofite  planes  of  a  (3  are  =  &  CU  pgrs. 

Which  was  to  be  demonftrated. 


P.io.  B. 

P.34.  B. 

P.  4.  B, 

4.  A 


\.R.  6. 
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PROPOSITION  XXV-     THEOREM  XXll 


Fa  parallelepiped  (BE  DC)  be  cut  by  a  plane  (KIML)  panUto 
the  oppofite  planes  (AEFB  &  CGDH);  it  divides  the  whole  into i«d 
parallelepipeds  (vi^,  the  0  B  E  M  K  &  K  M  D  C),  wbkh  fliall  be  tooK 
another  as  their  bafes  (BFLK&  KLHC). 


Hypothefis. 
7be  O  B  E  D  C  ij  divided  into  tixjo  O 
BU&MQy  by  a  plane  KM,  pile,  to  the 
oppofite  planes  B  E  &  C  D. 


Thcfis. 
r^eeiBM:  SIMC  =  ^BL: 
bafehQ. 


B 


Preparation, 

Produce  B  C  both  ways,  fis  alfo  F  H.  P^i- 1 1. 

In  BC  produced  take  any  number  of  lines  =  to  BK  & 
CK:  as  BO  &  TO  each  =3  to  BK  &  CW  =  KC  ?.  jJi 

Thro*  thofe  points  T,  O  &  W,  draw  the  ftraighl  lines  TU, 
O  P  &  W  X  pile,  to  B  F  or  C  H,  until  they  meet  the  other 
pile,  produced  in  the  points  U,  P  &  X-  ?.jf.A  i. 

Thro'  the  Uncs  TU,  OP  &  WX  let  the  planes  TR,  OO 
&  W  Y  pafs,  pile,  to  the  planes  B  £  &  CD,  which  will  meet 
the  plane  AEDG  in  SR,  NQ.&  VY. 

Demonstration. 


_  E  C  A  U  S  E  the  lines  BO  &  TO,  arc  each  =  to  BK  &  CW 
==:KC  (Prep.  2.)  &  the  lines  OP,  TU  &  WX  pile,  to  BF  or  CH, 
fueet  F  H  produced,  in  the  points,  P,  U  &  X  (Prep.  3). 
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m.  Thcpgrs.  TP&BParc5=tothcpgr.  BLj&pgr.CX=per.  KH.-P.35. -ff.  1. 
The  planes  A  R  or  A  Q&  T  F  or  OF  being  pile  ;  &  the  plane 
N  P  pile.  10  the  plane  ATP  ;  moreover  the  lines  S  A  &  R  E  being 
pile,  to  the  lines  B  T  or  F  U. 
a-  The  folid  O  Q^E B  will  be  a  O  =  &  W  to  the  Q  B  E  M  K.     Z>.io.  B.iu 
3.  It  may  be  demonftrated  after  the  fame  manner  that  the  folid  TRQO 
is  c=  &  CO  to  ei  B  E  M  K,  alfo  the  folid  CDYWi8  =  &COto 
OIKMDC. 

But  there  are  as  many  equal  Q)  O  Q^E  B,  &c.  as  there  are  equal  pgrs. 
OF,  T P,  &c.  &  thofe  Q)  together  compofe  the  O  T  E  :  more- 
over there  are  as  many  «qual  pgrs.  O  F,  &c.  as  there  has  been  taken 
ilraight  lines,  each  sz  to  B  K,  which  together  are  ^  to  T  B. 

4.  Confequently,  the  S)  T  E  is  the  fame  multiple  of  the  O  B  E  M  K 
that  the  parts  (T  O,  O  B)  pf  tl^e  line  T  B  taken  together,  are 
multiples  of  the  line  B  K. 

5.  Likewife  the  O  C  D  Y  W  b  the  fame  multiple  of  the  O  KMDC 
that  the  line  W  C  is  of  the  line  K  C. 

6-  Therefore  according  as  the  ^  T  R  E  B  is  >,  =  or  <  the  ^ 

B  E  M  K,  the  line  T  B  will  be  >,  =  or  <  the  line  B  K. 

And  according  as  the  O  CD  Y  W  is  >,  =:or  <  O  K  M  D  C, 

the  line  C  W  will  be  >,  =  or  <  the  line  K  C 
f.  Confequently,  the(SlBEMK:S!KMDC  =  BK:KC.       D.  t.  B.  c. 

But  B  K  :  K  C  =  bafe  B  L  :  bafe  K  H.  P.  i.  B.  6- 

8,   Therefor^09EMK:(SlKMDC  =  bafeBL:bafcKH.     P.ti.B.^. 

"V^hich  was  to  be  demonftrated. 
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PROPOSITION   XXVI.     PROBLEM  IF. 

X\  T  a  given  point  (A)   in  a  pivcn  (Iraight  line  (A  B),  to  make  1  fcU 
angle  equal  to  a  given  folid  angle  (F). 

Sought. 
Ji  the  point  A»  aJoHJimgU^titiii 
Jolid  angk  F. 


Given. 
/.  A  point  A  in  aftraigbt  lint  A  B. 
//.  AfoHd  angU  F. 


Refolution. 


I.  From  any  poiot  I  in  one  of  the  fedtions  about  the  folid   V  F>  let 

F, 
folid  V. 


nypoii 
fall  a  J.  I  L  upon  the  oppofite  plane  G  F  H. 
2-  Draw  L  F,  L  G»  L  H,  H  I  &  G  I  in  -the  planes  which  form  the 


P.ii.Hii. 


3.  In  the  given  ftraight  line  A  B,  take  A  M  =  F  G.  ?.  3 J.  i. 

4.  At  the  point  A,  make  a  plane  V  M  A  D  =  the  plane  V  G  F  H.      P.23. 1 » 

5.  Cut  bff  A  D  =  F  H.                        '  P.  3. 1 1. 

6.  In  the  fame  plane  MAD,  make  a  plane  V  M  A  E  =;  to  the  plane 
VGFL.  "^      p,2,.B.i 

7.  Cutoff  A  E=:FL.  P.  yB.i. 

8.  At  the  point  E,  in  the  plane  MAD  ereft  the  J.  E  C.  P.12  ^  >» 

9.  Make  E  C  =  L  I.  Ry  B.  i 
lo.Draw  A  C.  Pa/.i.B.  i. 

Preparation. 
Draw  M  E,  E  D,  C  D  &  C  M  in  the  plane«.  M AD,  C  AD  &  MAC 
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Demonstration. 

[3  E  C  A  U  S  E  in  the  A  G  F  H  &  M  A  D,  the  fides  F  G  &  F  H 
are  =  to  the  fides  A  M  &  A  D,  each  to  each,  (Ref.  3.  Gf  5.)  & 
V  G  F  H  is  =  to  V  M  A  D,  (Ref.  4). 

.  G  H  will  be  =  to  M  D.  7  j 

..   Likewife  in  the  A  G  F  L  &  A  M  E,  G  L  is  ^  to  M  E.  j  ^ 

Therefore  if  G  L  be  taken  from  G  H  &  M  E  from  M  D. 

;.  LH  will  be  =  to  ED.  Ax.y 

And  fmce  in  the  A  L  H  I  &  E  D  C,  E  D  is  :=  to  L  H,  L  I  = 
E  C  &  the  V  D  E  C  &  H  L  I,  are  L,  (Arg,  3.  Ref.^.  ^D.y  5.  1 1). 

^.  1  H  will  be  =:  to  C  D.  P. 

Likewife  in  the  A  F  L  I  &  A  E  C,  L  I  is  =:  to  E  C,  &  L  F  = 
A E,  bcfides  y-F  L  I  &  y  A E C,  are  L,  (Ref,  7. 9. £sf  Z>. 3. B.ii). 

5.  Therefore  F  I  =  A  C.  P. 

6.  It  may  be  demonflrated  after  the  fame  manner  that  G  I  is  =:  M  C. 
•  Since  then  the  three  fidea  H  I,  F  I  &  F  H  of  the  A  I  F  H  are 

=  to  the  three  fides  D  C,  A  C  &  A  D,  of  the  A  C  A  D  (Arg.^.  W  5). 

7.  V  I  F  H  will  be  =  to  V  C  A  D.  P.  8.  B.  f . 
S    Likewife  AGFIis  =  totheAMAC&VGFI=:VMAC. 

Therefore  the  plane  V  G  F  H  being  =  to  the  plane  V  M  A  D, 
(/?./.  4.) 

The  plane  V  I  F  H  z=  to  the  plane  V  C  A  D  {Arg,  7). 
And  the  plane  V  G  F  1  =  to  the  plane  V  M  A  C,  {Arg.  8). 
Befides  the  plane  VGFH,   IFH&aFI,  form  a  folid  V  F. 
And  the  plane  VMAD,  CAD&MAC,  fimilarly  fituated  as  thefe 
already  mentioned,  form  the  folid  V  A. 
9.  It  follows  that  the  folid  V  A  is  =:  to  the  folid  V  F.  Z).  9.  B.i  u 

Which  was  to  be  done. 


B.  I. 


B, 


B. 


B.  I. 


•i»:i 
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PROPOSITION  XXVII.    PROBLEM  V, 

^  O  dercribe  from  a  given  ftraight  line  (A  B),  a  parallelepiped  finulir, 
&  (imtlariy  fituated  to  one  given  (H  N). 

Given.  Sought. 

/.  A  ftraigbt  line  A  B.  From  A  B  to  Je/criie  a  S\\?.(i 

II  7h€  Ql  H  N.  lijimilarly  fituated U  « SHN. 

Rejolution. 

I.  At  the  point  A  in  the  line  A  B  make  a  folid  V  C  A  D  B,  = 

to  the  folid  V  H,  or  L  H  M  I.  "^  P.26.  An. 

a.  Cut  A  C  fo  that  H I  :  H  L  =  A  B  :  A  C.  > 

3.  Alfo  A  D  fo  that  H  L  :  HM=  A  C  :  A  D.  J 

4.  Complete  the  pgrs.  A  £,  B  D  &  B  C. 

5.  Complete  the  O  A  F. 

Demonstration. 


P.31.A1. 


_  H  E  three  pgrs.  A  £,  B  D  &  B  C  being  CO  &  fimilarly  fituated 
with  the  three  pgrs.  H  G,  M  I  &  L I  of  the  QI  H  N,  each  to  each 

(Rif,  1.2. 3.  y4.  y  z).  1.5.6;. 

As  alfo  their  oppofite  ones.  ^.24-  Aii* 

1 .  Confequently,  the  fix  planes  or  pgrs.  which  form  the  Q)  A  F,  are 
tO)  &  (imilarly  fituated  to  the  ux  planes  or  pgrs.  which  form  the 
given  O  H  N. 

2.  Therefore  the  OAF  defcribed  from  A  B,  is  fimilar  &  fimilarly 
fituated  to  the  given  O  H  N.  D.  9.  *»• 

Whith  was  to  be  dane. 
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PROPOSITION  XXVm.    THEOREM  XXIIL 

J.  F  •  parallelepiped  (A  B)  be  cut  bv  a  plane  (F  C  D  E)  paffing  thro*  the 
diagonals  (FC  &  ED)  of  the  oppoiite  planes  (BG  &  AH):  it  (hall  be 
cut  into  two  equal  parts. 

Hypoihefis,  Thefis. 

7he  O  A  B  «  cut  hy  a  plant  F  D  Iht  plant  FD  cuts  /*^  SI  A  B  %nt$ 

fafing  tM  tht  diagonals  F  C  &  E  D  tnx/o  tqual  parts, 
•ftht  tpptfitt  plants  B  G  &  A  H. 


B 


Demonstration. 


E  C  A  U  S  £  the  plane  F  A  is  a  pgr. 


The  Mes  EF  &  G  A  are  =  &  plic.  > 


Likcwife  CD  &  G  A  are  =  &  pile.  J  f  i».  9, 

J.  Confcqucntly,  E  F  is  =  &  pile,  to  C  D.  (  AxA. 

4..  Therefore        E  D  is  =  &  pile,  to  P  C.  P.33, 

5.  From  whence  it  follows  that  F  C  D  E  is  a  pgr.  ■^•SS- 

But  the  pgr.  B  C  G  F  is  =:  &  pile,  to  the  pgr.  H  D  A  E.  P.24. 

S.  Coofeqnently,  the  A  BCF  &  FGC  are  =  &  CO  to  the  A  HDE  C  P.34. 

&EDA.  IP.  4. 

Moreover,  the  pgrs.  F.E  A  G  Sr  G  A  D  C»  are  =  &  CO  to  the  pgrs. 

B  H  Q  C  &  B  HE  F»  each  to  each.  ^.24. 

7.  Therefore  all  the  planes  which  form  the  prifm  B  F  D  are  s:  &  CO 

to  all  the  planes  which  form  the  prifm  D  F  G. 
t.  Therefore  the  prifm  BFDorBHEDCFis  =  &COtothe 

prifm  DFGorDEFCGA.  2>.io. 

9.  Confequentlx»  the  plane  F  C  D  E^  cuts  the  O  A  B  into  two  equal 

pvts. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXIX.    THEOREM  Xar. 

FARALLELEPIPEDS(HB&KB)upofiihebiiieliife(BD),tf) 
o^  the  fame  tititude  (A  £)»  the  infifting  ftraight  lines  of  which  (AE,  AI; 
B  F,  B  L ;  p  H,  D  K;  CG,  CM)  are  (ermintted  in  the  bne  finislit iin 
(I  P,  G  K)  in  the  plane  oppoiite  the  bale,  are  equal  to  one  another. 
Hypotfaeiis.  Thefii 

//.  They  haw  the  fame  altitude  A  £. 
///.  7be  infixing  lines  A  E,  A  I,  IJc.  of'wbicb, 
are  terminated  in  tbe  lines  I  F»  G  K. 

Dbmonstration. 

ECAUSE  the  pgr«.  KC  or  KMCB,  &  HC  orHOCD* 
hzji^  the  fame  bafe  D  C,  &  their  oppoiite  lidea  K  D,  M  C,  ft  D  H, 
C  G,  ar^  terminated  in  K  G  which  n  pile,  lo  D  C  (ifyp^  3/ 
The  pgr.  K  C  is  =  to  the  pgr.  H  C.  ?.j^*  ^ 

Therefore  if  from  thofe  eqiral  pgrs.  he  taken  vmj  the  coimnoo 
trapezium  H  M  C  D. 

The  nimamdera,  v/s.  theAKHDI^MGCwiUhe  eqwL         ilr.3  A  1 
Like^ife  A I  E  A  is  =  to  the  A  L  F  B. 

Thepffr.  KEorKN&I,  b  al(b  ^  to  the  pgr.  M P  or  MGFL 
Becauw  they  are  each  =  to  the  pgr.  D  C  B  Ayleia  the  pgr.  HMLE, 

But  the  plane  G  B  or  C  F  is  =  to  the  phine  H  A  or  D  E»  fr  tbe 
Diane  M  B  or  L C  is  =  to  the  plane  K  A  or  I  D.  P 14.  In- 

toofetiuentlv,  the  prifm  H  A  K  D  is  =  to  the  forMfli  &B  M  C     D.\^  In 
Therefore  it  to  thoie  equal  prifma  the  part  HMCBLEAD  be  added. 
The  prilm  HAKD  -f  part  HMCBLEAD    is    =  prifm 
GBMC  +  partHhfCBLEAD. 
But  prifm  HAKD  +  partHMCBLEAD  =  (SJKB. 
AndprifinGBMC  +  partHMCBLEAD,=  ei  HB       , 
Therefore  the  (S)  K  B  is  =  O  H  B.  wlx.i.A 

Whic&  WM  to  be  demonftrated. 
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PROPOSITION  3^XX.    fHl^OREM  XW. 

Parallelepipeds  (FG  HEDCB  A  &IMLKBC  A)  upott 

the  fame  iiafc  (A  B  C  D)  af^  of  the  (ame  altitude^  the  inilfting  ^raight  lines 
>f  which  (A  F/A I ;  D  £,  D  M ;  B  G,  B  K;  C  H,  C  L),  are  not  terminated 
in  the  fame  ftrgight  liaea  in  the  plane  oppofitc  the  l^r^^  are  equal  to  one  anor 
ther. 

Hypothells. 
/,  TbeS)  H  A  &  LAareup^nfbf/aifuhff/^C, 
IL  Tbey  have  tbefmmt  altitudi, 
IIL  Th  infiftingfiraight  lines  A  F,  A  I,  ISc  ate  90t 
iermtmteain  the  fame  firai^t  limf. 


TheGs. 
QlFHC/jq;=lS3ILCAr 


Preparqtiou. 


I.  Produce  L  K  &  F  G  until  ther  pacet  in  P. 
a.  Produce  I  M  until  it  meets  F  G  in  Q- 
i.  AiKiEHtoO. 
4.  JDraw  Qj\,  PB,  OC  &  ND. 


1 


Frf.2.9.  I. 

•       Pefl.lf.  %. 


Demonstration. 


JDBOAUSE  the0FHCA&QOCA  have  the  fame  baft 
A  B  C  D,  &  their  infifting  ftraight  lines  A  F»  A  Q^;  D  E,  D  N.i 
B  G,  B  P  ;  &  C  H»  C  O  are  terminated  in  the  lines  Vfk^O. 

I.  ThcOFHCA  is=totheeiQ.OCA.  F,zq.M,\\. 

a.  Likewife  the  S_<^0  CA  is  =  to  QJ I L  C  A. 

MsrztoThe  OILCA.  Am,vM.  i. 

Which  was  to  be  demonftrated. 


3.  Therefore  the  QJF H C  A 


li 


%%A 


The    ELEMENTS 


Book  XI. 


p  PROPOSITION  XXXL    THEOREM  XXFl 

SaRALLELEPIPEDS  (KI&N^)  which  arc  upon  equal  bafei 
H  &  N  q  )y  and  of  the  fame  altitude^  are  equal  lo  one  another. 
Hypothefis.  Thcfia. 

/.  The  e^Y^llg^Zr  have  their  Tbe0Kl  u  z=z  t$  the  0  t^  Z, 

hafei  K  H  W  N  q  eawd* 

fl.  7hej  bave  thtjamt  mitudt. 

Demonstration. 
CASE    I. 

If  the  infiftiog  lines  AG,  &c.  of  the  O)  K  I;  &  the  infilling  lines 
C  M,  &c.  of  the  QJ  N  Z,  are  -L  to  their  bafcs ;  or  if  the 
inclinations  of  the  infixing  ftraight  lines  A  G  &  M  C  are  the 
fame. 


Preparation. 
NF,  ftmakeFCt.—  AH. 


:p«/:i. 


iX  RODUCE 

^:  At  thepoint  F  in  F  Q,  make  the  plane  V  QJF  R  =  plane  VHAK.  P.23.  A 


A  I. 

B.  I. 

1. 


3.  MakeFR  =  AK. 

4.  Complete  the  pgr.  F  QJSR.  ?.^\,B.  \, 
t.  Complete  like  wife  with  the  lines  F  O  &  F  Dj  F  R  &  F  D,  the  pgrs 

CLTDF&DFR.  P.31.A  I. 

6.  Complete  the  SI  D  i 

7.  Produce  the  ftraight  lines  F  q  &  R  S  until  they  meet  in  V.  P«/!2.  B,  1. 

5.  Thro'  the  point  Q,  draw  X  6y,  pile,  to  V  a.  P.31.  -fi.  i. 
9.  Produce  C  q»  until  it  meets  X  x,  in  the  point  V. 

I oComplete  the  O  Z  Q^ &  V  D  T  X. 

OECAUSE  the   lines  F  Q^&  FR  are  =  to  AH  &  AK. 

(?rep.  i.fefj;. 

And  the  V  Q  F  R  is  =  to  the  V  H  AK  (Prtp,  2),  y^-36-  B.  i. 

I.  The     per.     F  S  is  =  &  eg  to  the  pgr.  KH  ( Z>.  1.  -fi.  6 

z.  It  may  he  demonftrated  after  the  lame  manner  that  the  pgrs. 
'    jF  T  &  D  R  arc  ==  &  CV  to  the  pgrs.  A  I,  &  A  L. 
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Therefore,  fince  the  thice  pgrs.  F  S,  FT,  &  D  R,  of  the  S)  D  S 

are  =3  &  CO  to  thiB  thre«  pgrs.  A  E,  A  I,  &  A  L,  of  the  Si  K  I, 

(Arg.  \,13  %). 

Ana  the  remaining  pgrs.  of  the  Q)  D  S,  likewife  thofe  of  the  0J 

K  I  are  =:  &  C^  to  thofe  already  mentioned  ;  each  to  each,  P.24.  ^.1 1. 

J.  The  ^3  D  S,  will  be  1:=  &  CO  to  the  0  K  I.  D.io.  B,\  i. 

The  O)  D  X  &  D  S,  have  the  fame  bafe  P  Q^  &  their  iniilling  lines 

F  V  &,F  R,  &c.  are  in  the  fame  pile,  dirediona  V  3>  &c. 
4.  Confequently,  Q)  D  S  is  =  10  the  O  D  X.  -P.29.  B,\\. 

But  the  Q)  I^  S  is  =?  to  the  S)  K I  ^i|r^.  3^. 

J.  Therefore  the  O  D  X  is  alfo  =  to  the  0  K  1.  ^;r.  1 .  A  i . 

The      O  M  0^13  CHt  by  the  plane  F  Z,  pile,  to  the  plane  M  N. 

6.  Confequcntly,  the  bafe  N  g  :  bafe  q  0^=  O  M  F  :  Q)  Z  Q.      f  25.  ^i  i. 
The      QJ  4  X  is  cut  by  the  plane  D  Q,  pile,  to  the  plane  Z  Y, 

7.  Confequenily,  the  bafe  F  X  :  bafe  qQ^=SiD  X:  O  Z  Q^        P.25.A11. 
But  the  pgr.  F  X  is  =  to  the  pgr.  F  S.  -P.35.-i?.  i. 


And  the  pgr.  F  S  is  =  to  the  pgr,  H  K.  (Arg.  i ), 
Coniequently,  the  pgr.  F  X  is  =  to  the  pgr.  HK. 
But  the  bafe  H  K  is  =  to  the  bafe  q  N  (Hyp,  1/ 


Coniequently,  the  pgr.  F  X  is  =  to  the  pgr.  HK.  Ax.i.B.  1. 


^.  Hence  the  bafeqN  =  to  the  bafe  F  X. 

But  the  bafe  q  N  :  bafe  q  Q^±e  Q)  M  F  :  O  Z  Q^  (Arg,  6). 

And  the  bafe  q  O  :  bafe  F  X  zs:  O  Z  O  :  S)  D  X.  (Conv.Arg.y). 
loHence  the  bafe  q  R:  bafe  F  X  =  Q|  M  F  :  Q)  D  X,  P.22.  B.  5, 

But    the  bafe  q  N  is  =  to  the  bafe  F  X  (Arp.  gj. 
1 1  .Coniequently,  the  Q)  M  F  is  =  to  the  Q)  B  X.  P.  14.  1?.  5. 

But  the  eiD  X  &  K  I  are  eoual   (Arg.  5/ 

1 2.Therefore,    the     S)  M  F  is  =  to  the  OKI.  Ax.i,B.  }. 

Which  was  to  be  demonftrated. 

CASE    11/ 

If  the  andes  of  inclination  of  the  infixing  ftraight  lines, 
A  G  &c.  of  Q)  K I  are  not  equal  to  the  angles  of  inclination 
of  the  infifttng  ftraight  lines  C  M,  &c.  of  the  0  M  F. 


u 


P  O  N  the  bafe  K  I,  make  a  SI  having  its  infifting  ftraight  lines, 
either  X  :  or  equally  inclined  with  the  iniiftinj^  ftraight  lines  of 
the  S3  MP,  &  in  the  fame diredtion  as  thofe  of  O  K  I. 
And  confe^uently,  which  will  be  equal  to  it  (P.  30.  J?.  11^. 
The  remainder  of  the  conftrudlion,  Ss  of  the  demonftration,  are 
the  fame  as  in  the  foregoing  cafe. 


E 


CORO-LLART. 

^JJ  AL  parallehpifejs  'wbicb  bave  ibe  fame  altitude f  btive  equal  bi{feA 
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PROPOSITION  XXXIL    THEOHEMXm. 

Parallelepipeds  (bd'atEP)  viuchhmcH>>uf^ 

(B  Cet  P  O),  are  to  one  anotlwr  u  thoir  Mm  (A  K  4r  EG). 

OBI):^»P^^rAK:WfEG. 


Hrpothefis. 
Tbe^tuJis  6  C  W  F  O,  o//Af 
ei  B  p  &f  E  P,  tfr#  #^. 


Preparatidu. 


I.  Produce  E  P  to  M. 


^.2.il 


a.  Upon  F  G  ^ith  F  M»  mtkc  the  p^.  P  L  =  nrr.  K  A, 
which  wUI  be  in  the  ftme  direaion  with  the  pgr.  EG. 
So  that  the  pgrs.  E  G  &  P  L  togelhery  form  the  pgr.  EL  f4f  I-  > 

3.  Complete  the  SIP  I. 


Demonstration. 

B  ECAUSE  thebafeFLoftheOFI,  is  : 

ofthcQIBD  (Prep.i). 
!•  The  O  F  I  U  =  to  the  QJ  B  D. 
a.  Confequently,  Q)F  I :  SIE  P  =  0  B  D  ; Q)  E  P. 
'    But,  OFI:OEP  =  bafeFL:bafeEG. 

And         the  bafe  FL  i*^  to jthe  baie  A  K  (Prfp.  2I 


to  the  bafe  A  K 


f.3i.il.ii 


3.  Therefore,    OBP;OEP=:  bafe  AK:  bafe  EG.  f^M. 

Which  was  to  be  demonliitcd. 


ieekXl. 


Of   fi  U  CUlti. 


z^l 


PROPOSITION  XXXHI. 


THEOREM  XXf^nt. 
oile  another  in  the 


iPlMILAR   parallelepipeds  (EB  8r  FH)  are  to 
t#iplitate  fktio  of  their  hon^ologous  fides  (A  B  &  G  H). 

Hypothefis.  Thefis. 

Tifr*  ej  E  B  &  F  H  iWf  CU,  £* /*#  TbeBi^nis  to  the&YU  in  Ai 

fides  A  B  &  G  H  ar«  bomohgous.  fHpiicate  ratio  0/  A  B  /«  G  H>  or  a$ 

^  AB*:GH«.* 


Preparation. 

(Po 

1.  Produce  A  B  &  make  A  R  nt  G  H.  ^  A 

2.  From  A  R  dcfcribe  the  O  R  L  —  &  «3  to  the  OF  H, 
fo  that  the  lines  AC&  AI;DA&AKbeiathe  iame 


Pof,2.B.    U 

^  3.B.  u 


B 


ftraight  line.  •  -P.27.  All* 

Complete  the  O  A  O,  fo  as  to  form  with  O  R  L  the 

OOK. 

Complete  Hkewile  the  Q|  A  P,  fo  as  to  form  with  ^3  O  A, 

the  O  O  C,  &  with  the  O  E  B  theO  P  B. 

DbmOkstration. 


E  C  A  U  S  E  the  O  E  B  &  R  L,  are  CO  (Pnf.  ij. 
The  pgr.  A  M  is  CO  to  the  pgr.  CB. 
Confequeniiy,  AB:AC  =  AR:AJ. 
Aadalmoando  AB  :  A  R  id:  A  C 
Likewife  AB  :  A  D  li:  A  R 

AiKialteNuiiido  A  B  :  A  R  ae  A  D 
And  iince  A  R  is  =:  to  G  H 

6.  The  three  ratios  A  B  :  A  R,  A  C 


:  AI. 
:  Ate 
:  AK. 

(Prep,  il 
'     A  I,  &  A  D 


D.  g.BAt, 
D.  i.B,  6. 
P.16.  B.  5. 
D.  I.  A  & 
Pii6.B.  5, 


A  Ky  are  equal 


OAP. 


to  one  another  &  equal  to  the  ratio  of  A  B  to  G  H. 
But  the  O  P  B  is  cut  by  the  plane  A  E  (Prep-  V- 
7.  Confequenilv,  the  bafe  C  B  :  bafe  O  A  =:  O  B  E  : 

And  the  bafe  C  B  :  bafe  CM.  =  A  B  :  A  R. 
I.  Therefore  AB:AR=S)BE:SIAP. 

Which  was  to  be  demonftrated, 
*  See  Cor.  a<  of  ibis  profofition. 


faj.  All. 
P.  I.  B.  & 
P.it.B.  5. 


u 
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The  iSJ  O  C  IS  cm  by  the  plane  R  D  {Prep.  4). 
9.  ConfequentI/,  the  bafe  R  C  :  bafc  A  M  =  Q|  A  P  :  O  O  A. 

And,the  bafe  RC  :  bafe  A  M  =  A  C  :  AI. 
io.Thcrcforc,     AC:AI=OAP:e)OA. 

Infine,  the  S)  O  K  being  cut  by  the  plane  A  M  (Prf/-  4)' 
1 1  .It  may  be  demonftrated  uter  the  fame  manner. 

That  AD:AK  =  Q)AO:Q)AN. 

But  the  three  ratios  AB:AR»AC  :  A  I,  &AD  :  AKarc=: 

to  the  ratio  A  B  :  G  H    {Arp,  6). 
la.Confcquentlv,  the  four  QI  BE,  A  P,  A  O,  &  A  N  form  a  fcries 

of  ma^icuaes  in  the  fame  ratio  (A  B  :  G  H). 
1 3. Therefore,  they  areproportionaU. 
i4.Confeqiiently,  the  0  B  £  is  to  the  0  A  N  in  the  triplicate  ratio 

of  A  B  to  G  H.  ^■"•'  5 

But  the  Q)  B  £  is  to  the  O  F  H  in  the  triplicate  ratio  of  AB 

to  G  H,  (or  as  A  B»  to  G  H»).  • 

CO  RO  L  LA  Rr     L 

f}  ROM  this  it  is  manif^^ 

as  the  fir  A  is  to  tbe  fourth  f  j^  --  — ,  ^_ 

fimilar  lifimilarly  dtjcrihid  parMeUpipid from  tbt  Itcwd ;  ^cmije  iin  j^pt 
litti  has  to  the  fourth,  the  triplicate  ratio  of  thai  which  it  has  to  the  ftcm. 

•  CO  RO  L  L  A  Rr    II. 

Ail  cuhes  htifip  fimilar  parallelepipeds  (D.  IX  &  XXX.  B.  n).  /^f 
ralleUpipeds  (A  B  »  FH)  are  to  one  another  as  the  cuhes  of  their  hoadsp»  ^ 
(AB  W  GH)  (exprejfed  thut  Ah^  :  GHVl  htcaufe  the;  an  in  tht  tnfl^ 
ratio  of  tbofe  fasne  fiats* 
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PROPOSITION  XXXIV..  r^£o/?£ji/xr/i: 

JL  H  E  Bafes,  (pgrs.  A  6  &  I  L)  and  altitildes  (GB  &  1  k)  of  equal  pa- 
ralieleptpeds,  (A  u  &  I V)  are  retiprocally  proportional ;  and  if  the  baiea, 
(pgrs.  A  C  &  I L)  and  altitudes  (C  B  &  I  R)  be  reciprocally  proportional, 
Ihe  parallelepipeds  are  equal* 

H/pothefil  Thcfis. 

^  AD«=a/tfOIV.  Afl/eACJ  :  ^4/ilLs:stf//.lk:<j//.GSi 

1  Demokstratioit. 

'    The  given  barallelepipeds  may  be  either* 

C!  A  S  £  I .  Of  the  lame  altitude  >  ^   .  ^«„oiu  \nA\n^  txn  ti^Alr  K.O. 
CASE  2.  Ofdifferentaltitudes }  «idequaUy mdinedbn their bafis. 

C  A  6  £  3.  Having  different  incUnationfl  :  as  if  one  vras  JL  to  the 
bafe,  and  the  other  oblique* 

G  A  3  E    L 
When  the  S)  haire  the  fiune  altitude^  thai  £f ,  I R  ^  G  B. 

Jj  E  C  A  U  S  E  the  given  0  ^^  equal,  &  have  the  fame  altitude. 

i.  Their  bafes  are  equal   (Cor.  of  P.  31..  J9. 1 1/ 

a.  Therefore,  the  bafe  A  C :  bafe  I  L  ±=  altitude  I R :  altittide  G  B.    D.  6.  SI  j. 


C  A  S  £    IT. 


Whca  I  R>  >  G  B. 


O  O 
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.1 


B 


/.  PrtparattM. 

1.  From  the  tit.  RI,  cat  off  the  part  PI  =  to  the  mlt.  B  G. 

2.  Thro*  the  point  P»  pafi  the  plane  P  O  N  Q^  pUe.  to  the 
bafelL. 


O  I  V  is  cot  by  the  plane  P  O  N  O    (I.  Frep,  zj 
OPV:S)IN  =  btfePS:  hufelC  P. 


E  C  A  U  S  E  the  parallelepipeds  A  D  &  IN  have  the  Aim  alti- 
tude ff-  Prep  1 1 

1.  Theei  A  D  :  Ql  I  N  =  bafe  A  C  :  bafe  I  L. 
But  the  QJ  A  D  18  =  to  the  O  I  V  (Hjp). 

2.  Therefore,        OAD:eiIN  =  OIV:Q)IN 

3.  Confequently,  O  I  V  :  Q)  I  N  =bafe  AC  :  bafe  I L, 
The 

4.  Therefore,       

c.  Therefore,  oomDonendo 01 V  :OIIN  =  bafeRR: 

Rut  the  bafe  KR  :  bafe  K  P  =  R I  :  P 1. 

6.  Wherefow,      Ql  1  V  :  Q!  !  N  ==  R  I  :  P  I. 
But,  O  I  V  :  (31  N  =  bafe  AC  :  bafe  IL  f ^.  3/ 
And  PI  =  GB     (I.  Prep.  i). 

7.  Confequently,  bafe  A  C  :  bafe  I  L  =  I  R  :  £  G.  P.ti.  B, 

CASE    III. 
When  the  0 1 V  \mu  dAreat  ndiuMba  feom  ^  0  Ai>. 

//  Preparation. 
Dcfcribe  a  S)  o^  «he  faaic  diitwde  with  the  Ql  I V,  hav- 
ing the  ifUBc  atclination  as  ilie^^  A  fi. 


P25.  All. 

bafe  K  P.  i».«e.J.  5. 

P.  uB^ 

P.fi.  B.  5. 


B 


£  C  A  U  S  E   the  defcribed  0,  has  the  fame  bafe  &  the  &mc 
altitude  with  the  (SI  A  D     (fi.  Prtp). 
This  O  will  be  =  to  the  given  QJ I  V.  P.31. 

But  this  defcribed  Q}  is  in  the  reciprocal  rali^  of  He  %afe,  ft  af 


All. 


its  altitude  with  the  O  A  D  .  (Cafe  IL), 


Therefore,  the  O  1  V  will 

ei  AD. 


.(Cafe. 
be  alio  c 


itk  reciprocal  ratio  with  the 


Which  was  to  be  demonftrated. 


p.  7.  B.  5. 
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Hypothelis.  Thcfis. 

Baf€  IL:hafiAC  =  ait.  G  B  :  «//.  I  R.  Ql  A  D  m  =  Ql  I V. 

II.  Demonstration, 

7be  frepofitUn  is  tbefami  at  for  tU  fwegAng  cajk. 

_^ECAUSE  the  ei  IN  &  AD  have  tUfcroc  altitude  r/.Pr#/ui> 

The  SI  I  N  :  O  A  D  =  bafc  I L  :  bafe  A  C.  -P. 32.  Ba  i. 
But  the  bafe  I L  :  bafe  A  C  =  alt.  G  B  :  alt.  I R.  (Hyp). 

ThcreforeQJlN:e)AD=alt.GB:alt  I  R.  P.u.  J?.  5. 
And  as  P  I  is  =:  B  G.  (I  Prep,  1). 

The  O  I  N  :  ei  A  D  =:  alt.  P  I  :  all.  I  R.  P.  7.  5.  5. 

ButPI:IR  =  pgr.PK:pgr.KR.  P.  i.  5.  6. 

And  pgr.  KP  :  ogr.  KR  =  O  I  N  :  SI  I V.  Pu.  Bau 

ThcreforetheQIlN  :eiAp  =  eiIN:S)IV.  P.ii.5.  5. 
But  the  S)  I  N  is  the  firft  &  third  terms  of  the  proportion. 

Confequently,  the  Q)  A  D  is  =  to  the  Q)  IV.  P.  1 4,  A  5. 

Which  was  to  be  demonftrated. 

7he  demonftrations  0/  the  fir  ft  and  third  cafti  in  this  bypQtbffiSf  are  tie  fame,  fir 
which  reafott  *wt  have  omitted  them. 


Wi 


REMARK 


HAT  has  been  demonftrated  $m  the  firopofitioms  2^^  29,  30,  31,  33  W  34, 
concerting  paraiMepipedSf.  is  aifi  truo  wtb  reJpeQ  to  trianguiar  prifms ;  becaufe 
fuch  aprifm  is  the  hmf  of  its  faraUeUpiped i  (P.  a8*  B.  1 1,)  from  whence  we 
may  conclude. 

I.  If  a  triangular  frifm  he  emt  fy  a  pLmt  pUe,  to  fbt  oppofUe  planes  \  the  two  prifms 
refultingfirom  thence j  will  be  to  one  another  Us  the  parts  of  thepgr,,  bafe  of  the 
whole  prifm.  .*    . 

il.  Triangular  prifms  which  have  the  famOf  *or  equal  hafes^  li  have  equal  alti^ 
tudesy  are  equaU 

III.  Triangular  prifms  which  have  the  fame  altitude^  are  to  one  another  as  their 
bafes. 

IV.  Similar  triangular  prifmSy  are  to  one  another  in  the  triplicate  ratioy  of  their 
homologous  fides. 

V.  Equal  triangular  prifms%  have  their  bafes  and  altitudes  reciprocally  proportional^ 
li  triangular  prifms  whofe  bafes  and  altitudes,  are  reciprocally  proportional,  are 
equal. 
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REMARK 


II. 


yy  IT H  tbt  fanu  ^ft^tifs  frifms  are  ^ndued%  tvU/e  9ppmfit€  pLmes  an 
p§fygoms.  Since  it  lias  been  demonftrated,  (P.  20.  B.  6.)  that  thoie  oppofite  & 
fimiiar  polygons  maj  be  divided  into  the  fame  number  of  fimilar  triangles  1  theit- 
fore  if  thro'  the  homologous  diagonals  which  form  thole  triangles,  ptaneSy  be 
psifed  :  thqfe  pities  will  divide  th^  polygon  prifms,  into  as  nmnj  triai^lir 
prifms  as  there  are  trianries  in  their  oppohte  ic  plle^  planes. 

But  what  has  been  obTerved  in  the  foregoing  remark,  is  applicable  to  tboft 
triangular  prifms.  Confequently,  we  may  conclude  (P.  u.  B.  ^.J  that  ftfygK 
fLfifms  art  tndued  wih  ib§  fame  fr^ptrties^ 
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PROPOSITION  XXXV.    THEOREM  XXX. 

[  F.  From  the  vertices  (A  &  H)  of  two  equal  plane  angles  (B  A  C  &  I H  L), 
liere  be  drawn  two  (Iraight  lines  (A  D  &  H  K)  above  the  planes  in  which 
he  angles  are,  and  containing  equal  angles  (VBADs::VlHK  & 
;<  D  A  C  =  V  K  H  L),  with  the  refpediye  fides  of  thofe  angles,  (viz.  A  D 
mh  A  B  &  A  C ;  H  K  with  I H  &  l^  L),  and  from  apy  two  points  (D&  K) 
n  thofe  lines,  (A  D  &  H  K),  above  the  jplah^,  there  be  let  fall  the  per'pen- 
liculars  (D  E  &  K  M),  on  the  planes  of  the  firft  nanied  angles  (B  A  C  & 
\  H  L*),  and  from  the  points  (E  &  M),  in  which'  the'  perpendiculars  meet 
here  planes,  the  ftraight  lines  (A  E  &  H  M),  be  drawn  to  the  vertices 
A  &  H),  of  the  angles  firft  named  :  thofe  ftraight  lines  (A  G  &  H  M),  (hall 
rontain  equal  angles  (D  A  £  ^  K  H  M),  with  the  ftraight  lin^  (AD  &  H  K) 
vhich  are  above  the  planes  of  the  angles*  ' 

Hypothefis.  Thcfis. 

/.  Ah<we  the  planes  of  the  equal  V  B  A  C  CsT  I H  L.  fifrom   V  D  A  Es^V  K  H  M. 
their  vertices  A  £/  H,  there  has  been  drawn  A  D  W  H  K, 
containing  VBAD  W  DACzsVlHK  W  KHL,  each  to  each. 
J  J.  From  the  fmo  points  I)  Etf  K,  in  AD  W  HM,  there  has  been  let 

fall  /A<r  J.D  E  W  K  M,  ««  the  planes  B  A  C  C^  I  H  L. 

UL  From  the  foints  E  £5f  M,  lohere  the  X  meet  thofe  planes^ 

there  has  been  drawn  A  E  &f  M  H,  /« the  'vertices  A  5jf  H, 

Preparaliott. 

|.  Make  A  F  =r  H  K.  P,  ^.  B,  \. 

2.  Draw  FQ,  pile,  to  D  E,  until  it  meets  the  plane  BAG  in  G.  P.3 1 .  ^.  i . 

3.  From  the  point  G,  in  the  plane  B  A  C,  draw  C  G,  X  to 

AC;  &GB,  J- to  AB.  P.iz^B.i. 

4.  From  the  point  K  in  the  plane  I  H  L,  draw  I  M,  X  to 

.        HI;  &ML,  XtoHL.  P.IZ.B,  i. 

5.  DrawBF,  BC&FC;  IK,  IL&LK  PofuB.  i. 
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Demonstration. 

15eCAUSE  FGis  pile,  to  D  E  which  is  ±  to  the  plane  BAC.  r^^« « iJ- 

1.  The  line  G  F  is  X  to  the  fame  plane  BAC.  P.  B  B.ii. 
And  the  VPG  B,  EGA  &  F  G  C  are  L-.                                  D.  3.  An. 

2.  Coufcquentlj,  theDofAFissrtoDofFG-fDoTGA.        P.41.  B.  r 
But  tbcDof  AG  i8=toDof  AB+ Dof  BG.  fPrtM)-^    R^y.  B.  i, 

3.  Therefore,      the  D  of  AF  is  r=  to  D  FG  +  D  AB  +  D  BG.  Ax.i.B.  1. 
But  the  D  G  B  -f  D  F  G  arc  =  ro  the  D  B  F  (Prep^^).     P.47.  B.  i. 

4.  Confeqaently,  the  D  A  F  is  alfo  ;=  to  the  D  B  F  +  D  A  B. 

5.  Therefore,  V  A  B  F,  is  g  L.     *  P.48.  B.  l- 

6.  It  may  be  demondrated  after  the  fame  manner  that  V  P  C  A,  is  aL^. 

7.  That  alfo  the  V  K  I  H  &  K  L  H,  are  L- 

In  the  A  F  C  A  &  K  L  Hi  the  line  H  K  is  =  to  A  F  (Prep,  1.) 
the  VACF  &KLH,  arcLr^rp.6.  W '^.),  &  the  V  FAC  = 
\fY^\lU(Hyp.  I).  '  Pie^B,  I. 

8.  Therefore  the  fides  A  C  &  C  F  arc  cs  to  the  fides  HL  &  L  K,  each 
to  each. 

9.  Likewife  AB  isrstoHI  &  BF=IK. 

loConfequently,  in  the  A  B  A  C  &  I  H  L f  the  bafes  B C  &  I  L  are 

equal  and  the  V  A  C  B  k  A  B  C  =:  to  the  V  H  L  I  &  H I  L> 

each  to  each.  P,  ^  B.  1. 

Therefore  if  thofe  equal  V>  be  taken  fiom  the  four  L  ACG, 

ABG,  HLM&HIM. 
1 1. The  remaining   V  will  be  equal,   v«.  VBCG  =  VILM& 

VCBG=VLIM.  Ax.^.B.  i. 

Since  then  the  A  G  B  C  &  I  ML  have  their  bafes  B  C  &  I  L  equaf 

(jirg.  ro). 

And  the  V  at  thofe  bafes  are  equal,  each  to  each,  (Jfv.  1 1). 
i2.Thc  fides  B  G  Jt  C  G  will  be  =  to  the  fides  I  M  &  M  L.  P.26.  B.  i- 

In  the  A  B  A  G  &  H  I  M,  A  B  is  =  10  H I   {Arg.  9.)  BG  =  I M, 

(Jrg.  12.)  &  the  V  ABG  &  HIM  are  L.  (Prep,  3   e^  4). 
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3.Conrcqti^ntly,  A  G  =  H  M  P.  4.  S.  I. 

But  tlieOoFAF(=nAG-f  DOF)  (Arg.  %.)  is  =  to  the 
□  of  HK^^i-D-HM-hQ-KM)  (Hyp,  i.  »  P.^7.  B,  i.)  be- 
caufe  A  F  is  3=:  >i  K.  /Pr^p,  \). 

If  therefo-e  from  the  D  A  F  be  taken  the  D  G  A,  &  from  the  D 
HK.  iheD  BMzi^DG  A,  (Arg.iy^ P./ifi  B.i.Cor  3). 
i4.The  Temainder,  *»/z.  ihe  D  of  G  F  will  be  =  to  the  D  of  K  M.     Ax.y  B.  i. 
I  5.ConfequeniIy,  G  F  =  K  M  (Cor.  yof  P.  46.  «•  U- 

Infiiie,   beca^fek  <ht  iwe   A  AGF   «f    HKM,  the  iides  AF,  . 

A  G  &  FGarcssto-the^idesH*:,  HM  &  KM,  each  to  each,  ^ 

iS.Tbe  V  F  A  G  or  D  A  E  IS  =  to  the  V  K  H  M. 

Which  was  to  be  demonftrated. 


P.  8.  B.  I. 


COROLLARr, 


\  F  from  the  'vertices  A  &  H  of  t*wi>  ejual  plane  angles  B  A  C  &  T  H  L,  there  be 
elevated  tva»  e/jual  ftraight  lines  A  F  &  H  K;  cantaining  wth  the  refpedive  fides^ 
iieVBAF^FAC  et^aal  to  /i&f  V  ^  H  K  &  K  H  L;  each  to  each,  IS  there 
he  let  fall  from  thofe  points  F  &  K  (of  thofe  ele^vateJ  ftraight  lines)  the  perpendi^ 
culars  ¥G  kl^Uonthe  planes  B  AC  &  I  H  L  :  /y&»/^  X  F  G  «  KM  tW/Zie 
equal.  (Arg.  1  5^. 
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M.  F  three  ftraight  tines  (A,  B,  C)  be  proportionak  the  parallelepiped  (DN), 
defcribed  from  thefe  three  liites  ib  its  fides,  is  e^uafto  the  equiai^idu'  panBe- 
iepiped  (E  I),  derciil>ed  from  the  mean  proportional  (B). 


I 


Hypothefis. 
7.  Tbefiraigbt  lines  A,  B,^  C  ar4fro^thnahy  that 

18,  A  :  B  =  B  :  C. 
//.  7be  QIDN,  is  defcrihfdfrwi  tUU  three  /»wj,thtt 

is,  DK  =  A,  MK=i:B,  yKLrrC. 
///.  The  equiangular  Si  E  I>  "  defcribed  from  tbe 
mean  proportional  B,  that  is,  EF:i:J*Gt=FH==B. 

iD^EMONSTRATIOK. 


Thefis. 


6 


ECAUSE  DK:EF==EForPH:KL    (Mjp.zJ. 
And  the  plane  V  E  F  H  is  =  to  the  plane  V  D  K  L    {ffyp.  3). 

1.  The  pgr.  D  L,  bafc  of  Q  DN  is  £b:  to  the  pgr.  EH,  bafc  ofO  EI  -'^  14-  A  ^ 
Moreover,  the  plane  VGFE&GFH  contained  by  the  elevated 

line  F  G,  &  the  fkJes  E  F  &  F H,  beinv  =  to  the  plune  y  M  KD» 
&  M  K  L,  contained  by  the  eleVated  Tine  KM,  &  DK,  &  K I^ 
each  to  each,  (Hyp.  3.;,  &  F  G  =  KM,  (Hyp.  %.  ^ p. 

2.  The  J-  let  fall  from  the  point  G,  on  the  bafe.  £  H,  will 
be  ==:  to  the  J-  let  fail  from  the  point  M  on  the  bafe.D  L. 
(Cor.  of  R^i^,  B.  II). 

3.  Confequemly,  ^  E  I  has  the  (ametihitude  with  the  Q!  D  N.        D.  4.  B.  6. 
But  the  bafe  E  H  of  Q)  E I  is  r=  to  the  bafc  D  L  of  O  D  N, 

(Arg,  I  J. 

4.  Therefore,  Q!  E  I  is  si  to  the  S)  D  N.  A3 1.  *.f  f. 

Whicb  was  to  be  demOnftrated. 
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PROPOSITION  XXXVII.    rUEO REM  XXXIl 

If    four  ftraight  lines   (A,  B,  C,  &  D)  be  proportionals,  (that  is^  if^ 
A  :  B  =  C  :  D)  :    the  fimilar  and  fimilarly  dcfcribed  parallelepipeds*  from 


the  two  firft  (A  &  B),  will  be  proportional  to  the  fimilar  and  fimilarly  dcfcrib- 
ed parallelepipeds,  from  the  two  laft  (C  &  D) ;  and  if  the  two  fimilar  and 
fimilarly  defcribed  parallelepipeds,  from  the  two  lines  (A  &  B) ;  be  propor- 
tional to  the  two  other  fimilar  and  fimilarly  defcribed  parallelepipeds,  from 
the  two  other  ftraight  lines  (C  &  D)  ;  the  homologous  fides  of  the  firft 
(A  &  B),  will  be  proportional  to  the  homologous  fides  (C  &r  D)  of  the 
laft. 

Hypothefis.  Thefis. 

7.  A  :  B  =  C  :  D.  O  A  :  Ql  B  =  QIC  :  QJ  D. 

//.  From  A  y  B  there  has  been  defcribed  00  QJ. 
///.  Alfofrom  C  W  D. 


B 


DEMaNSTRATION. 


E  C  A  U  S  E  the  Q)  A  is  eo  to  the  Q)  B     (Hyp.  z). 

1.  The  eiA  :  eiB  =  A»  :  B». 

2.  Likewife,  the  O  C  :  QD  .     C»  :  D». 
But  the  ratio  of  A  to  B  being  =  to  the  ratio  of  C  to  D  (ff^p.  1/ 
It  follows,  that  three  times  the  ratio  of  A  to  B  is  =  to  three  times 


fP.33-5.ii. 


Cor. 


the  ratio  of  C  to  P,  that  ts^ 
Confequeotly,  the  Ql  A 


A»:B»=:C« 

eiB  =  sjc 


(SID. 


Ax, 6.  B.  I. 
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Hypothefis. 

/.  7b€  QJ  A  I J  «j  to  ibt  S)  B. 
//.  Alfi  the  ^Q  is  CO  to  the  Ql  D. 
///.  TA*OA:OB  =  eiC:OD. 

II.   DEMOKSTRATIOlf. 

JlSe  C  A  U  S  E  the  ei  A  i«  «5  to  the  O  B   (Hy^,  1/ 
1.  The  O  A  :  ei  B  =  A*  :  B». 

Likewife  the  O  C  is  CO  to  the  Ql  D     C/^/.  z). 
2    The(3lC:e)D  =  C»:D*. 

But  the  ei  A  :  ei  B  =  O  C  :  OD    T^A  3). 

3.  Therefore,  A>  :  B«  =  €•  :  D». 

4.  Confequently,  A  :  B  =  C  :  D. 


i 


Thffii. 
A  ;  B  =  C :  tt 


P.ii.B.5. 


Which  was  to  be  denMiiftrattd 


R    E    M    A    n    K. 

I  IJECAUSE  tbo^  tHangutmr  prifm  U  the  hmlf  of  in  parMpi^ 
(P:  28.  B.  1 1  J,  it  follows  (Ax.  7.  B.  X  )^  that  tbefmmg  truth  is  afplUdk  * 
Jtmiiitr  triangular  prijms. 

II.  It  may  he  alfk  applied  to  Jtmilar  pofyp>on  prtfim  ;  Imamfe  they  Mff  *r  ^i^ 
by  planet  mto  triitfigultir  prtfms.     (Kemetrk  2.  of  P.  54.  B.  11) 
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A 

z 

"X^ 

••*^^^^ 

^^Sw 

••            ^s^ 

^v^ 

E          ^\^ 

*■.. 

B 

PROPOSITION  XXXVIII.   THEOREM  XXXIIL 

X  F  two  planes  (A  Z  &  A  X)  be  perpendicular  to  one  another  ;  and  ft 
llraight  line  (C  D)  be  drawn  from  the  point  (C)  in  one  of  the  planes  (A  Z) 
perpendicular  to  the  other  (A  X) :  this  firaight  line  (hall  fiill  on  the  common 
fcdion  (A  B)  of  the  phines. 

Hypothefis.  Thcfis. 

7£#  plam  KXis  l^t^tbi  plane  A  X,  The  line  C  D  dravsnfrem  the  point  C, 

fituated  in  the  plane  kZy  l^tothe  plane 
AX,  falls  on  the  common  fedion  A  B. 


Demonstratiok. 


If  not, 


There  ma^  be  drawn  a  J.  as  C  E,  which  will  not  fall  on  th^ 
common  (e^ion  A  B. 

Preparation. 

From  the  point  C>  let  fall  on  A  B,    in  the  plane  A  Zy 
aXCD. 


P.12.B,   u 


XJ  E  C  A  U  S  E  C  D  is  ±  to  the  common  fcftion  A  B    (Prep), 

1.  C  D  will  be  X  to  the  plane  A  X.  D.  4.  £.11. 
Bat  E  C  13  J.  to  the  fame  plane.     (Sup.), 

2.  Therefore^  from  the  fiune  pomt  C,  there  has  been  drawn  to  the  ^ 
plane  AX,  two  X  E C  &  C  D. 

3.  Which  k  impodible.  P.  13,  iff.  11, 

4.  Confequently,  the  X  C  D  let  fiill  from  the  point  C*  of  the  plane 
A  Zt  to  the  plane  A  X  (which  is  perpendicular  to  ii)  psfles  thro' 
their  comAoo  feAion  A  B. 

Which  was  to  be  demonftrated. 
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PROPOSITION  XXXIX.    fHEQ  REM  XXXIV. 

_N  •  ptranckpipcd  (A  E)  if  the  fides  (G  D,  A  B ;  GF.  AH;  FE,HC; 
E  D,  &  BC)  of  the  oppofitc  planes,  (F  A  &  EB;  FC  &  G  B)  be  dmM 
each  into  two  equal  parts,  the  common  fedion  (M  S)  of  the  planes  (I  P  & 
LR),  paffing  thro'  the  points  of  fedion  (K,  P,  O,  I  &  L,  Q,  R,  N)  and  tht 
diameter  (F  B)  of  the  parallelepiped  (A  E)  cut  each  otlicr  into  two  equal 
parts  in  the  point  (T). 
HvDOthcfis. 
/.  In  the  Si  AE,  having  for  diam  FE}ihe 

fides  D  G,  A  B,  Wc.  are  hifeaed  in  thi 

points  K,  P»  Wf. 

The  planes  K  O  W  L  R,  have  been  pajed 

thro'  the  points,  K,  P,  O,  I,  tf  L,  Q^R,  N. 


//. 


Thcfis. 
The  common  feaion  M  S  of  tb9fe  plamst 
li  the  diam.  F  B,  cut  each  other  into 
tivo  equal  parts  in  the  point  T. 


Preparation. 


PrawSB,  S  H,  F  M,  &  M  D. 


Po/.i.  B.  I. 


Demonstration. 


I. 


H  E  fides  H  O  &  S  Q^being  ==  to  the  fides  B  R  &  S  R  (ffyp.i).  P.34.  B.  1. 
Andthe  VHCLS=  VSRB.  ^     .   .    o «    r  ,.    P-29.  A  1. 

the  bafe  H  S  of  the  AH  SQ^wiU  be  =  to  the  bafe  S  Bof  the 
ABSR,  &  VHSa=  VRSB.  ^A* 

But  the  V  R  S  H  &  H  S  Q^  together,  are  ==  a  U-  Pa^, 

Confcquently,  V  R  S  H  +  V  R  S  B  =  a  U  ^i^ 

Wherefore,  V  H  S  B  is  a  ftraight  line.  'P.i4- 

Ii  may  be  demonftratcd  after  the  fame  manner,  that  F  D  is  a 
ftraight  line  _        ^,,         «tt»        » 

Moreover,  B  D  being  =  &  pile.  toAG&AG=&  pile,  to  F  H.  P.34.  B.  i 

The  line  B  D  will  be  =  &  pile,  to  F  H.  J  P.  9-  ^-^ 

^  XAx^i.B.  I 


B,  I. 

B.  I. 

B.  I. 

B,  I. 
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And,  confcquently,  F  D  is  ==  &  pile,  to  H  B.  f.33. 

From  whence  it  follows,  that  F  B  &  M  S  are  in  the  (ame  plane 
F  D  B  H      '  P  7. 

But  in  the  A  F  M  T,  &  T  S  B,  the  fides  F  M  &  S  B  are  equal, 
(becaufe  the  AF  MT  is  =z &  CO  to  the  A  H S  O,  HS  =  S  B), 
(jfrj^^i).    Moreover,  V  STB  ;=  VFTM,  &  V  FMT  ::;=; P.ij. 


5.1 1. 


*? 


SB. 


P. 


d.  Therefore,  M  T  =:  T  S,  &  F  T  =  T  B  (P.zS^Ba)  that  is,  the 
common  (edUon  MS  of  the  planes K O  &  L R,  &  the  diameter 
F  B  of  the  parallelepiped,  cut  each  other  into  two  equal  parts,  in 


29. 


B. 
B. 


the  point 


Which  \(ras  to  be  d^monftn^tec). 
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PROPOSITION   XL.    THEOREM  XXXF. 


F  two  triangular  prifms  (F  L  &  E  C)  have  the  fame  altitude  (L I  &  AE), 
and  the  bafe  of  one  (at  C  L)  is' a  parallelogram  (F  I),  and  the  bafc  of  dte 
other  (E  C)  a  triangle  (ABC):  if  the  parallelogranri  be  double  of  the  (riai^ 
th«;  fiift  prifra  (L  F)  will  be  equal  to  the  fecond  (E  C). 


Hypoihcfis. 
/.  InibeprifmsFLi^  EC;  theah.Ll 

is  =  to  the  alt.  A  E. 
//.  The  hafe  ♦/  the  prijm  LF  is  a  fgr,  F  I, 
W  the  hajeofthef^fm  EC «  A  ABC. 
///.  "Tbepgr,  F  lis  dwhie  of  the  A  A  B  C 


Thcfis. 
ThefrifmFL  is  =  te  tte^/m EC 


Prcparanon. 

Complete  the  Q)  N  I  A  B  D. 

Demonstration. 

Jl5  E  C  A  U  8  E  the  pgr.  F  I,  bafe  of  the  prlfm  F  L.  i*  double  of  the 
A  A  B  C,  bafe  of  the  prifm  E  C    (ffyp  z,  J^  a/ 
And  the  pgr.  B  O  it  alio  double  of  the  A  A  B  C. 

I.  The  pgr.  FI  is  =  to  the  pgr.  B  O. 

Moreover,  the  altitude  L  I  being  rs  to  the  altitude  A  F  fHyA.  i  J. 

3.  The  Ql  B  D  IS  =  to  the  Ql  N  I. 

The  givea  prifm  L  F  is  the  half  of  the  O  N  D,  > 
And  the  prifm   E  C  is  the  half  of  the  Q  B  D.  j 

3.  ConfequentI/,  the  prifm  F  I-  is  =s  to  the  prifm  E  C 


P4I'  B.  I. 


All. 
An. 
A  I. 


Which  was  to  be  demonftrated. 
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PROPOSITION  1.      THEOREM  I. 

K^  I  M I  L  A  R  polygons  (A  B  C  D  E  &  F  G  H  I  K),  infcribcd  in  circlts 
arc  to  one  another  as  the  Tquarei  cf  thdp  diametcrj  (EL  &  G  M). 

Hypothefit.  ^   Thcfia. 

/.  The  polygon,  A^CUEi^FG  HI  JL    Poljg.  :  AC  t:  polygF  IK- the  Q 

77.  They  are  infcribed  in  circles.  (fr  ns  diam.  E  L*  :  diam.  G  M*- 

Preftiramn. 

y.  In  the  (sX  A  C  D.  draw  AL,  &  B  E,  alfo  cfiam,  KL.      ^ 
a.  la  the  (S  f  M  H,  draw  the  hoxrtabg^^UB  Hnctf  F  W  A  J.  Po/a.  B.  i. 
G  K ;  alfo  the  diameter  G  M.  3 

BDfiMOWSTRATtOK. 
E  C  AU  S  fi  the  polygons  ABCD  E  &  GFKTMate 05 Cffypjj- 
AndtheVAorE^A61s:=:loVGFK,feAE:AB=^FGr:ffc 

(D.i.B.ej^ 

1.  The  A  A  B  E  IS  equiangular  with  the  A  F  G  K. 

a.  Wherefore,  A  A  B  E  is  CU  to  A  G  F  K,  &  V  ^  :tl=  V  ^,  alfo  V  r 

==  V  ^. 

ButVELAis  =  VEBA,ortf,  &vGMF=i:VGKFor«. 

1.  Confequemly,  V  E  L  A  is  =  to  V  G  M  P. 

iukewie,  VEAL     =      VGFM 

And,  becaufe,  in  the  two  A  A  L  E  &  G  P  M,  the  two  VELA 

&  E  A  L  of  the  firft  are  ==  to  the  two  V  G  M  F  &  G  F  M  of  the 

fccond     (jlrg.  3.  W  4>^. 

The  third  V  A  E  L  of  the  A  E  AL  will  be  =£  to  the  third 

VFGMofthe  A  P  M  G. 

Therefore,  EL:AE=:iGM:GF. 

And  alternando  ELrGMisAErGF. 

But  A  E  &  G  P  are  hotnologpus  fides  of  the  polygons  ABD  &  FHK. 

Bcfides,  E  L  &  G  M  are  the  diameters  of  the  ©  ra  which  thofe 
'  polygons  are  infcribed. 
8.  Wherefore,  pofyg.  A  B  C  D  E  :  polyg.FKTlHGsiEL*  :  GM*. 


P.  6.  B.  6. 


S 


7*21 
Ax.t. 


P.^i.M. 


6. 

7- 


'•1- 

F.tl 


'■la. 


S. 


Which  was  to  be  dcntonftrated. 
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1.  F  from  the  greater  (A  B),  of  two  unequal  magnitudes  (A  B  &  C),  thoc 
be  taken  more  than  its  half  (viz.  A  H),  and  from  the  remainder  (H  B)  n»e 
than  its  half  (viz.  H  K),  and  fo  on :  chere  (hall  at  length  remain  a  loipi- 
tiide  (K  B),  lefs  than  the  leaft  (C),  of  the  propofed  magnitudes. 

Preparation. 

1.  Take  a  multiple  EI  of  the  leaft  C,  which  may  (urpafs 

AB,  &be>2C.  A/1.A5. 

2.  From  A  B,  take  a  part  H  A  >  the  half  of  A  B.  P»/i.  ^  5- 

3.  From  the  remainder  H  B,  take  H  K  >  the  half  of  H  B. 

4.  Continue  to  take  more  than  the  half  from  thofc  fuccef- 
five  remainders,  until  the  number  of  times,  be  equal  to  the 
number  of  times,  that  C  is  contained  in  its  multiple  £  I.  Pifi  ^- >• 

Demonstration. 


B 


E  C  A  U  S  £  the  magnitude  E I  is  a  multiple  greater  than  twice 
the  leaft  magnitude  C     (Prtp,  1/ 
If  there  be  taken  from  it  a  magnitude  G  I  r=  C. 
t    The  remainder  E  G  will  be  >  the  half  of  E  I. 
But  EI  is   >  AB     (Prep,  \). 

2.  Confcquenlly,  the  half  of  £  I  is  >  the  half  of  A  B. 

3.  Therefore,    GE  will  be  much  >  the  half  of  A  B. 
But  H  B  is  <  the  half  of  A  B     (Prep.  z). 

4.  Much  more  then  G  E  is  >  H  B. 

5.  Therefore,  E  F,  the  half  of  E  G,  is  >  the  half  of  H  B. 
And  K  B  is  <  the  half  of  H  B     (Prep,  3^.        ' 

6.  Confequently,  £  F  is  >  KB. 

And  as  the  fame  reafoning  may  be  continued  until  a  part  (E  F)  of 
the  multiple  of  the  magnitude  C  be  attained,  which  will  be  equal 
to  C     (Prep,^). 

7.  It  follows,  that  the  magnitude  C  will  be  >  the  remaining  part 
(KB)  of  the  greater  A B. 

Which  was  to  be  demonftrated. 


^.19.  i5.  f 


k>okXU. 


Of   EUCLID. 


S«5 


c 


PROPOSITION  II.    THEOREM  11. 


I R  C  L  £  S   (A  F  D  &  I  L  P)»  are  to  one  another  as  the  Tquares  pf 
thdr  diameters  (AE  &  IN). 

Hypothefis.  Thcfis. 

In  ib0drcUsAFDfflL?iberibas        0AFD:  ©  I  L  P  =  AE*  :  IN*; 
heen  dravjn  the  diawuttrs  A  £  (^  I N. 


If  not. 


Demonstration. 


A  E*  is  to  I  N»  as  the  ©  A  F  D  is  to  a  fpace  T  (which 
is  <  or  >  the  ©  I  L  P). 

/  Suppfition. 

Let  T  be  <  ©  ILP  hy  the  fpace  V.  that  «,  T  +  V 
=  Q  I  L  P. 

/•  Preparation. 

1.  In  the  ©  L  I P  defcribe  the  D  I  L  NP.  P.  6.  B.  4. 

2.  Divide  the  arches  IL,  L  N,  N  P,  &  P I  into  two  equal 

parts  in  the  poinu  K,  M,  0»  &  Q.  P,%o,  B.  %. 

3.  Drawthe  lincsIK,  KL,  LM,  MN,  NO,  OP,  PO 

&<il.  FffA.B.  I. 

4.  Thro'  the  point  K«  draw  S  R  pile,  to  L  L  P.31.  B.  i. 

5.  Produce  N  L  &  P I  to  R  &  S ;  which  will  form  the  rjrie. 
SRIL.  * 

6.  Infcribe  in  the  0  A  D  F  a  polygon  CO  to  the  polygon  of 
the  ®  I  L  P. 


Q.q 
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E CAUSE  the  O  defcribed 
©  itfclf. 

I .  The  half  of  this  O  will  be  >  the  half  of  the  e  I L  P. 

But  the  infcribed  D  1  L  N  P  is  =  to  half  of  the  circvmferibed  O 
(the  fide  of  the  circutnrcribed  D  being  =£  to  the  diameter,  &  the 
D  of  iht  diaoeter  =  nLI  +  DLN=;=2DLn. 

Z.  Therefore,  the  D  L  I  P  N  is  >  the  half  of  the  ®  1  L  P. 
The  rgle.  S  lis  >  the  fcgment  L  K  I    (Pre/^,  5.  ^  jfx.  S.  B.  t), 

3.  Confequentl/,  the  half  of  the  rgle.  S  I  is  >  the  half  of  the  fegment 

The  A  L  K I  is  =  to  half  of  the  rgle.  S  I. 

4.  Therefore^  the  A  L  K  I  it  >  the  half  of  the  fegoKnt  L  K  I. 

5.  It  may  be  proved  after  the  fame  manner,  that  all  the  A  L  hi  N» 
NOP,  &c.  are  each  >  the  half  of  the  fegment  in  which  it  is 
placed. 

S,  Wherefore,  the  fum  of  all  thofe  triangles  will  be  >  the  (urn  of  the 

half  of  all  tb^ie  feg«ieiia. 

Continuing  to  divide  the  fegments  K  J,  I  L,  &c.  as  al(»  the  it|- 

ments  arriling  from  thofe  divifions. 

It  will  be  proved  after  the  fame  manner. 
7»  Thai  tke  triangles  formed  bf  the  ftrai^  liaet  drawn  ia  thofe  (<»- 

ments,  are  togethec  >  the  halfvf  the. fegments  in  which ^boK 

triaRgkis  are  placed. 

Therefore,  if  ffooi  thr  €>  I  L  P  be  taken  more  than  its  hal&  vift. 

the  □  i  L  r^  P,  &  from  the  remaining  fegments  (L  K  I,  IQ  P»  &€  ) 

be  uhcn  more  than  the  half,  &  (b  on. 

There  wiH  at  kngth  peinam  ftgniems  which  together,  will  he 

But  the  ©  I  L  P  is  =;  T  +  V    /i.  SupJ. 
Therefore,  taking  thofe  fegments  L  K  I,  &c.  from  th^  ©  I  L  P. 
And  the  fpacc  V,  from  T  +  V  (which  is  >  thofe  fegments). 
The  remamder,  viz.  the  polygon  I  K  L  M  N  O  P  Q^will  be  >  T. 
But  the  polyg.  ADFK  :  polyg.  I  LOCt=  Oof  AE  :  D  of  IN. 


Ax,%.B.  r, 
^.19.  a.  s. 


P.47.  B.  I. 
A»^i.m,  I. 


/»4i.  B.  1. 
F.i^B,  5. 


f^m.B,i^r 


Ax.c,B,  I. 
P.  i.J.ii. 
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And  the  D  of  A  E  :  D  of  I  N  =  ©  A  C  E  G  :  T.  (Sup.). 
io.Thcrcforc,  the  polyg.  A  D  F  H  :  polyg.  I L  O  Qj=  0  A  C  E  G  :  T.  P.n .  A  j. 

But  the  polygon  ADFHis<0ACEG.  jix.S.  B,  i. 

li.Confequentlv,  the  polygon  I L  O  Q^  i«  <  T.  P.14.  B.  ^^ 

But  the  polygon  ILOQ^h  >  T.    (Arg.q), 
la.Thcrefore,  T  will  be  >  &  <  the  polyg.  I LG  Q^  (Arg. 9.  W  1 1). 
Ij.WhicJi  is  impoiEble. 
i4.Therefore,  T  is  not  <  ©  I  L  P. 
l5.Froni  wlience  it  follows*  that  the  D  of  the  diameter  (A  E)  of  a 

A  (A  C  £  G)»  is  not  to  the  O  of  the  diametex  (I  N)  of  aootlMr  © 

(IL  P),  as  the  firft  ©  ( A  C  E  G)  to  a  fpace  <  the  fecond  ©  (I  t  P). 

//.  Snppojition. 
Let  die  (pace  T  be  >  ihr  cirde  i  L.  P. 

//.  Preparation. 

Take  a  fpace  V»  fodi  that 
T:®ACEG=:©ILP:V. 

UeCAUSE  theaofAE:nofIN  =  ®ACEG:T. 

i6.Inrertcndo  T :  ©  A  C  E  G  s=  D  of  I  N  :  Q  of  A  E.  (  P.  4.  A  $• 

ButT  :  ©  ACEG  =  ©ILP  :  V.     (IL  Prep.).  lOr. 

Moreover,   T  is  >  ©  I  L  P.     (II.  Sup.). 
S7.Confcq«e*dy,  the  ®  A  C  E  G  is  alfo  >  V.  P.14.  B.  5. 

Bcfides  T:   ©ACEG=;DofIN:DofAE   (Arg.  16). 

And     T  :    ®  A  CE  G  =r  ©  I  L  P  :  V.    (II.  Pup.). 
iB.Therefofe,  the  D  of  IN  :  D  of  A  E  =  ©  I  LP  :  V.  P.ii.JI.  5. 

But  V  <  ©  A  C  E  G.     (Arg.  ij). 

And  it  has  been  demonftrated  (Arg.i^)^  that  the  O  of  the  diaoietet 

(I  N)  of  a  ©  (I  L  P),  is  not  to  the  D  of  the  diameter  of  another 

©  (A  C  E  G)  i  as  the  firft  ©  (I  L  P)  to  a  fpace  <  the  fecow} 

®  (AC  EG). 
iQ^Confequcntly,  V  is  not  <  the  ©  I  L  P.  ^ 

ao.Therefore,       T  is  not  >  the  ©  I  L  P.      . 

Therefore,  the  fpace  T  being  neither  <  nor  >  the  0  I  L  P, 

(Jr^.  14.  W  19/ 
2!.Twill  be  =  to  this  ©  I  L  P. 

aa.CQnfeqnenily,  the  ©  A  C  E  G  :  ©ILP  arD  of  At :  D  of  I N.   P.  7.  B,  i. 

Which  was  to  be  demonftrated. 


c 


QOROLLARr. 


\IRCLES  4tre  ta»m  anttbtr  as  th« potygnu  injcrihtj  in  them  (P.  i-B.  iz- 
»P.  ii.B.s). 
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PROPOSITION  IIL    THEOREM  m. 


^_  VERY  pyramid  (A  B  C  D)  having  t  tringqlar  bafe  (A C D), (^ 
be  divided  into  two  equal  and  fimilar  pririm,  (I  D  E  F  L  G  &  G LFHCQ, 
and  into  two  equal  and  fimilar  pyramids^  (L  G  I A  &  L  F  H  B)*  vhicfa  at 
iimilar  to  the  whole  pjrramid  ;  and  the  two  prifou  together  are  greticr  Aa 
half  of  the  whole  pyramid  (ABC  D). 


Hypothefis. 
A  BCD  is  a  fyramiJ  fMfhofi  ia/f 
ADC  ^  a  A. 


B 


Thcfis. 
/.  The  part  IDEFLG  is  mpn/m^fi9» 

iAr*«^/G  LP  ECH. 
//.  7he^tALGlissJi^amul-»9» 

the  utrt  B  L  F  H. 
///.  rA*/^/ir^*«iiirALGltfBLFH-ff« 

/o  the  pyramid  A  B  C  D. 
IF,  TA^^i/awIDEFLGe^GLFCHifff 
getber>tbamtBibaife/tkeffr.hK\)^ 

L  Preparatitm. 
I.  Cut  all  the  fides  of  the  pyramid' A  BCD  into  two  equal 

parts,  in  the  points  L,  F,  H,  E,  G,  &  I.  ^'^<^  ^' ' 

.  2.  Draw  the  lines  L  E,  F  H,  F  E,  G  E,  G  I  &  I L,  alfo 

LG,  &LH.  H^-^'- 

Demonstr  ation. 
ECAUSE  in  the  ABpD  the  fides  BD&BC  are  divided 
into  two  equal  parts  in  the  points  F  &  H     (Pr<p,  \).  _ 

B  H  :  HC  =  BF  :  D  F.  Pi^*  V 


Confequently,  F  H  is  pile,  to  D  C.         \ 

Likewife,         F  E  is  pile,  to  B  C         J 

Therefore,       F  E  C  H  is  a  pgr. 

It  may  be  proved  after  thQ  fan^e  manner,  tjjatLFEG  &LGCH 

are  pgrs. 

And  imce  F  H  &  H  L  are  pile,  to  EC  &  G  C.    (Ar^.  a.  W  j^. 


6.  The  planes  pafling  thro'  L  F  H  &  E  C  G  will  be  plleT 

7.  Therefore,  L  G  E  C  H  F  will  be  a  prifm.  7 

8.  Likewife*    L  F  E  D  I  G  wiU  be  alfo  a  prifm.         j 


x 


^^ 
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But  thofe  two  prifins  have  the  (ame  altitude  LG»&  the  pgr.GIDE 
which  is  the  bafe  of  the  prifm  L  P  is  double  of  the  A  C  £  G»  bafe 
oftheprifmLC.  P.^i,  B.  i. 

9.  Therefore,  the  prifm  L  D  is  tz  to  the  prifin  L  C.  P.40.  B,n, 

Which  was  tQ  be  demonftratcd.  I. 

Jpl  E  C  A  U  8  E  the  fide  B  D  is  cqt  into  two  equal  parts  in  F,  that 
F  E  &  DE  are  pile,  to  B  C  &  F  H,  each  to  each.  (Pre^.  i.  W 
Arg.2.^2J'  iP26.B,  I. 

io.The  AFDEis=r&fi»toABFH.  IP.  7-^.  6. 

i  i.The  AFED&ILGareaUb  equaL  D.iy  B.i  1. 

ia.Therefore,  ABFH  =  ALIG.  ^^.1. 9-  «• 

And  fince  the  other  fides  of  the  pyramid  A  B  C  D  are  divided  into 

two  equal  parts. 
It  mav  be  eafilv  proved  that, 
M.ABLFJs  sa  to  the  ALAI,  ABLH  =s  AAGL,    A 

ALFH=»AAOI. 
1 4.From  whence  it  follow?^  that  thofe  parts  BLHF&ALGlare 

equal  &  CO  pyramidji.  Z>.iai?.i|« 

/  I  ^  Which  was  to  be  demonftrated.  11. 

1  H  E  line  F  H,  is  pUe.  to  D  C.    (^g.  2). 
iS.Therefore,  ABFHisCU  ABDC.  P.  z.  B.  6. 

Likewife,  all  the  trianeies  which  (oita  the  pyramids  BLHF  &  ALGI 
are  CO  to  all  the  triangles  of  the  whole  pyramid  A  B  C  D. 
i6.Therefore,  the  pyramids  B  L  H  P  fr  aX*  G  I,  are  CO  to  the  py- 
ramid A  BCD.  . 

Which  was  to  be  demonilrs^ted.  1 1 <• 
//.  Preparation. 
DrawGH&EH. 

_   HE  line  BH  being  =  to  HC    (I  Prep,  i.;   FHssEC 

r>^'X-4J  &VECH=VFHB    fP2<),B.iJ. 
i7.Conrequently,  the  A  E  C  H  is  a=  to  the  A  B  F  H.  P.  jl.  B.  i, 

iBAlfothe  AHGC  &  GEC  are  =  &  cu  to  the  ABLH&f  P.  a.  B.  i. 

LHF.  lD.i3.i?.ii. 

IQ-Therefore,  the  pyramid  L  F  H  B  is  =1  to  the  pyramid  H  G  E  C.    £>.io.  £.i  i . 

But  the  pyramid  £  C  H  G  is  only  a  part  of  the  prifm  E  C  H  F  L  G. 
20.Therefore,  the  prifin  E  C  H  F  L  G  is  >  the  pyramid  E  C  H  G.        Jx.S.  B.  i . 
ai.Confequently,  this  prifm  E  C  H  F  L  G  is  alfo  >  the  pyramid  LFHB.  P,  7.  B,  5. 

The  prifm  L  G  E C H  F  is  5=  to  the  prifm  EF  L G  I  D,  &  the 

pyramid  L  F  H  B  =2  to  the  pyramid  A  I  G  L    (Arg,  9.  £^  ia/ 
aa.Therefbre,  the  prifm  E  F  L  G  I  D  is  alfo  >  the  pyramid  A  1 G  L. 
a3.Therelbre,  the  twoprifms  ECHFLG  &  EFLGID  together, 

will  be  >  the  two  ovramids  BLFH  &  LAIG  together.  Ax,^.  B  \. 

24«From  whence  it  follows,  that  the  two  prifms  ECHFLG  & 

EFLGID  together,  are  >  the  half  of  the  given  pyr.  A  B  C  D. 

Which  was  to  be  demonftratcd.  i  v. 
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PROPOSITION  IV.     THEOREM  IV^ 


F  ihere  be  two  pyramids  (A  B  C  D  &  E  F  G  H)  of  the  Tame  iltMe, 
upon  triangular  hafei  (A  B  C  &  E  F  G),  and  «K:h  of  ihcm  be  ^ifidcditfv 
two  equal  pyramids  fimihr  to  the  whole  pyramid,  (viz.  the  pyraraid  A  BCD 
into  the  pyramids  DLKM&ANIL,  and  the  pyramid  EFGH  m 
the  pyramids  H  R  QJS  &  R  E  P  T);  and  alfo  into  two  equal  prifins,  (fit  tfe 
pyramid  A  B  CD  into  the  prifms  L  B  &  LC,  and  the  pyramid  EFGHiw 
the  prifms  R  F  &  R  G) ;  and  if  each  of  ihcfe  pyramids  (D  L  K  M,  ANIL, 
H  R  QJS,  &  RE  P  T)  be  divided  in  the  fame  manner  as  the  firft  two,  ari 
fo  on.  The  bafc  (A  B  C),  of  one  of  the  firft  two  pyramids  (A  B  C  D),  iJ» 
the  bafe  (E  F  G)  of  the  orhcr  pyramid  (E  F  G  H),  as  all  llie  prifms  cnr 
taincd  in  the  firft  pyramid  (ABC  D),  is  to  all  the  prifnns  contained  in  tlj« 
fccond  (E  F  G  H),  that  are  produced  by  the  fame  number  of  divifions. 
Hypothefis.  Thefis. 

/.  7b€  triangular  pyramids  A  B  C  D  &  EFGH,     The^un  •faU  tbt  f^Ij^^^ 

ha<ue  the  fame  aitiiui/f*  '  ...-r^wx        . 

Each  of  them  are  cut  int$  /wo  equal  prifms 

LB  W  LC;  4»/>RFtf  RG,  liintotni% 

equal  prtramids  fimilar  to  the  *wbole  pyramid* 

Each  ofthof^  pyramids  LDMK,LN1  A,RTPE 

£sf  R  QS  H,  arefuppofed  to  he  divided  in  the 

fame  manner  as  the  firfi  two^  IS  fo  on* 


II 


UL 


in  the pyrawud  ABCDis  19*9 
fum  of  thofe  conimmd  in  titfjn- 
ffWEFGH,^fi«W«»"»* 
her  ;  as  the  hafe  ABC,  ^^JT 
ramid  ABCD  is  to  the  haftUQ^ 
of  the  pyramid  EFGH^ 


B 


Demonstration. 


E  C  A  U  S  E  the  pyramids  ABCD&EFGH  have  equal  al- 
titudes, &  the  priftos  LB>LC>RF&RG  have  eaeh  tlie  half  of 


this  altitudo*     fHfp-  i.U  P.  v  B^i z) 
I.  Thofe  prifiitt  LB,  L€,  RF&RG 


have  the  fitme  altitude. 


The  liaes  B  C  &  F  G  are  c«t  rato  two  equal  parts  in  the  points 
Q*V. 
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II  I        n  '-        T 

Therefore,  CB  :  CO  =  GF  :  G  V.  IR16.B, 


2 


^.  Confequently,      AABC:ATOC  =  AEFG:ATVO.     P.zz.  B,  6. 

4.  Andalternando     A  A  EC  :  A  E  FG  =  A  I  O  C  :  A  T  V  G.     P.16.  ^.  •{. 

e.  Moreover,  bafe  IOC  :  bafe  TVG  i=  prifm  LKMCOI   .  [Cory  Rem. 

pnTm  R  O  S  G  V  T.  I  o/P.s^.Bau 

6.  AndprifiAKOBNI:  prlfm  LKMCOI  =  prifin  RQV PPT: 
prifm  R  Q^S  G  V  T  (having  th«  fame  altitude  C^g.  ij  &  being 

equal  taken  two  by  two  (Njp.  11/  ^  P,  y.  B.  J. 

7.  Confequently,  prifm  L  B  -f  prifm  L  C  :   prifm  L  C  =S  prifm  R  F 

+  pifm  R  G  :  prifm  R  G.  -P.i«.  B.  j. 

8.  And  ahernando,  prifm  L  B  -|-  prifm  LC  :  prifm  R  F"+  prifm RG 

=  priftn  LC  :  prHfai  R  G.  / 16.  B.  5. 

But  prifin  LC  :  prifm  R G  r=  bafe  IOC  :  bafe  TVG    (Jrg.  5). 
And  b«ie  I O  C  :  bafe  T  VG  s:^ bafe  A B  C  :  bafe  EFG  fArg.  4). 
Q.  Therefore,  the  prifroLB  +  pr.  LC  :  p*.RF-f  pt.RGisbafe 

ABC  :  bafe  EFG.  P.iu  B.  5. 

If  the  remaininj^  pyramids  LKMD&LINA^alfoRQSH^ 
E  P  T  R,  be  dinded  after  the  fame  manner  as  the  pyramids  A  B  C  D 
Ir  £  P  6  H  :  it  may  be  proyed  aft^r  the  fame  manner. 
loThat  the  four  wyramids  rcfulting  f^om  the  firft  pyramids  LKMD 
&  A  N  I  L,  will  have  the  (ame  ratio  to  the  four  priftrrt  reiulttng 
from  the  laft  R  QS  H  &  E  P  T  R,  that  the  bales  L  KM  &  AN  I 
have  to  the  bafes  R  Q^S  &  E  P  T    (Hyp,  lit.y  Jrg,  g). 
And  it  has  been  demonftrated»  that  the  bafes  L  K  M  &  A  N  I»  are 
each=IOC;  a!fo  R6S  &  E  P  T,  each  =  TVG. 
Moreover,  AABC:A£FG  =  AIOC:  ATVOfJrg.^). 
1 1  .Wherefore,  the  fum  of  all  the  priffiM  contained  in  the  pyramid 
ABC  is  to  the  fum  of  all  the  pnfms  contained  in  the  pyramid 
EFGH,  astkeUfrABC  it  to  tha  befe  £P  O.  P.iz- B.  ;. 

Which  was  to  be  demonftrated. 
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PROPOSITION   V.      THEOREM  V. 

r  Y  R  A  M  I D  S  (A  B  C  D  &  E  F  G  H)  of  the  r«me  altitude,  which 
have  triangular  bafes  (A  B  C  &  E  F  G) :  are  to  one  another  as  thdr  ^x&%^ 
(A  B  C  &  E  F  G). 

Hjpothefis.  Thefis. 

7.  The  MramUs  ABCD&EF  GH  have  for    Pyram.  AB  CD  :iyramX,FGH:s 

hafeithe  A  ABC  kEFG.  la/e  ABC  :  tmft  EF  G. 

11,  Ttey  have  the  fame  aliituJi. 

Demonstration^ 

If  not, 
Pyramid  A  B  C  D  :  pyiamid  EFGH>faafeABC: 
bafcEFG. 

Preparation. 

1.  Take  a  folid  X  which  mav  be  >  the  pyramid  A  B  C  D» 
ib  that  X  :  pyram.  E.F  GH  =  bafe  ABC :  bafe  EFG. 
;         2.  Divide  the  pyramids  ABCD&EFGHas  dixe6ted  in 
P.  3.  B.  la. 


B 


E  C  A  U  S  E  the  two  prifins  refnking  from  the  firft  divifion,  are 
>  the  half  of  the  pyramid  A  B  CD;  &  the  four  folio  wing,  refill  t- 
ing  from  the  fecond  divtfion,  are  >  than  the  halves  of  the  pyramids 
refulting  f^om  the  firft  divifion,  &  (o  on.  P,  j.  B,iz* 

I,  It  is  evident,  that  the  fum  of  all  the  prifms  contained  in  the  pyra- 
mid A  B  C  D,  will  be  >  the  folid  X>  which  was  fiippofed  to  be  < 
the  pyramid  A  B  C  D.  Lem.  B.  la. 
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But  all  the  prifms  contained  in  the  pyramid  A  B  C  D,  are  to  all 

the  prifms  contained  in  the  pyramid  E  F  G  H,  as  the  bafe  ABC 

is  to  the  bafe  £  F  G.  .  P.  4.  Baz. 

And  the  folid  X  :  pyramid  £FGH:r:  bafe  ABC:  bafeEFG 


(Prep.  X), 

ifequentl^,  all  the  prifms  contained  in  the  pyramid  A  B  C  D  are 
to  all  the  prifdis  contained  in  the  pyramid  E  F  G  H,  as  the  (olid 


a*  Coni 


X  is  to  the  pjjramid  E  F  G  H.  P.i  1.  A  5. 

But  all  the  prifms  contained  in  the  pyramid  A  B  C  D»  are  >  the 
folid  X.     (Arg,  i), 

3.  Therefore,  all  the  prifms  contained  in  the  pyramid  E  F  G  H,  are 

>  the  i>yramid  E  F  G  H  itfelf.  P.  14.  B.  j. 

4.  Which  is  impofTible.  jixS.B.  i. 

5.  Confequently,  a  folid  (as  X)  which  h  <  the  pyramid  A  B  C  D, 
cannot  have  the  lame  ratio  to  the  pyramid  E  F  G  H,  which  the 
bafe  ABC,  has  to  the  bale  E F  G. 

And  as  the  fame  demonftration  holds  for  any  other  (olid  greater 
than  the  pyramid  A  B  C  D. 

6.  It  follows,  that  the  pyramid  A  B  C  D  :  pyramid  E  F  G  H  ==  bafe 
A  B  C  :  bafe  E  F  6. 

COROLLART     I. 

X   TRA  MID  S  of  the  fame  altstuJe,  6f  tvbkb  have  equal  trian^s  for  their 
hafes  :  are  equal.     (P.  14.  &  16.  B«  $.). 


E 


CO  R  O  L  L  A  RT    11. 


^^JJAL  ^amids  njehich  have  equal   triangles  fer  their  hafts   :    have  the 
fame  altitude. 


R  r 
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^        PROPOSITION  VI.      THEOREM  ri. 

JL   YRAMIDS  (FGLIM  &  ABCDE)   of  the  fame  altitude, 

which  have  polygons  (F  G  H  L  I,  &  A  B  C  D)  for  their  bafcs  :  are  to  one 
another  as  their  ba^Tcfi. 

Hypoihefis.  Thefis. 

/.  The  pyramiJs  F  GHLl  ^  ABCV,  fjramMF  G  HU  :  j^tram.  ABCDE 

have  polygons  for  thtir  hafes.  =  baje  FI  L  H  G  ;  tafe  A  B  C  D. 
//.  7bey  have  the  fame  altitude. 

Preparation, 

1.  Divide  tbe  bafts  F  ILHG  &  ABCD  fait»  trio^ei, 
by  drawing  the  lines  G  I,  F  H  ;  &.  D  Bk 

2.  Let  planes  be  pafled  thro'  thofe  lines  &  the  vertices  of 
the  pyramids*  which  will  divide  each  of  thofe  pyramids 
into  as  many  pyramids  as  each  bafe  contains  triangles. 

BDCMOfJSTR  ATTON. 
£  C  A  U  S  E  the  triangular  pyramids  ILHM&ABDE  have 
the  fame  altitude.     (Hyp,  ii.  W  Prep.  %). 

1.  ThepyramidIHLM:pyr.  ABDE  =  bafeHIL:bafeABD.7    j,  ^    « 

2.  Likewife,pyr.GIHM:pyr.ABDE  =  bafcHIG:bafcABD.5   ^  S^*^. 

3.  Confequently,  pyr.  IHLM  +pyr.  GIHM  :  pyr.  ABDE  =: 
bafe  HI  L  +  bafe  H  I  6  :  bafe  A  VD. 

4.  Moreover,  pyr.  FIGM  :  pyr.  ABDE  zsbafeFIG  :  bafe  ABD. 

5.  Therefore,  pyr.  IHLM  -f  pyr.  GI  H  M  +  pvr.  F  IG  M  :  pyr. 
A  B  D  E=:  bafe  H  I  L  4  bafe  HIG  +  bafeFIG  :  Ufe  ABD.  P.24 
But  pyr.  IHLM-+pyr.  GIHM  +  pyr.  FIGM  are  =  to  f 
the  pyr.  M  F  GH.L  I,  &  the  bafe  HJ  L  +  tit  HI  G  +  bafe  \  Ax.x 
FIG  =  bafeFILHG.  ( 

MFGHIL:pyT,ABDE=UfeFILHG 

'•  r 

It  may  be  proved  after' the  fame  manner,  that 
Pyr.  M  F  G  H  L I :  pyr.  B  D  C  B  dubafe  F  I LHG  :  bafe  BDC. 
Therefore,  pyr.  M  F  G  H  LI  :  pyr.  A  B CDE  =  bafe  F I LH  G 
:  bafe  A  D  C  B.  P.^j. 

Which  was  to  be  demonftrated. 


P.  s. 


CoofequeBtlv,  pyr. 
btfe  ABD. 


I 


£.  a. 


B. 


A  J. 


ookXn. 
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PROPOSITION  VII.    THEOREM  FIl. 

G/  VERY  trianguUr  prifm  (A  D  E)  :  may  be  divided  (by  planes  paffing 
hrough  the  A  B  C  F  &  B  D  P)  into  three  pyramids  (ACBF,  BDEF& 
^  C  B  F)  that  have  triangular  bafei^  and  are  equal  to  one  another. 

Thefis. 
The  prifm  A  DE  may  te  dMded  int$ 
three     equal     triangular     tyrmmdsy 
ACBF,BDEF,T)CBF. 


-    Hypothefis. 
Tbe  given  prifm  AH ^  bat 
riangular 


Preparation. 

1 .  In  tlie  pgr.  D  A  draw  any  diagonal  C  Pk  1 

2.  From  the  point  F  in  the  pgr.  A  E,  draw  the  diag.  B  F.  V  /^f .  B.  i; 

3.  From  the  point  B  in  the  pgr.  C  E,  draw  the  diag.  B  D. ) 

4.  Letaplanebepafledthro'CP&BF.aifothro'BF&BD. 

Demonstratiok. 

O  E  C  A  U  S  E  A  D  18  a  pgr.  tut  by  the  diagonal  C  F.    (Prep.  t). 

1.  The  A  ACFbafeof  thepyramidABCF  is  =  to  the  A  C  F  D, 

bafe  of  the  pyramid  B  C  F  D.  -P.34.  B.  i. 

But  thofe  pyramids  ABCF&BCFD,  have  their  vertices  at  the 

2.  Therefore,  the  pyramid  A  B  C  F  is  t=  to  the  pyramid  B  C  F  D.   (  p^'  ^' '  *• 
Likewife,  the  pgr.  E  C  i«  Oit  by  its  diagonal  B  D.     (Frep.  ^).      ^ 

3.  Therefore,  the  A  C  B  Dr  bafe  of  the  pyramid  B  C  F  D  is  =  to 

the  A  B  D  E,  bafe  of  the  pyramid  D  £  F  B.  ,  -P.34.  B.  i. 

And  thofe  pyramids  B  C  F  D,  &c.  have  their  vertices  at  the  pointF* 

4.  Confequcniiy,  the  pyramid  B  C  D  F  is  :=  to  the  pyramid  B  D  E  F.  C  -P.  5.  ^. i  a* 
But  the  pyramid  A  B  C  F  is  alfe  =  to  the  pyramid  B  C  D  F.  (  Cor,  i. 
(Arg.  2;. 

$.  Therefore^  the  pyramids  A  B  C  F»  B  C  D  P,  &  B  D  E  F  are  equal.  Ax.i.  B,  r. 
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/    3^" 

: A 

A 

F 

6-  Confequently,  the  triangular  pTifm  (ADE)  ma/  be  difided  into 
three  triangular  pyramkS, 

Which  was  to  be  demonftrated 

CO  RO  L  L  A  Rr    I 

JIj  RO  M  ttis  it  is  mmuftft^  thai  mjtfy  fyrami  nubich  bat  a  trianpilar  htfi,  iik 
tHrdt^t  •faprifm  vfbicb  has  tbefami  bafe^  ^  is  •f  an  t^al  a!titu£wth  it, 

COROLLA  RT    IL 

P/  FE  R  T  fyramid 'vobicb  bos  a  potjfgm  for  bafe,  is  tbe  tbird part  ofafrifrnM 
bos  tbifami  bafe^  l^  is  of  an  iqiud  akitude  nmtb  it  |  Jinef  it  wsof  be  divided  im  fr^» 
having  trianguUtr  bafes, 

COROLLARr    III 

J^ RIS MS  •/  epsal  altitudes  are  to  one  another  as  their  bafeSf  hecasft  ff' 
mids  upm  the  fame  bafesy  13  of  the  fame  altitude^  are  to  one  amther  ms  ^ 
bafes.  (P.  &  jB.  1 2 J. 


n 


x>kxn. 
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PROPOSITION  Vm.      THEOREM  yilL 

Similar  pyramids  (ABCD&EFGH)  having  triangular  bafes 
(B  D  C  &  F  G  H)  2  arc  to  one  another  in  the  triplicate  ratio  of  that  of 
their   homologous  fides. 

Hypothciw.  Thefls. 

7b€  €0  tyrandds  ABCD&EFGH  boM  Tbttyramid  ABCD  is  to  the  fyramid 
triangular  bafes  D  B  C  &f  G  F  H,  nvbrfi  bq-  EFGH,  in  tbt  triplicate  rati^  0/BD  /« 
n^us  Jidis  are  BD  (^  F  G,  &fr.  F  G,  that  is,  «  D  B«  :  FG«. 

Preparatwn. 

1.  Produce  the  planes  of  the  A  B  D  C,  A  B  D  fr  A  DC; 
complete  the  ogrs.  D  R,  D  O  &  D  P.  P.31.  A  I- 

2.  Draw  P  O  &  O  O  pile,  to  A  Q^&  A  P,  &  produce  them 

toO.  P.31.A  |. 

3.  Join  the  points  O  &  R  ;  &  O  C  will  be  a  Q  which  will 
have  the  (kme  altitude  with  the  pyramid  ABCD. 

4.  After  the  fame  manner  defcribe  the  QJ  M  H. 

5.  Inline,  Join  the  points  Qj&  P,  alfo  M  &  N>  homologous 
to  the  points  B  &  C  ;  alfo  F  &  H. 


Demonstration. 


IJECAUSE  the  pyramids  A  B  C  D  &  EFGH  are  OJ  (Hfp)- 

1.  All  the  triangular  planes  which  form  the  pyramid  ABCD  are  CO 
to  all  the  triangular  planes  which  form  the  pyramid  E  F  G  H> 
each  to  each. 

2.  Confcquently,  A  D  :  B  D  =  E  G  :  G  F,  &c. 

3.  Aod  the  plane  V  A  D  B  is  =  to  the  plane  V  E  G  F. 
A.  Therefore  the  pgr.  D  Q.i8  «j  to  the  pgr.  M  G. 

.Likewife,  the  pgr.  DR&  GI ;  DP,  &GNai 
oppofiteoncsAO,  EL^  QR,  ML 


5 


are  to  ;  as  alfo  their 


D. 
D. 
P, 
D. 


i,S.  6. 
5.  B.  6. 
i.B,  6. 


P.24.  B,ii. 
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7.  Therefore,  eiAR:e)El=DB«:FG».  /33J1L 
Afid  fince  tbe  lioei  Q^P  &  B  C  1  M  N  &  F  H,  are  diagonJa  fimi- 

Urlj  drawn  in  the  equal  &  pile.  pgrt.  OA&RD;  EL&IG. 

8.  The  parts  B  O  A  PCD&FMENHG  will  be  CO  prifms  :  &  CD.  ^lii. 
each  equal  to  the  half  of  its  S).  iP.tl  i.iu 

9.  Confequently,  the  prifm  BP  Q  C  :  prifm  FNMH  =  BD»  :  FG».  <i*.j4.  An. 

iRtm,  1. 
But  the  pyramid  A  B  DC  it  the  third  part  of  the  prifm  B  OP  C,  C  P.  7.  B.it- 
&    the  pyramid  E  F  G  H  is  the  third  part  of  the  prifm  F  MN  H.  (  O.  i. 
icThcrcforc,  the  pyramid  ABCD  :  pyramid  EFGH=:  BD»  :  FG».  -Pij  i  $ 

Which  was  to  be  demonftratcd. 

COROLLjiRT. 

PROM  ibis  it  it  eoidentt  tbat  fimilar  fjramdi  loBich  have  ptfy^fm  fir  tba 
h/esf  an  to  one  anotbtr  in  tbe  triplicate  ratio  of  their  bomo!og)us  iaes^  (km^ 
tbey  majf  be  divided  into  triangular  fyramids  ;  nxtbich  are  Jimilar^  taken  twoijtvn. 


Sook  xn. 
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PROPOSITION  IX.     THEOREM  IX. 

_  H  E  bufef  (A  B  C  &  E  F  G).  arrf  shuiides  (B  D  &  F  H),  of  equal 
pyramids,  (ABCD&EFG  H),  having  triangular  bafes,  are  reciproeally 
proportional,  {ikat  i/,  the  bafe  A  B  C  :  bafe  £  F  G  r:  altilode  F  H  :  alri- 
t«d€  B  D),  and  triangular  pyraniids  (A  B  C  D  &  E  F  G  H),  of  which  the 
bafcs  (A  B  C  &r  E  FG),  and  altitudes  (B  D  ^  FH),  arc  reciprocally  pro- 
portional :  are  equal  to  one  another. 

Hypothefis.  Thefis. 

/.  thi  fyram.  ABCD(^  EFGH  are  trtaiguLir.  Baft  ABC  :  b^e  EFG  r=  Jtiiuii 
JL  7b€  i^am.  ABCD  «  =  /«  ibe  j^am,  EFGH.     F  H  :  aitityJe  B  D. 

Preparation. 

Complete  the  iS  B  O  &  F  K  having  the  fame  altitude  wltk 
the  pyramids  ABCD  Me  EFGH;  as  al(bthe  prifms 
BAPNC&FELIG. 

I.  Demonstration. 


B 


EC  A  U  S  E  the  prifms  P  N  B  &  L I  F,  have  the  lame  bafe  fr 
altitude  with  the  ghrcn  pyramids  ABCD&EFG  H.    (l^tph 

1.  Each  prifm  will  be  trfple  of  its  pyramid,  (that  isy  the  prifm  P  N  B 
triple  of  the  pyramid  A  B  C  D,  &  the  prifm  LIE  triple  of  the  C  P.  y.  B, 
pyramid  EFGH).  \Otr,  \. 

2.  Confequently,  the  prifm  P  N  B  is  ^=  to  the  prifm  L  I F.  AxJ^^  B, 
Bat  the  Q)  B  O  is  double  of  the  prifm  P  N  B,  &  theOFK 
double  of  the  prHtn  L 1  F. 

3.  Therefore,  the  S)  B  O  is  ;=  to  the  Ql  F  K- 
But  the  equal  0  (B  O  &  PK)  have  their  bafes  and  altitudes  re* 
cfprocally  proportional  (that  is j  bafe  BO:  bafe  F  M  =  altitude 
FH  :  altitude  B  D). 

And  tbofe  Qf  are  each  fcxtuple  of  their  pyramids,  (tbai  is^  the 
OB  O  is  =  Gx  pyramids  A  B  CD,  &  the  O KF  =  fix  pyramids 
EFGH.    ArgxM^) 


11. 


P.2S.B.11. 
ifv.6.  B.  1. 
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MoTCorer,  the  bafe  of  the  pyiainid  A  B  C  D  it  the  half  of  the  fade') 
oftheOBd.  (»„», 

And  the  bafe  of  the  pyramid  EFGH  u  the  half  of  the  bale  r*^ 
oftheQJFK.  J 

4.  Conie<iuentl7,  bafe  ABC  :  bafe  EFG  =altF  H:  ale  B  D.     ff-KKj 

Which  was  to  be  demonftrated. 
Hypothefis.  tlirfs. 

/.  TbefyfamUsABCD^EFGHaretriMUMbr.    ThtriMMtgrtfMmidABCDii::^ 
II.  Baft  ABC  :  hiff  EF6=dSr.  FH  :  «fr.  BD.     /*  tie  tria,^J»ty»mdUG^ 


B. 


II.  Demonstration. 


BECAUSE  thcAABC:  A  EFG  i=FH:  B  0.(^^.2/ 
And  the  pgr.  B  Qjs  double  of  the  A  A  B  C,  the  pgr.  P  M  double 
of  the  A  EFG.  f.4i.l.r. 

I .  It  follows,  that  the  pp.  B  Q^:  pgr.  F  M  =  F  H  :  B  D.  ?.i  j.  A  5. 

But  Q)  B  O  has  for  bafe  the  pgr.  B  Q,  &  for  alt.  B  D. )  ,nl^  , 
And  e)  F  K  has  for  bafe  the  pgr.  F  M,  &  for  alt.  F  H.  J  (*^J' 

1.  Confcqucntly,  the  0  B  O  is  =  to  the  SI  F  K.  P.34.  Bm. 

But  the  0  B  O  &  F  K  are  each  double  of  the  prifms  P  N  B  & 
LIF.  P.IZ.B.U. 

And  thofe  prifms  P  N  R  &  L I F  are  each  triple  of  their  pjraoaias  C  P.  7.  B.\%- 
ABCD&EFGH.  iCr.i. 

3.  Therefore,  the  triangular  pjrainid  A  B  C  D  is  ^  to  the  triangular 

pyramid  E  F  G  H.  Ax.j.  *•  i- 

Which  was  to  be  demonftrated. 


E 


COROLLART. 


SiJJ  AL  polygon  pyramids  have  their  hafes  anJaliituJes  re^procaHy  proftr- 

tional ;  U  polygon  fyramitis  wbofe  bafes  ^  altitudes  are  reciprocally  froportim- 
tire  equal' 


tookXir. 


Of   B  U  C  L  1  O. 


at 


v^mSSSBR 


BSSSSBH 
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PROPOSITION  X.      THEOREM  X 


VERY  am  (B  R  C)  h  the  third  p«rt  of  the  cylinder  (HOFE 
AB  D  C)  which  has  the  fiune  boTe^  (BD  C  A)  and  the  ftine  altuude  (BH) 
with  it. 

Hypothecs.  Thefit. 

Tbi  c$9tiBKC,  &  tb€  eyUnderHTKU C,        Tbi  cMf#B RC  u  eptal to  tie  third 
bavi  the  Jam  toft  B  D  C  A,  bf  tbt  /ami        part  of  tbt  cylinJUr  HFC  ABD. 
miiitude  BH. 

Dbmokstratiok^ 

If  notf 
The  cone  will  be  <  or  >  the  third  part  of  the  cylinder,  by 
apart=rZ. 

/.  SuppofitlQU. 


I, 


Let  the  third  part  of  the  cylinder  H  C  be  =  cone  B  R  C 
/•  Preparaimf 


1.  Jl  M  the  bafe  A  B  D  C  of  the  cone  U  cybnder,  defcribe  the  O 
A  B  D  C.  P.  6.  A  4. 

2.  AboQt  the  (axoe  bale  defiaribe  the  O  P  O  Q^S.  P.  7.  B.  4. 

3.  Upon  thofe  fqoarea  ereft  two0»  the  firft  O  F  H  B  C,  upon  the 
inlcribed  0»  &  the  fecood*  on  the  circumfcribed  D*  which  will 
touch  the  (opeiioT  bafe  with  itt  pUe.  planes^  in  the  points  H>  G»  F» 
&  E,  *  h»viog  the  fiune  altidufe  with  the  cylinder,  &  the  cone. 

*  Wt  hmvi  omitted  Mfttrt  of  the  frefttration  in  ^  figtrrto  €/9oU  confufiott. 
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X 

o 

- 

H 

^ 

^ 

V 

;-iM 

• 

i/ 

1 

/ 

/ 

,^ 

/ 

^Iv 

li/T^ 

s--^ 

aY^-'q 

4- 

I: 


BiicQ  tbe  arcbes  A  T  C,  C  </  D,  D  »  B;  &  B  a  A,  iaT^A& a  /jo^  <•  1- 
DrawA.T.&TC.  &c.  P^.i.B.t. 


B 


Thro'  the  point  T,  drttw  the  tangent  ITK,  which  will  cut  BA  &  P.iy-  A }. 
D  C  produced.  In  the  points  I  &  K  &  complete  the  pgr.  A  K. 
Upon  the  pgr.  AK,  ereft  the  Ql  ALFK,  &  upon  the  A  AIT, 
TAC,  &  TCK  theprifms  E  T I.ETF,  &  TFK,  having  all 
tlie  fame  altitude  with  the  orlinder  &  cone. 
8.  Do  the  iame  with  refpe^t  to  the  other  (egmenta  An B>  B  ^  B»  ftc 


> 


ft  the  D 


IE  C  A  U  S  E  the  O  P  O  Q^S  is  defcribed  about, 

B  D  C  A  defcribed  in  the  ©.     ^/'rr^.  i.fJz). 
t.  The  D  P O Q^S  isdouble  of  the  D  B  D  C  A.  P.47.^  ^ 

And  the  0  defcribed  upon  thofe  fquares  having  the  fame  altitude*  (Prtpl)- 
a*  Therefore,  the  O  «pon  POQS  is  double  of  the  O  upon  BDCA.  P.ji.  i"- 

But  the  O  upon  POQS  is  >  the  given  cylinder.  ^4f.8.  A  1. 

3.  Therefore,  the  Q)  upon  BDCA  h  >  the  half  of  the  fiune  cylinder.  P.19.  A  5- 
And  fincc  the  A  T  A  C  is  the  half  of  the  pgr.  A  K.  P^i.  i>-  '• 

4.  The  prifm  E  TF,  defcribed  upon  this  A  TAC,  will  be  the  (F.%%.Bm 
half  of  the  O  upon  the  pgr.  A  K*  <  P.34.  ^i^- 

'  'The  O defcribed  upon  the  pgr.  A  K  is  >  the  element  of  the  iRem^hC^f 
qrlinder,  which  has  for  bale^he  fegment  A  T C.  iftfS.  1  «• 

S»  Confequcntly,  prifm  E  T  F  defcribed  upon  A  T  A  C  is  >  half  of 

the  element  of  the  cylinder  which  has  for  l>afe  fegment  A  T  C.       Pa^^  9 

6-  Likewife,  atl  the  other  prifms  defcribed  after  the  nme  manner,  will 
be  >  the  half  of  the  correfpond  jng  parts  or  elements  of  the  cylinder. 
Therefore,  there  may  be  taken  from  the  whole  cylinder  more  than 
the  half,  (via-  the  S)  upon  tho  O  BDCA),  ft  fiom  thofe  reo^ain- 
ins  elements  (viz.  C  F  £  A  T,  &c.)  more  than  the  half;  (vix.  the 
priiins  £  T  F,  ftc),  &  fo  on. 
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>  7.  Until  there  remains  (cTerai  elements  of  the  cylinder  which  together 

will  be  <Z.  Lem.B.iz. 

But  the  cylinder  is  ==  to  three  times  the  cone  B  R  C  -)-  Z.  (Sup.). 
Therefore,  If  from  the  whole  cylinder  be  taken  thofe  elemenu    (Arg,  7  J. 
And  ftoffi  three  times  the  cone  B  R  C  -p  Z>  the  magnitude  Z. 
8*  Th^  remaining  prllm  (viz.  that  which  has  for  hue  the  polygon 

A  a  B  ^  P  ^  C  T)  will  be  >  the  triple  of  the  cone.  Ax,^.  B.  i. 

^ut  this  prifm  is  the  triple  of  the  pyramid  of  the  fame  baie  &  alti-  C  P.  7.  B.\%, 
tudc  (viz.  of  the  pyramid  T  A  «  B  *  D  ^  C  T  R).  I O.  a. 

ig«  Confeqnently*  ;he  pyramid  ^  B  D  C  R  Is  >  the  given  cone.  ^x.7.  B,  |. 

But  the  bafe  of  (he  cone  is  the  0  in  which  this  polygon  A  B  D  C 
is  inicribedf  (&:  which  is  con(e<iuently  >  this  polygon),  &  this  con^e 
has  the  fame  altitude  with  the  pyramid.  r  ,       ^ 

io.Therefore»  the  part  is  ^  (lie  wnole. 

ii.Which  b  impoflU)le.  Atf.^tB.  {. 

i^.Confequently)  the  cone  is  pot  <  the  third  part  of  the  cylinder.  ^ 

//.  Suppqfotion. 
\jtx  the  cone  be  >  the  third  part  of  the  cylinder  by  the  msn. 
Z,  that  iff  the  cone  ==  the  third  part  of  the  cylinder  +  2^.'   * 

//.  Preparation,  '     *• 

Divide  the  gtvcfl  con^  into  pyramids,  in  ib^  Janu  mfifn$^ 
(bat  ibe  cylinder  %v4fs.Ji^i4fq  in  (be  frjt fuffo/tion^ 


I 


P  firom  the  given  cone  be  taken  the  pyramk)  which  has  for  bafe  the 

D  A  B  D  C,  (which  is  greater  than  the  half  of  the  whole  bafe  of 

tlie  given  eone»  being  the  half  of  the  circumferibed  D>  Arg,  i.  & 

this  U  being  >  the  oafe  of  the  cone»  Ax.  S.  B.  i.),  &  from  the 

remaining  fegments,  the  pyramids  correfponding  to  thofe  fegments^ 

(as  bos  Ren  done  in  tbe  cylinder  Arg.  7.^. 
f  3.  There  will  remain  feveral  elemenu  of  the  conp  wliich  together 

wUlbe<Z.  Um.B.\%. 

Therefore,  if  from  the  con^  thofe  elements  be  tak^n  whtph  are  < 

Z,  &  from  the  cylinder  -{-  Z,  the  magnitude  Z. 
i4.The  remainder*  viz.  the  pyramid  A  0  B  A  D  i/C  T R  is  ss  to  the 

third  part  of  the  cylinder.  Ax.^,  B.  i . 

But  the  pyr.  Atf  BAD^CTR  is  =  to  the  third  part  of  the  prifm,  C  P.  7.  Baz- 

which  has  for  bafe  the  feme  poly^.  An  B  ^  D  ^  CT»  &  the  feme  alt.     (  Cor.  %. 
l5.Therefore,  the  given  cylinder,  is  :=  to  this  prifm.  Ax,6.  B.  i. 

But  the  bafe  of  the  given  cylinder  b  >  the  bafe  of  the  prife:i  lince 

this  fecond  is  infcribed  in  the  firft.     (I.  Prep,  4.  V  5/ 
i6.Thcrefore,  the  part  is  :=  to  the  whole. 

ij.Which  is  impoilible.  Ax.S.B,  1, 

18.  Therefore,  the  third  part  of  the  cylinder  is  not  <  the  cone. 

And  it  has  been  demonftrated  (Arg.  iz.J,  that  the  third  part  of  the 

cylinder  is  not  >  the  cone. 
i9.Therefore,  the  cone  is  the  third  part  of  the  cylinder  of  the  feme 

bafe  &  altitude. 

Which  was  to  be  denionftrated. 
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CPR'OPOSITION  XL     THEOREM  XL 
ONES    (EABDF&HGKIM),  and  cylinders  (QR  B  E  «r 
S  T  K  H)  of  the  fame  ahitode,  are  to  ose  another  at  their  bafes. 

Hypothcfis,  Thcfw. 

7b€  cones  EABDF  ii  HGKIM»  as  like-     L  Cone  EFB  :  cone  HMK  =:  ta/e  EABD 
nvi/e  the  iylimkf^  QKBE  iJ  ST KR  :  bafe  HGKL 

(us<ue  the  fame  altUuSi.  IL  Cylinder  QRBE  :  cyUnJer  STKH  = 

V  EABD  :^ii>  HGKL 
Demonstration. 
If  not,    The  cone  E  F  B  :  Z  (which  is  <  or  >  the  cone 
HMK)  sbafeEABD  :  bafeHGKI. 

/.  Suppofition. 
Let  Z  be  <  the  cone  H  M  K  by  a  magnitude  X»  that  is^  let 
the  cone  HMK  =bZ  +  X. 

IL  Preparation, 
N^GHlKbafeof  coneHMK;  dercribeOGHIK.    P.  6,  B,  4. 
Divide  the  cone  into  pyramids  f^s  in  //.  Sup.  of  P,  10.^. 
In  the  bafes  of  the  cones  EFB  &  HMK,  draw  dmm.  EB  &  HK. 
In  the  0  £  A  B  D  bafe  of  the  cone  EFB,  defcribe  a  polyg.  Co 
icHMK 


I- 

2. 

3- 
4- 


B 


to  the  polyg.H  hGgYihliHjk  divide  it  as  the  cone  ] 


E  C  A  U  8  E  the  cone  H  M  K  has  been  divided  into  pyramids.    (Prep.  z.). 
If  thofe  pyramids  be  taken  from  the  cone  (as  was  done  in  the  forv- 


gomg  propoiition.    jir^,  13.). 
|.  The  fum  of  the  remainmg  elements  will  be  <  X. 


Therefore^  if  thofe  elements  be  taken  from  the  cone  H  M  K,  &  tb^ 
fDa|raitvde  %  from  Z  -*|-  X. 


Lem.  Bai, 


look  XII  Of   E  U  C  L  I  D.  $%$ 

i.  The  remaining  pyramid  H  *  G  ^  K  L I  f  M  will  be  >  Z. 

But  thofe  polygons  infctibcd  in  the  0  £  A  B  D  &  HGKI  are  CU-  (Pref*  4./ 
a.  Therefore,  0  AED  B  :  ©  G  HI  K  =  polyg.  C  i/r  ii :  polyg.CP.  z.  B.it: 

ibgh.  XCpt. 

But,  ©AEDB:©GHIK=:  cone  EF  B-  Z.  fSy^J. 

And  the  pyramid  DrfErA^BCF:  pyramid  H  A  G^  K  L I  i  M 

=  polygon QJea:  polygon ibpl^  P.  6.  J?.i K 

4.  Confequendy, pyram-DtfEf AtfBCF:  pyram. HAG^KLIf M 

=:coneEFB:Z.  P.ii.  i».  j. 

But  the  pyramid  D</ErA4iBCFis<  cone  E  F  B.  Ax.%.  S.  1, 

^.  Therefore,  the  pyramid  H  ^  G ^  KL 1 1 M  is  <  Z.  P.14.  A  |. 


^.  But  this  pyramid  is  >  Z.  T'^^-  ^') 
7.  Therefore,  it  will  be  >  &  <  2^  ^  ^ 
i:  Which  is  impoffible. 


Therefore,  it  will  be  >  &  <  2^    {Arg.  2.  W  6^.. 


9.  Therefore,  the  fuppofition  of  Z  <  the  cone  H  M  ^  is  falfe. 
Id. Wherefore,  the  bale  of  the  cone  E  F  B  is  not  to  the  bafe  of  the 
cone  H  M  R  ^the  cones  having  the  fiime  altitude)  aj  the  cone  E  F  B 
^o  a  magnitttde  Z  <  the  cone  H  M  K.. 

//.  Suppojition. 
Let  Z  be  >  the  cone  HM K, 

II.  PreparoHm. 
Take  a  magnitude  X  fuch  that  Z  i  cone  £  F  B  ;b  coa» 
HMK:X. 


B 


_ECAUSE  Zb>thecoiicHMK.    (I  Sup.). 

ii.The  cone  E  F  B  is  >  X.  P.14,  B,  *. 

B«ttheconcEPB:Z  =  bafeEABD:  bafe  H  G  K  I. /'^i/^  J.  C  P.  4.  A  t. 
t2.Therefoie,  bafe  HGKI :  bafe  £  A  B  D  =r  Z  !  cone  EFB.        XCor. 
i3.Confeauendy,'bafe  G  H I K :  bafe  A  E  BD  9=cone  HMK :  X.      P.ii.  #.  %. 
But  it  has  been  demonftrated  (Arg.  \  o.^,  that  the  bafe  of  a  cone  is 
BOt  to  the  baib  of  another  cone,  having  the  fame  altitude*  as  the 
firft  tone  is  to  a  magnitude  <  the  fecond. 
l4.Tbcrefore,  X is  not  <  the  cone  EFB. 

But  X  is <  the  cone  EFB.    (Arg.  \o,), 
I  ^.Confequently,  X  will  be  <  A  oot  <  this  cone  EFB.  (Arg.  1 1  .&i  4^. 
16. Which  is  impoffible. 

n.From  whence  it  follows,  that  the  fiippofitko  of  Z  >  the  coni 
HMK  is  falfe. 

Therefore,   the  magnittide  Z  being  nehher  <  nor  >  the  cone 
HMK.    r^r^.9.tf  17.;. 
iSIt will  be  =:  to  the  cone  HMK. 

mHence  cone  EFB  :  cone  HMK  =:  bafe  E ABD  :  bafe  HGKI.    f.  7.  B.  $. 
T)  Which  was  to  be  demonftrated  i. 

DEECAUSEthe  cone  EFB  is  the  third  part  of  the  cylin-QREE  7  p        „ 

And  the  cone  H  M  K  is  the  third  part  of  the  cylin.  H  S  T  K.       J  ^'^^'  ^•'*- 
io.Thccylin.Q^RBE:cyI.HSTK  =  bafeEABD:bafeHGKL     P.i^.  B.  $4 

Which  was  to  be  demonftrated.  1 1. 
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PROPOSITION  XII.    THEOREM  J(II. 

O  I  M  I  L  A  R  cones  (B  F  E  &  L  O  M),  and  qrlioders  (B  tf  ^  E  & 
l^c  d'M)  have  to  one  another  the  triplicate  ratio  of  that  which  the  diamelift 
(CD  &  III)  oftheirbafe?  (BYDEP  «f  LTH'MR),h4ve, 

•  Hjpotfaclb.  Tbefis. 

The  cones  BPE  i^  LOM,  Menvifl  th.  I  The  erne  BFE  is  io  the  one  LOM  i «  ih 
niiitiiTfBiibEfiLcJM,  «reai.  iriplkau  ratk  9/  CD  u  IHi  «r  at 

V  CD*:  IH*. 

//.  Tbe c:^.BabEisUtbi€yiLedU^m 

tbi  trifUcaie  Mk  afCD/tlHi  w  4ss 

CDf:IH». 


|f  no^ 


Demonstration. 


'the  cone  B  F  E  is  to  a  magnitode  Z  (which  is  <  or  >  the 
COdcLOM;  asCD*  :  IH». 

/.  Suppqfition. 

)Let  Z  be  <  tjie  cone  L  O  M  by  the  magnitude  X,  ib^  is, 
jhecoDeLOM=:Z+X. 


L  Pfepardtitm. 

Divide  the  L  O  M  Uto  pTnunids,  m  in  tbe  foregoing 

propoiition.  .   .        <     . 

In  the  bafe  of  the  cone  B  P  E  dercritie  a  polygon  CO  to  tht 

polygon  of  the  baife  of  the  cone  L  O  M.   ^ 

In  the  two  cones  dntw  ^he  Homologonsdiame'tert  I H  A: 

C  t>  j  alfo  the  rajs  L  N  &  B  A. 


15  E  C  A  U  S  E  ihe  cone  L^d  M  ^as  been  divided  into  pTramidt. 

If  thofe  pyramids  be  taken  fro^n  this  cone  (in  the  fame  manner  «t 

in  the  ibiegotng  profjofitioiii     Arg,i.),  ,  , 

li  The  fum  of  the  remaining  ekments  Hfilt  be  <  X.  Lim,  B,i%* 

Hiereforef,  if  tho(^  elements  tie  taken  fjrom  &e  cone  LO  M»  &  the 

mirt  X!  from  the  magnitude  Z  4-  X.  ,      . 
a.  The  remainder,  via.  the  pyramid  LTGrfMSRIO  will  be  >  Z.  At:.^  B.  tj 

But  the  CO  coiies  have  their  axes  &  the  diameters  of  their  bales 

proportional.  D.24.  &II« 

And  the  cones  B  F  £  &  L  O  M  are  0$.     (Hyp,  J. 
%.  Confequently,    CD  :  HI  =  FA  :  ON. 

But,  CD  :  HI  =  CA  :  I  N.  Aij.  B.  4. 

4.  Therefore,         CA  :  IN  =  F  A  :  ON.  P.ii.  A  5. 

5.  Ahdaltcrnando  C  A  :  FA  afi  J  N  :  O  N.  P.16.  B.  5^ 
The  A  F  AC  &  ION  have  the  VC  AF  =  to  VINO.  (Pref.^). 

. '  And  the  fides  C  A,  A  F  ;  I  N,.  O  N  about  thofe  equal  angles  pro^ 

portional.'  (Arg,<J, 
6  Wherefore,  the  A  F  A  Cis  CO  to. the  A  I  O  N.  JO,  i.B.  6* 

7.  Confequently,    C  F  :  C  A  =  I  O  :  I  N.  P.  4.  A  6* 

8.  Ukewife,  the  AB  C  A  is  CO  to  the  ALIN.  (V  B  AC  being 
=rVLNI).    (Pr^/.j).  ,  ^ 

9.  Therefore,         C  A  :  B  C  s  I N  :  I  L.  t.  4.  B.  6. 
But.                   CF  :  CA  ibIO  :  IN.     (Jrg.y,), 

icConfequently,    CF:BC=:IO:IL.  .  P,z2.  B;  c. 

In  the  A  C  A  F  &  B  A  F,  the  fide  C  A  is  =  to  B  A  (D.  15.  B.  i.) 
A  F  is  common,  &VCAF=iV.BAF.     {Pnp.  3.). 

M.'Hicrefcre,  the  bafe  B  F  is ^3=  to  the  bafe  C  F.  .   -P*  4-  B;  u 

12.  In  likt  manner,  L  O  is  =r  to  O  I. 

.    But,  C  F  :  B  C  =  O I  :  I  L.     (Arg.  10.). 

ij.Thereforc,         B  F  :  B  C  =  LO  :  IL.  A  7.  2?.  5^ 

i4Andinvertffido,  BC  :  B  F  ==  I  L  :  OL.  r/>,  4.  B.  5. 

1 5.Confequently,  che  three  fides  of  the  A  B  F  C  are  proportional  to  (  Or. 
the  three  fides  <^f  the  A  L  O  I. 

i6.From  whence  it  follows,  that  thofe  A  B  F  C  ^  I  O  L  are  CO.        P;  j.  ^.  6* 

ly.Itmay  be  demonftrated  after  the  fame  manner,  that  all  the  tri- 
angles which  form  the  pyramid  B  D  Q  F  are'  CO  to  all  the  trianglet 
which  form  the  pyramid  L  H  S  0>  each  to  each. 


And  ti  the  Vflies  of  Aofe  pTramids  utt  tO  p^ w>Bi.    (/H^  2.}. 
rt.Thc  pyramid  B  DQ^F  is  cu  to  the  pjnraimd  L  H  S  O. 

But  thofe  fyyniiiiids  being  to> 
tg,rht  pyramM B D Q^P  :  pyrtmk!  L H80  s=  C !•  :  IL». 


But,"  CA 

iD.Thcrefbrc  invert.  BC 


BC  =  IN 
CA  =  IL 


IL. 
IN. 


(Arg.  9.). 


a  I.  And  ahernando, 
aa.Confequently, 


BC  :  LI  =sCA  :  IN. 

BC  :  LI  =CD  :  I  H. 

at.Theteibre,  three  times  the  ratio  ofBCtoLlw:±:to  three  times 

the  ratio  of  C  D  to  I  H,  Aif  «,  B  C*  :  L  !■  =c  CD«  5  IH». 

But  C  B«  :  IL»  =  pyramid  BD  Q^P  :  pytamid  LHSO.  (jirj.€i^y 
aJ-Confequendy,  pyrannd  BDQF  :  pyramid  LtffiO  =r  CD«  :  m».       P.j\.  M. 

But  the  cone  B  F  E  :  Z  =CD*  :  IH*      ^p.y 
2^.Theffefere,  the  pyrani.  BDQF-:  pyram.  LHSOscoaeBPfi  :2. 

But  the  pyramid  B  D  Q  F  being  <  cone  B  E  P. 
26.The  pyramid  LHSO  ^ill  be  «lfo  <  Z. 

Bot  the  pyramid  L  H  S  O  is  >  Z.    iArj^^  «.). 
a^.Confequtntly,  the  pyram.  LHSO  will  be  <  *  >  2.  {^rg.%.^^}. 
28.Which  1ft  ImpelBble. 
2g.Therefore,  the  fuppofitioo  of  Z  <  the  cone  L  O  M  «r  L  T  O 

HMSRlOisfH^. 


Fax.  X.  ^. 
F.14,  S.  I. 


»)ok  XII  tJf   E  tJ  C  L  I  D.  3^9 

^oesaBsssBsasassssBsasBBaBaBaBBBBBa^ 

50.From  whence  it  follows,  that  the  cone  B  F  £  is  not  to  a  nuigni- 
tnde  lefs  than  the  cone  L  O  M,  in  the  triplicate  ratio  of  the  diame* 
ter  C  D  to  the  diameter  I  H. 

IL  Suppojition. 
Let  Z  be  >  the  cone  L  O  M 

IL  Preparation^ 

Take  a  magnitude  X,  fuch  that  Z  :  cone  B  F  E  =:  cone 
L  O  M  :  X, 

JjECAUSE  Zis>  than  the  cone  LO  Rl    (II  Sup). 

ai.  The  cone  B  F  E  will  be  >  X.  P.14.  B.  i. 

ButCD«:IH»  =  coneBFE:Z.    (SupJ.  fp  .    p   ^ 

\a.Therefbre.  invert.  I  H«  :  C  D»  =  Z  :  cone  B  F  E.  J  ^-  4-  ^-  5* 

''But        Z  :  cone  B  F  E  =  cone  LOM  :  X.    (IF.  Prep.).         t^«r. 

33.Confequentiy,  IH«  :  CD»  =  cone  LOM  :  X.  P.iu  B.  5. 

And  it  has  been  demonftrated  (Arg,  30  J,  that  a  cone  »  not  to  a 
magmtttde  lefs  than  another  cone  in  the  triplicate  ratio  of  the  dia- 
meters of  their  baies. 

34.Thcrefore,  X  is  not  <  the  cone  B  F  E. 
But    X  is  <  the  fame  cone.     (Arg.  %\.). 

35.From  whence  it  follows,  that  X  w3l  be  <  the  cone*  &  will  not  be 
<  at  the  faQi,e  time. 

36. Which  is  impoffible. 

37.Therefore»  the  fuppofition  of  Z  being  >  the  cone  L  O  M,  is  falie. 
Therefore,  the  magnitude  Z  being  neither  <  nor  >  the  cone 

^     LOM.    r^rjf.  29- W  37  J. 

38.It  will  be  equal  to  it 

39.Confequcntl7,  the  cone  B  F  E  :  cene  L  O  M  =  C  D*  ;  I  H».  A  7.  A  j. 

Which  was  to  be  demonftrated.  i. 

The  cylinder         B  a  *  E,  being  triple  of  the  cone  B  F  E.        1    ^       * 
And  the  cylinder  Lc^M,    the   tripleof  the  cone  LOM.        1   r.io.  B.iti 
40.The  cylinder  Btf^E:  cylinder  Lr^M  =  CD«:  I  H«.  P.ij.A  5, 

Which  was  to  be  demonftrated  1 1. 

Tt 
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PROPOSITION  Xm.     THEOREM  XIH 


P  a  C3rlifider  (A  BD  Q  be  cut  by  a  plane  (H  G)  pcraHd  to  its  o|fob 
planes  (B  A  Ar  D  C)  :  It  divides  the  cylinder  into  two  c]iioders  (A  BHG 
«  G  H  D  C),  which  are  to  one  another  »  their  axes,  (BK  &  %F)  (Arfi^ 
the  cylinder  A  B  HG  :  cylinder  GHDC  =  axU  E  K  :  axis  K  F). 

Hypothefis.  Thcfis. 

Tlfecylifi.  A  D  iscmi  ly  a  pLm^HG,  Cyism,  A  H  :  9/fit.  H  C^cimEK; 

/iZr.  tp  tb€9p^Jite planes  AB  C^  DC  axis  F  K. 


1. 


Preparation. 
Frodnce  the  axis  E  F  of  the  cylmder  ABDC  both  ways 


1^1.^  I. 


towards  N  &  M. 

In  the  axis  N  M  produced,  take  {everal  parts  r^  to  E  K 

ftFK;  asEN  =  EK,  &FX,ftc.etdi  =  FIL  P.  3  A  i. 

Thro'  thof«  points  N,  X  &  M  pafs  the  planes  SR,  T  T 

&  V  Q^  pile,  to  the  oppofite  planes  B  A  ft  D  C. 

From  the  points  N,  X  &  M,  defcribe  on  thofe  plines  the 

©  S  R>  T  Y  *  V  Qeaeh=^tothe  Oppofiie  ®^BA  &  DC.  /yi*  *• 

CooopLetc  the  cyliaders  S  A,  C  Y  &  T  Q^^ 

Demonstration. 


B 


ECAUSE  the  axes  FX&XMof  thfe  cylinders  D  T  &  T  Q, 
are  equal  to  the  axis  F  K»  of  the  cylinder  G  D.     (Prep,  2  J. 
Thofe  cylinders  D  T,  T  Q^&  G  D  will  be  to  one  another  as  their 
bafes.  P.I  I.  All. 

But  thofe  bafes  are  equal.     (Prep.  4^.         . 

a.  Therefore,  thofe  cylinders  TD,  TO  &  G  D  are  aifo equal.      Pa^-  B,  $• 
But  there  are  as  many  equal  cylinders  CY,  T  Q^&c.  which  lea- 
ther are  equal  to  the  cylinder  G  (^  as  there  are  parts  F  X,  X  M,  Sc« 
each  equal  to  the  axis  K  F9  which  together  are  eq,ual  to  M IC 


B9ofcXIL 
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CoDfequently,  the  cylinder  G  O  or  G  H  QV  is  the  (kme  multiple 

of  the  cxlindcr  6  H  D  C,  th»t  lEc  axis  K  M  i«  of  the  ais  K  F. 

It  may  be  demonftrated  after  the  fame  manner,   that  the  cylindfr 

R  S  H  G  is  the  &me  multiple  of  the  cyliader  A  B  H  G,  that  the  ' 

axis  N  ^  is  of  the  axis  £  K. 

Therefore,  according  as  the  cylinder  G  H  QV  is  >,  i=,  or  <  the 

cylinder  G  H  D  C,  the  axis  K  M  will  be  >,  =,  or  <  the  axis  F  K, 

And  according  as  the  cylinder R  S  H  G  is  >,  =,  or  <  the  cylinder 

A  B  H  G,  the  axis  N  K  will  be  >,  =,  or  <  than  the  axis  E  K. 

ConfequenUy,  cylinder  A  B  H  G  :  cylinder  G  H  D  C  ==  axis  E  K 

inMkFJL^  P.  5.  A  5, 
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PROPOSITION  XIV.      THEOREM  JCIF. 

Cylinders  (NOab  &  ikhg),  and  cones  (bea  &  gfhi 

upon  equal   bafes  (B  A  &  G  H)  :   are  to  one  another  as   their  aititodei 
(C  E  &  D  F). 

Hypothefis. 
rAr^/iiii/iriNOAB  &GIKH,  4# 
alfitbi  emii^^Mi  GYHy  bavf 


Thefis. 

=zalt,CE:ak.DF. 
II  affrBEA:caiirGFHs=4ib.C£ 
:  «&.  D  F. 

Preparation. 


].  In  tbe  axis  of  the  grjBfter  cylinder  A  O  N  B,  take  a  part 
P  C  =:  to  the  altitude  pf  the  cylinder  G I K  H. 

3.  Thro'  the  point  P,  pafs  a  plane  L  M.  olle.  to  th^i)aie  BA, 
which  will_  divide  the  C34inder  A  O  N  B  into  two  cylin- 


B, 


den,  yiau  B  A  ML  &  LMON 

Demonstration. 


Because  the.cylinderBNOAiscut  by  aplanepUe.  tp  ita 
bafe,    (Pf€p-  2')* 

1.  The  cylinder  N  O  M  L  :  cylinder  L  M  A  B  =  P  B  :  PC.  i^.ij.  B.ii. 

2.  Confeqpently,  cylinder  N  Q  M  L  -|-  Li  M  A-B  ;  cylinder  L  M  A  B 
=:PE+PC:PC.  P.  18.  IT-  j. 
But  the  cylinder  N  O  M  L  +  L  M  A  B  is  =  to  the  cylin.BNO  A, 

PE  +  PC=rEC.  vfr.i.B.  I. 

Moreover,  the  cylinder  L M  A  B  i«  =  to  cylinder  I  G  H  K,  &  PC 
5=DF.    (Prep.i). 

3.  Therefore,  the  cylinder  B  N  O  A  :  cylinder  IGHK=aIt.EC 

:  alt.  D  F.  /».  7,  B.  i. 

Which  was  to  be  demonftrated.   i. 
The  cone        B  E  A  is  the  third  part  of  the  cylinder  B  N  O  A.  7     ^ 
And  the  cone  G  F  H  the  third  part  of  the  cylinder  G  I  K  R   j    ^•^**-  ^•'*- 

4.  Confcqucntly^  the  cone  B  E  A  :  cone  G  F  H  =  alt.  EC  :  alt.  D  F.  P.i  5.  B.  5, 

Which  was  to  be  demonftrated.  u. 
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PROPOSITION  XV.     THEOREM  J^.       . 

_  HE  bafcs  (AE  &  GK),  Mid  altitudes  (C  F  &  O  L),  of  the  equal 
cylinders  (A  B  D  E  &  G  H  I  K),  and  cones  (A  C  E  &  G  O  K)  :  are  re- 
ciprocally proportional,  (that  is,  the  bafc  AE  :'  bafe  G  K  =  alt.  L  O  :  alt. 
C  F).  And  the  cylinders  and  cones  whofe  bafes  and  altitudes  are  reciprocal^jr 
proportional  t  are  equal  to  on^  another. 

Hypothefis.  Thcfis. 

/•  neeylinJersABDE&GKlKareeqiuU.    Soft  AE  :  bafe  Q K=:  ait.  LO  i 
II.  nec9nes  AECV  GOKarinqual.  f//.  C  E. 


From  the  g 
altitude  C  J 


Preparation. 
re ater  L  0>  cut  off*  the  altitude  L  N  =:  the 


B 


I. 


2.  Thro'  the  point  N,  pafi  a  plane  P  M  pile,  to  the  oppofitc 
planes  of  tne  cylinder  H  1 1^  G. 

I.  Pemonstration. 

E  C  A  U  S  £  the  cylinder  GHIK  &  PMKG  have  the  fame  bafe. 
The  cylinder  GHIK  :  cylinder  PMKG  :^  alt  LO  :  alt  L  N. 
But  the  cylinders  ABDE&GHIKare  equal.    (Ifyp,  \J. 
Confequeatly,  the  cylinder  A B  D  E  :  cylinder  P M  KG  =  alt. 
LO:alt.  LN. 

Moreover,  the  cylinders  ABDE&PMKG  have  the  fame  al- 
titude.    (Prep,  \,). 
Therefore,  the  cylinder  A  B  D  E  :  cylmder  P  M  K  G  =  bafe  A  E 


P'  3  A  i; 


p.  14.  Baz. 


p.  7-  B.  5. 


A  B  D  E  ;  cylinder  P  M  K  G  =  alt.  LO  :  alt. 


bafe  G  K. 
But  the  cylinder 
LN.     r^rg.2.). 

And  the  alt.  L  N  is  =r  to  the  alt.  G  F 
From  whence  it  follows^  that  bafe  A  E 

:alt.CF.  Ip. 

Which  was  to  be  demonftrated. 


P.u.&u. 


(Prep.  I.). 


rep.  I.}, 
fe  G  K  = 


alt.LOCP.li.  1?.  5. 
7-^.  S- 
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Hrpothefii.  Th^Gs. 

Sa/tGK.'.Me  AEssalt.C? .alt.LO.     I.  Cfl.  ABDE  ii  =  i*<yl.Gmi 

//.  n*  (Mr  ACE  u  =  <•  Mr  (wGOt 


B 


II.  Demokstratioh. 


EC  AUSE  the  cylbders  G  PMK  &  A  Bp  E,  haTe  theftmc 

altitude,    (Pr€f- 1). 
I.  The  cylinder  G  P  M K  :  cylinder  A  B  DE  =  bufc  G  K  :  btfc  A  E.  f  ii.  i«f 

But  the  bafe  G  K  :  bafe  A  E=  alt.  C  F  :  alt.  LO,  (Jiip) 
X  Coufcquenllv,  the  C7I.  G  P M  K  :  cyl.  ABDE  =  alt.  C F  :  alt.  LO.  P.ii.  I  $• 

Moreover,  the  cylinders  GPMKftHIKG  have  the  fame  bafe. 
J.  Therefore,  the  cvLG  P  M  K  :  cyl.  H  I K  G  pall.  LN  :  alt.  LO.   ?.I4.B.l^ 

But  the  altitude  L  N  it  ==  to  the  altitude  C  F,  (Prep.  i). 
4.  From  whence  it  follows   that  the  cylinder  GPMK  :  cylinder 

G  H I  Ksakitude  CF  :  altitude  L  O.  f^  7^  S' 

But  the  cylinder  G  P  M  |C :  cylinder  A  B  D  E  =  alt.  C F  :  alt.  LO.  ' 

(Arg.  %). 
4.  Therefore  the  cylinder  GPMK:  cylinder  A  B  D  E  =  cylinder 

GPMK:  cylinder  GH  IK.  Pw'l^ 

6.  Confcqueody,  the  cyUadcr  A B D E  is  ==  to  the  cylinder  G H I K.  Pi4^ ^  5 

Which  was  to  be  demoa(bated  \. 

The  cooes  A  C  E  6r  G  O  K  beine  each  the  third  part  of  the  cjlia- 
dersABDE&GHIK.  /'.lali*- 

And  thofc  cylinders  being  equal  (Arg.  6). 
I.  The  conii  i\  C  E  is  =:  10  the  cone  G  O  K-  i^f  7*  *' 

Which  was  to  be  demonftrtted  11. 


A^k  XJf. 
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PROPOSITION  XVI.     PROBLEM  I. 

_  W6  uneqnal  circles  (ABCIfirDEF)  being  given  hiving  the  fiinie 
ctnter  (G) :  to  defcribe  in  the  greater  (A  B  C  I)  a  polygon  of  an  even  Hum* 
ber  of  equal  fides,  that  (ball  not  meet  the  iefler  circle  (D  £  F). 


Given. 

7^9  unequal  0  A  B1  G^  D  E  F  iavsf^ 
the /ami  cenOr  G. 


Sought. 

•  76  defcribe  in  the  greater  (?)  A  B  I,  • 
polygon  ef  an  even  number  efejual 
Jides,  tbatjball  not  be  leffer  0  D  EF^ 


Refolution. 

Draw  the  diameter  AC  in  the  greater  0  AB I  which  will 

cut  the  O  of  the  0  D  F  in  the  point  £. 

Thro'  the  j)oint  E,  draw  the  tangent  HEI  to  the  fp  ^  - 

©  D  E  F  &  produce  it  until  it  meets  the  O  of  the  <  n  r     »  ^* 

©  A  B  I  in  the  points  H  5r  I.  |A/2.  A  u 

Cut  the  femi  ©ABC  into  two  equal  parts  in  the  pofnt  B.  P.30.  B.  3. 

Divide  the  femi  arch  B  C  into  two  equal  parts,  &  (b  on 

until  the  arch  K  C  be  <  the  arch  H  C.  Lem.  Baz. 

Draw  the  chord  YiC  k  apply  it  around  in  the  O  of  f  P.  i.  B.  ju 

tkc®A^CI.  IPof.i.B.u 
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1 


B. 


Preparation. 

From  the  point  K,  let  fidl  the  X  K  M  upon  the  diameter  f  ?.i  i.  B,  u 
A  C»  &  produce  it  until  it  meets  the  O  in  L.  \  P^.x*  B.  i. 

Demonstration. 


JE  C  A  U  S  E  the  femi  O  ABC-  is  divided  into  two  equal  paru 
at  the  point  B.     (Uef.  a.). 
And  the  divifions  hare  oeen  continued  until  the  arch  K  C  has  been 
attained.     (Ref.  4.;. 
t.  It  follows,  that  this  arch  KC  will  meafure  the  0>  an  eren  number 
of  times  without  a  remainder,  (becauie  it  sieafures  the  (emi  O. 

/??/:>  WW. 

2.  Conlequtntlr,.  the  line  K  C  (chord  of  the  arch  K  C)  will  be  the 
fide  of  a  polygon,  having  an  even  number  of  equal  fides  in(cribed 
In  the  ©.     - 

Moreover,  the  two  VHEM  &  KME  being  two  L..  (Ref.z.  ti  ?ref). 

3.  The  line  K  M  or  K  L  is  pile,  to  H  E  or  HI.  F^%.  BL  i. 
But  the  line  H I  is  a  tangent  of  the  ©  D  E  F  in  E.    (Ref,  %.). 

4.  Confequcntly,  K  L  does  dot  meet  the  ©  D  E  F.  -^'SS-  *  ■• 
But  K  C  is  <  K  L  (P.\%'  B.  yj  becaufe  K  C  is  remoter  from 

the  center  than  K  L.     (Prep.  J. 
j.  Much  more  then  KC  will  not  meet  the  ©  D  E  F.  P.t  j.  B  I. 

And  fince  the  other  fides  of  the  polygon  infcribed  in  the  ©  A  B  C I 
are  each  =  to  K  C     (Ref.  ^J. 

6.  It  may  be  demonftrated  after  the  fame  manner,  that  they  do  not 
meet  the  ©  D  E  F. 

7.  Confequently,  there  has  been  defcribed  in  the  ©  AB  CI,  a  polvw 
gon  having  an  even  number  of  equal  fides,  wbich  does  not  meet  the 
©  D  E  F. 

Which  was  to  be  done* 
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C   O    R    O    L    L    A   R    r. 

__  HEUmfiU  whitbit±utht£amitir\C,  ft Jtbu tie M9 jUts  KC  Ut 
LC,  tf  tb*  ftlwimvthkb  mitt  at  tbt  ttctrpid^  ^  tins  fami  ikamttr  :  dmtmmmtht 
Itffir  thtb.    (Aig.  4.}..    . 
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PROPOSITION  XVn.     PItOM  LEM  n. 

WO  fpheres  (KON^  GFEH)  tumiig  the  fame  center  (I)  bdi; 
given  :  to  defer ibe  in  the  gmter  (KON)  a  {wlybedron  (KCSPTQ 
V  R  O  &c ),  the  feperikifs  of  which  flnll  not  meet  the  lefler  fphm 

Gives.  Sought. 

Two «fff*«/nV;>Afrf^KON6f GFEH.    /.  A  fdfteJhmlfimNO  ^ci^aU 

in  the gfwmtrfpbere  KO  N. 
//.  Vbe  jktterfices  fS  wificb  pof^kdrm  mf 
mttmcbtbeUJfkrffhmQYl^ 
Refohtion. 

1.  Cut  the  fpheres  by  a  plane  K  B  N  D  pafTing  thro'  their  center. 

2.  In  the  ®  A  B  C  D,  draw  the  diameters  A  C  &  B  D»  interfeaing  C  Prf.i.  B,  i 
each  other  at  ricjht  angle?.  -  l?.ia.  B,  I. 

3.  In  this  greater  ®  ABCD,  defcribe  the  polygon  CKLMD  &c# 

fo  as  not  to  meet  the  lefler  ©GFEH.  PiS.  Bai. 

Draw  the  diameter  KIN. 

From  the  center  I,  eredt  on  the  plane  of  0  A  B  C  D,  theXl  0»  C  P.tt.  Bii- 

&  produce  it  to  the  furface  of  the  greater  fphere  in  O,  \  Ptfi- 1.  *• 

$.  Thro'  I  O,  &  the  diameters  A  C,  B  D,  &  K  N,  pals  the  planes 

A  O  C,  B  O  D,  &  K  O  N. 
7.  Divide  the  arches  AOC  &  KO'K  into  an  even  number  of 

parts  in  the  points  P,  Q,  R,  S,  T,  &  V,  &c.  fo  that  each  •£ 

thoie  parts  be  equal  to  C  K. 
6.  Draw  the  ftraight  lines  S  P>  T  Q.  V  R. 


4- 
5- 
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/.  Preparation. 
I.  From  tbe  points  P  «r  S,  let  fkll  the  X  P  X  &  S  Y  upoQ 

the  plane  of  the  ©  A  B  C  D.  Pa  a.  S.  i  ^, 

a.  DrawYX. 

B  Demonstration. 

E  C  A  USE  the  planes  KO  N  &  CO  A  pals  thro'  I O.  (Ref.6}. 
And  that  I O  is  X  to  the  plane  of  the  ©  A  B  C  D.    (Re/.  %J. 
I-  Thofe  planes  K  O  N  &  C  O  A,  are±  to  the  plane  of  this  ©«         P.i8.  S.i%. 
But  the  points  P  &  S  are  in  thofe  planes  C  O  A  &  K  O  N. 
And  from  thofe  points  have  been  let  fall  the  ±  PX  &  SY.  fL  Prep). 
7.*  Confequently ,  the  points  Y &  X  are  in  the  lines  K  N  &  C A.  .  P.38.  B,i%. 

In  the  ACXP&KYS,  VPXCis=  VSYK.  ^/./>f«^  \). 
Moreover,  V  PCX a=  V  SKY.  ^^^7^3  ;»  & CP z=  KS,  (Refj). 

3,  Therefore,  the  (ides  P  X  &  X  C  aie  ii?  to  the  fides  S  Y  &  Y  K.  P.zS.  B.  %. 
But  the  rajs  K  lit  C  I  Are  equal.  X>.  1 5.  B.  f  • 
Therefore,  if  the  equals  X  C  &  YK  be  taken  from  them. 

4.  The  remainders,  vix.  I  X  &  Y I  will  be  equal.  Ax.x.  B.  \. 
Z.  Confequently,  I  X  :  X  C  =  I  Y  :  Y  K.                                         P  7.  B.  t. 

6.  From  whence  it  follows,  that  X  Y  is  pile,  to  K  C.  P,  z,  B.  Q, 
But  P  X  which  is  s:  to  S  Y  (Arg.  j.^  is  alfo  X  on  the  fiune  pkae 
witbSY.    f/./Viy.  i.;. 

7.  Therefore,  P  X  is  alfo  pile,  to  Y  8.  P.  $.  B,i  i. 

8.  Likewife,  S  P  is  =« &  pile  to  X  Y.  f.33.  B^  i. 
But            XYis         pile,  to  KC.    (Afi.&X  ^ 

9.  Therefore,  S  P  is  alfo  pile,  to  K  C.  *  f.  9.  B.i  u 
icConfequendy,  the  fides  of  the  quadrilateral  figure  K8PC  are  in 

the  fame  plane.  f,  f.  g.i\, 

1 1. It  may  be  demonftrated  after  the  fame  manner,  that  the  fides  of  the 

quadrilateral  figures  TQ^P  S,  V  R  <^F,  It  of  thp  A  R  O  V,  ajc 

each  in  the  fame  plane. 
i2.And  as  it  m^y  be  demonftrated  in  this  manntr,  that  the  whole  fphcre 

is  incompafifed  with  fuch  like  quadrilateral  figures  and  triangles. 
1 3. Confequently,  there  has  been  defcribed  in  the  greater  fpher^  a  por 

lyhcdronRPCKTVO,  &a 

Which  was  to  be  demonftrated  i. 
//.  Preparation. 

1.  From  the  center  I,  let  fall  w  the  plane  K  S  P  C,  the  X I Z.   P.i  i .  i^.i  1. 

2.  Join  the  points  Z  P,  Z  C,  Z  S,  ^  Z  K  1  S I  &  P  I.  Pq/.i.  B.  i. 

3.  From  the  point  K,  Be  in  the^plane  A  B  CD,  let  fail  the 
X  Ktfon  tbediameterCA.^  P,i%.  B.  i. 


B 


__  E  C  A  U  S  E  in  the  A  KCI,  the  Une  YX  it  pHe.  to  KC.  (AriJ6). 

14.  IC:CK  =  IX:XY.  P.  ».  B.  6. 

But    I C  is  >  I  X.  ^x8,  B.  I. 

ijThertfore,  C  K  >  X  Y.  />., .  B.  <. 

But  PSi8  =  toXY.    (Argi).  * 

i6.Froo)  whence  it  follows.  tl)at  C  K  is  alfo  >  P  S.  P.  j.  B.  5. 

1 7.1t  may  be  demonftnted  after  the  fame  manner,  that  S  P  i»  >  T  Q, 

&  T  (3L^  V  R.  ^ 
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ThcVlZP,IZC,IZK,&IZSareL(//./*f^.i  I>.3B.ii).J^.'6.A  i 
ftICia  =  IP  =  IS  =  IK.  ID.i^.A  I. 

Moreover,  I Z  is  common  tojhe  A  I Z  P,  I Z  C,  I Z  K^  &  IZS.  CP-47.  B,  i. 

i8.Therefore,  ZP  =  ZC=ZiK  =  ZS.  '  {P.4SA1. 

iQ.Confeqaeotl7,  the  ®  dcfcribed  from  the  center  Z»  at  the  diftance  iCm-^  3- 
ZP,  will  pafs  thro*  the  points  K.  S  &  C,  ^  the  quadrilateral 
figure  R  S  P  C  wiU  be  dcfcribed  io  a  ©.  />.  3-  ^'  4- 

But  the  fofir  fides  of  the  quadrilateral  fij^ure  were  equal }  the  arches 
which  fubtend  ttem  will  be  fo  alfo,  &  will  be  each  a  quadrant  of 
the  O     (P-  28.  B.j). 
But  KS.CK&CP,are  equal  (Rtf.  7.)  ftCKis  >  SP.  (Jrp.16:). 

acFrom  whence  it  is  manifeft,  that  the  three  fides  K  S,  C  K,  &  C  P, 
fubtend  more  than  the  three  quadrants  of  the  O  ;  ^.  confequently, 
CK  (which  is  =  to  K  S  &  C  P)  fubicnds  more  than  a  quadrant.     P.3J.  B,  6. 

2 1. Confequently,  tTie  V  CZ  K  at  the  center  is  >  L- 

az.Hence  it  follows,  that  the  P  of  K  C  is  >  D  of  Z  C  +  D  of  Z  K.  P.i  2.  ^.  1- 
•  But  the  D  of  Z  C  is  z^  to  the  D  of  Z  K.   (F.  46.  B.  i.  Cor,  3.). 
Becaufe,  Z  C  is  =  loZ  K.     {jfrg.  18). 

2%  Therefore,  the  □  of  KC  is  >  tlie  double  of  the  P  of  ZC 
•The  V  A  I  K  is  >  L  (being==  V  A  ID+yDlK,&VDIA 
being  a  L..    Rff-  2  ). 
Moreover,  VAlKissrVlCK+VlKC  P.32.  B.  i. 

a4-Cbnfequcntly,  V  I  C  K  ^-  V  I  K  C  are  >  L. 

But  VlCKis=;to  V  CKI  (P.5  B.i.)  becaufeKI  it  =  toCI.  D.i^.B.  i. 

acThcrefore,  2VlCKare>aL,  &VICK>  half  ot  a  L^         jfx.y,  B.  i. 

a6. Wherefore,  in  A  C  •  K,  the  V  C  K5  is  <  Kalf  a  L. 
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But  VIC  K  is  >  Haifa  L.     (^rg.  2^.)-  ^   ^     ^,    ^  - 

£7.Fromwhcncc  it  follows,  that  in  the  A  C«K.  the  fide  Kq.om^^^ 

to  the  V  K  C  •  or  K  C  I  is  >  the  fidcC  •.  oppofitc  to  thcV  C  K •.  P.i8.  B.  i. 
a8.Coiifcqucntly,  the  D  of  KC  (which  is  =  to  the  □  of  K  a  +  th^ 

DofC^.     P.47.-B.  I.)  is<2nofKa 

And  it  has  been  demonftratcd  (Arg.  23.)  that  the  □  of  KC  is  > 

the  double  of  the  d  Z  C. 
ag-Whereforfe  2  D  of  K  •  will  be  >  2  D  of  Z  C. 
«aHcncc,         theDofKpis>      thcDofZC.  „  •    ^^  ^ 

But  the  D  of  I C  is  2=  to  the  D  of  I  Z  +  the  O  of  ZC.) 

And  the  p  6f  1  K  (  =  to  the  D  of  I  C   D.  i  c.  ^.  i.  &  V   P47.  -».  I. 

P.46.B.  i.CirjO  is;^totheDofU+theDorK<[.  ) 

3i,Therefore.  D  ofl  Z  +  D  of  Z  C  are  =  to  D  of  I  •+  Dof  K  0.  i/x.i.  B.  ,1. 

Therefore,  if  from  one  fide  be  taken  the  O  of  Z  C,  &  trom  ^le 

other  the  P  K*,  (which  are  unequal,  ^rg.  30).  „    ^  ,  ^        » 

32.Thcremaindpr,vi2.  theDofIZwmj>e>thePof  If.  ^fS- ^.  I- 

2  i.Confequendy,  I  Z  is  >  I  a.  .  ^     ,,  « 

But  the  line  K  •.  (which  is  ±  to  the  diameter  A  C.    //.  Pn^.  3.  is 
without  the  fphere  E  F  G  Hi  &  cannot  meet  it,    P.i6.fi.iz,  Cqr.)^ 
dkU  w,  I  a  is  >  I  G. 
And      I  a  is  <  I  Z.     (Arg.  13.).       ,       ,  ^,  , 

«4  Much  more  then  I  Z,  (which  is  much  >  IG)  does  not  meet  tha 
furface  of  the  fphere  E  F  G  H. 

35.Wherefore  the  plane  K  S  P  C,  in  which  7(  is  the  point  neveft  the 
center  I,  does  not  touch  this  fphere  E  F  G  H. 

36.It  may  be  dcmonftrated  after  the  feme  manner,  that  all  the  other 
planes  which  form  the  polyhedron  do  not  meet  the  fphere  E  F  G  H. 

37.Confequently,  there  has  been  defcribed  in  the  greater  fphere  K  O  N 
a  polyhedron  KP  TR  V  O,  &c.  whofe  planes  do  not  meet  the 
leffer  fphere.  Which  was  to  be  demonftratcd.  ij. 

QQROLLARr, 

X  P  *«•  twoffberes  tbfre  bp  defcribed  t'wojimilar  pofybedtan\  5  ibofe  p^bedrons  nviU  be 
to  one  anotbtr  in  tbe  trioleate  ratio  of  tbe  diameters  of  tb$  fpberes  in  wbtcb  tbey  are 
defcribed :  For  tbofe  polfbedrom  being  Jimihr^  are  bo^nd^d  ly  the  fame  number  of  planes 
findlmr  eacb  to  eaci,  (D.  9.  B.  i  r.)  j  confequentfy  each  po^fyedron  may  ^<  divided  into 
pyramids^  ba<uing  all  their  vertices  at  the  center  of  the  fphere^  W  for  bafes  thk  plants 
of  tbe  p(dybedron,  befides  all  tbe  pyramids  contained  in  tbe  fir  ft  polybedron  are  findlar  to 
all  the  fyrandds  contained  in  the  fecond polyhedron,  each  to  eacb  j  conpquently,  they  are 
to  one  another^  {viz.  the  pyramifls  of  theftrft  polyhedron  to  tb^  pyranads  of  the  fecond} 
in  tbe  triplicate  ratio  of  their  homougms  fides  5  that  is,  of  tbe  fend  diameters  of  their 
fpberes.  (Cor.  P.  8.  B.  12.)  From  njohence  it  folhnxts,  (P.12  B.5.)  that  all  the  pyramtdi 
compofing  the  firft  polyhedron^  are  to  all  tbe  pyramids  compofwg  the  fecond  polyhedron  in 
the  tripTicate  ratio  of  thefemi  diameters  of  their  fpberes  j  o  (P.  11.  &  !«;.  B.  ^.)  that 
the  fir  ft  polybtdron  is  to  tbe  fecund  in  tbe  triplicate  ratio  of  tbe  diameters  of  their  fpberes. 


